
Preface to the first edition

For a long time disciplines such as astronomy, celestial mechanics, the theory of heat,
and the theory of electromagnetism counted among themost important sources in the
development of mathematics, continually providing new problems and challenges.
Themainmathematical facts resulting from these fields typically crystallized in linear
ordinary or partial differential equations.

In the early 20th century Heisenberg’s discovery of a rule showing that the mea-
surement of the position andmomentumof a quantumparticle give different answers,
depending on the order of their measurement, led to the concept of commutation re-
lations, and it made matrix theory find an unexpected application in the natural sci-
ences. This resulted in an explosion of interest in linear structures developed by what
we call today linear algebra and linear analysis, among them functional analysis, op-
erator theory, C∗-algebras, and distribution theory. Similarly, quantummechanics in-
spired much of group theory, lattice theory, and quantum logic.

Following this initial boom Wigner’s beautiful phrase talking of the “unreason-
able effectiveness of mathematics” marks a point of reflection on the fact that it is by
nomeans obvious why this kind of abstract and sophisticatedmathematics can be ex-
pected at all tomake faithful descriptions and reliable predictions of natural phenom-
ena. If indeed this can be appreciated as a miracle, as he said, the degree of flexibility
thatmathematics allows in its uses is perhaps at least a remarkable fact. Feynman has
pointed to the different cultures of using mathematics when he remarked that “if all
of mathematics disappeared, physics would be set back by exactly one week.” While
mathematics cannot compete with physics in discovering new phenomena and offer-
ing explanations of them, physics continues to depend on the terminology, arsenal,
and discipline of mathematics. Mathematical physics, which is part of mathematics
and therefore operates by its rules and standards, has set the goal to understand the
models of physics in a rigorous way. Mathematical physicists thus find themselves
at the borderline, listening to physics and speaking mathematics, at best able to use
these functionalities interchangeably.

If one of the imports of early quantum mechanics has been the realization that
the basic laws on the atomic scale can be formulated by linear superposition rules,
another was a probabilistic interpretation of the wave function. This connection with
chance, amplified and strongly advocated by the Copenhagen school, was no less rev-
olutionary than the commutation relations. RichardFeynmanhasdiscovered a second
connection with probability when he offered a representation of the state of a particle
in terms of averages over all of its possible histories from one point in space-time to
another. While this was an instance seriously questioning his dictum quoted above
and his use of mathematics was in this case very problematic, the potential lying in
the description advanced in his work turned out to be far reaching. The mathemati-
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cian Mark Kac was the first to show that this method could be made sense of and was
eminently viable.

Our project to write the present monograph has grown out of the thematic pro-
gram At the Interface of PDE, Self-Adjoint Operators and Stochastics: Models with Ex-
clusion organized by the first named author at theWolfgang Pauli Institute, Vienna, in
2006. The initial conceptwas a smaller-scale but up-to-date account of Feynman–Kac-
type formulae and their uses in quantum field theory, which we wanted to dedicate to
the person all three of us have much to thank to, both scientifically and personally,
Herbert Spohn. At that time we secretly meant this as a present for his 60th birthday,
and we are glad that we are now able to make this hopefully more mature tribute on
the occasion of his 65th birthday!

Apart from the inspiring and pleasant environment at Zentrum Mathematik, Mu-
nich University of Technology, where our collaboration has started, and Wolfgang
Pauli Institut, University of Vienna, hosting the thematic program, we are indebted to
a number of other individuals and institutions. We are thankful for the joint work
and friendship of our closest collaborators in this direction, Asao Arai, Massim-
iliano Gubinelli, Masao Hirokawa, and Robert Adol’fovich Minlos. We also thank
Cristian Gérard, Takashi Ichinose, Kamil Kaleta, Jacek Małecki, Annalisa Panati, and
Akito Suzuki for ongoing related joint work. It is furthermore a pleasure to thank
Norbert Mauser, Director of the Wolfgang Pauli Institute, for supporting the pro-
gram, and Sergio Albeverio, Rodrigo Bañuelos, Krzysztof Bogdan, Carlo Boldrighini,
Thierry Coulhon, Laure Coutin, Cécile DeWitt-Morette, Aernout van Enter, Bill Faris,
Gero Friesecke, Jürg Fröhlich, Mohammud Foondun, Hans-Otto Georgii, Alexander
Grigor’yan, Martin Hairer, Takeru Hidaka, Wataru Ichinose, Keiichi Itô, Niels Jacob,
Hiroshi Kawabi, TadeuszKulczycki, Kazuhiro Kuwae, Terry Lyons, TadahiroMiyao,Hi-
rofumi Osada, Habib Ouerdiane, Sylvie Roelly, Itaru Sasaki, Tomoyuki Shirai, Toshim-
itsu Takaesu, Setsuo Taniguchi, Josef Teichmann, Daniel Ueltschi, and Jakob Yngva-
son formanyuseful discussions over the years.We thankespecially ErwinSchrödinger
Institut, Vienna, Institut des Hautes Études Scientifiques, Bures-sur-Yvette, and Uni-
versità La Sapienza, Rome, for repeatedly providing excellent environments to further
the project and where parts of the manuscript have been written. Also, we thank the
hospitality of Kyushu University, Loughborough University, and Warwick University,
for accommodating mutual visits and extended stays.

We are particularly pleased to thank the professionalism, assistance, and endless
patience of Robert Plato, Simon Albroscheit, and Friederike Dittberner of Walter de
Gruyter. Also, we are grateful to Max Lein for technical support in the initial phase of
this project.
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