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Abstract. The argument for proving Corollary 3.5 is insu‰cient; we fill in the gap
here. Also, the first two statements of Proposition 4.1 may not be true in general in the
case i ¼ 1, but for the main results it su‰ces to use them over a su‰ciently small U , where
they hold. These results are used in the proof of Theorem 0.2, but its statement remains
unchanged in the crucial case i ¼ 1; in the (uninteresting) case i ¼ 0 it needs to be modified
slightly. We also correct a few other minor inaccuracies. r

Our notation here follows that in [1]. All references to numbered theorems are to
those in that paper.

List of corrections

p. 99, l. 21: Read ‘there is always a surjection H�1ðK ;MÞ5! H�1
5 ðK;MÞ . . .’ .

p. 102: The first assertion of Proposition 2.8 is wrong: in general the map
H0ðF ;M �Þ ! H0ðF ;M �Þ5 is not injective. Take e.g. F ¼ K ¼ Qp and M � ¼ ½Z ! Gm� as
on page 99, l. 16. The mistake in the proof is that in order to apply the results of the Ap-
pendix one would need the morphism H 0ðK;Y �Þ ! G�ðKÞ to be strict, which is not neces-
sarily the case. The only place where this statement was used is in the proof of the case
i ¼ 0 of Corollary 3.5 (see the modified statement below). The two other assertions of Pro-
position 2.8 and their proofs are una¤ected.

p. 106: In exact sequence (8) there is a misprint at the beginning of the third term: it
should be H iðkv;F�Þ, not H iðk̂kv;F�Þ.

pp. 109–110: In the proofs of Theorem 3.4 and Corollary 3.5 we are using implicitly
that the maximal divisible subgroups involved equal the subgroups of divisible elements.
This holds because we work with torsion groups of finite cotype.

p. 110: There are several problems with the proof of Corollary 3.5.



Case i ¼ 0. In the statement of this case the group D0ðU ;MÞ should be replaced by

D0
5ðU ;MÞ :¼ KerH0ðU ;MÞ !

L
v AS

H0ðkv;MÞ5:

The proof then runs as follows: Consider the commutative exact diagram

0 ���! D0
5ðU ;MÞflg ���! H0ðU ;MÞflg ���!

L
v AS

H0ðkv;MÞðlÞ
???y

???y
???y

0 ���! D2ðU ;M �ÞflgD ���! H2
c ðU ;M �ÞflgD ���!

L
v AS

H1ðkv;M �ÞflgD:

In the lower row the notation is as in Theorem 3.4; its exactness comes from the fact that
the groups being of finite cotype, we have

D2ðU ;M �Þflg ¼ D2ðU ;M �Þflg=l N ; H2
c ðU ;M �Þflg ¼ H2

c ðU ;M �Þflg=lN

for N large enough. Now by Theorem 3.4 the middle vertical map is an isomorphism (recall
that H0ðU ;MÞflg is finite by Lemma 3.2 (3)), and by Theorem 2.3 the right vertical map is
injective.

Case i ¼ 1. There is a more serious problem here. First we note that there is already
a problem with [3], II.5.3, where the case M ¼ ½0 ! A� is treated: the lower row of the dia-
gram there does not make sense. In our case the diagram exists and gives rise to a map
D1ðU ;MÞflg ! D1ðU ;M �ÞD as claimed, but the argument does not show that the kernel
C of the middle vertical map H1ðU ;MÞflg ! H1

c ðU ;M �ÞD is divisible. The application of
Theorem 3.4 only shows that the kernel of the map H1ðU ;MÞflg !

�
H1

c ðU ;M �Þflg
�D

is
divisible, but C may be a proper subgroup of this kernel. An additional statement is needed
to justify the divisibility of C. This is the following:

Claim. If n is a power of l, and a is an element of D1ðU ;MÞ that is n-divisible in

H1ðU ;MÞ and orthogonal to D1ðU ;M �Þ½n�, then a is n-divisible in D1ðU ;MÞ.

To see this, we first state an analogue of [3], I.6.15.

Lemma. Let n be an integer invertible on U , and SnðU ;MÞ the kernel of the map

H 1
�
U ;TZ=nZðMÞ

�
!

L
v AS

H1ðkv;MÞ. If a is an element of
L
v AS

H 1
�
kv;TZ=nZðMÞ

�
orthogonal

to the image of SnðU ;M �Þ in
L
v AS

H 1
�
kv;TZ=nZðM �Þ

�
, then a is the sum of the coboundary

of an element in
L
v AS

H0ðkv;MÞ and of the restriction of an element in H 1
�
U ;TZ=nZðMÞ

�
.

The proof is an application of Poitou–Tate duality for finite modules and runs as
in loc. cit., except that the dual of H1ðkv;MÞ is the profinite completion of H0ðkv;MÞ,
but the image of both the completed and uncompleted groups in the finite groupL
v AS

H 1
�
kv;TZ=nZðMÞ

�
is the same. Also, in place of the map g1 there it is more convenient

to use the composite of the coboundary map
L
v AS

H 1
�
kv;TZ=nZðMÞ

�
! H 2

c

�
U ;TZ=nZðMÞ

�

234 Harari and Szamuely, Corrigenda for : Arithmetic duality theorems for 1-motives



in the localization exact sequence for compact support cohomology with the Artin–Verdier
isomorphism H 2

c

�
U ;TZ=nZðMÞ

�
GH 1

�
U ;TZ=nZðM �Þ

�D
.

Now to prove the claim consider the commutative exact diagram

H1
c ðU ;MÞ ���! H1ðU ;MÞ???yn

???yn

L
v AS

H0ðkv;MÞ ���! H1
c ðU ;MÞ ���! H1ðU ;MÞ???y

???y
???y

L
v AS

H 1
�
kv;TZ=nZðMÞ

�
���! H 2

c

�
U ;TZ=nZðMÞ

�
���! H 2

�
U ;TZ=nZðMÞ

�
:

Let a be an element of D1ðU ;MÞ ¼ Im
�
H1

c ðU ;MÞ ! H1ðU ;MÞ
�

arising as a ¼ na1 with
a1 A H1ðU ;MÞ. By definition a comes from some ~aa in H1

c ðU ;MÞ whose image in
H 2

c

�
U ;TZ=nZðMÞ

�
will be denoted by a2. By functoriality, given a 0 A D1ðU ;M �Þ½n�, the

value ha; a 0i of the Cassels–Tate pairing equals that of the Artin–Verdier pairing ½a2; b
0�,

where b 0 A H 1
�
U ;TZ=nZðM �Þ

�
is a preimage of a 0. A diagram chasing now shows that a2

comes from ðcvÞ A
L
v AS

H 1
�
kv;TZ=nZðMÞ

�
. It follows that ½a2; b

0� equals the sum of the local

pairings hcv; b 0
viv for v A S, where b 0

v is the image of b 0 in H 1
�
kv;TZ=nZðM �Þ

�
.

Our assumption that ha; a 0i ¼ 0 for all a 0 A D1ðU ;M �Þ½n� thus implies that ðcvÞ
satisfies the assumptions of the lemma, and hence up to modifying it by an element
of

L
v AS

H0ðkv;MÞ (which does not change a), we may assume that ðcvÞ comes from

H 1
�
U ;TZ=nZðMÞ

�
, and hence ~aa maps to 0 in H 2

c

�
U ;TZ=nZðMÞ

�
. By the diagram this means

that ~aa is divisible by n in H1
c ðU ;MÞ, and hence so is a in D1ðU ;MÞ.

p. 111: The first two statements of Proposition 4.1 are in general false for i ¼ 1. The
mistake comes from an incorrect interpretation of [3], II.4.14. There it is shown that for a
U -torus T the group H 1ðU ;TÞflg is isomorphic to H 1

�
GS;TðRSÞ

�
flg, where RS is the

normalization of Ok;S in kS, and not to H 1
�
GS;TkðkSÞ

�
flg. Nevertheless, for the remaining

of the paper (except in Corollary 4.3, which is not used elsewhere; see below), it is su‰cient
to know that (1) and (2) hold (for i ¼ 1) over U su‰ciently small. To prove this, one first
reduces to the case where M ¼ T is a torus, as explained on p. 112. Then one observes
that the statement holds for a norm torus RK j kGm for some finite extension K j k, because
H 1ðU ;RK j kGmÞ ¼ PicðU �k KÞ is zero for U su‰ciently small. The statement then follows
for quasi-trivial tori, i.e. finite products of norm tori. Now let T be arbitrary. By Ono’s
lemma ([4], Theorem 1.5.1), there exist m > 0 and a quasi-trivial k-torus Rk such that
Tm
k � Rk is isogenous to a quasi-trivial torus. As the statements to be proven are compati-

ble with products and we have just shown them for Rk, we may replace Tk by Tm
k � Rk and

therefore assume that there is an exact sequence

0 ! F ! R ! T ! 0

with F finite étale over U and Rk quasi-trivial. Now the result follows from the associated
long exact sequence using the case i ¼ 2, the case of a quasi-trivial torus, and [3], II.2.9.
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p. 113: For the statement of Corollary 4.3 to hold, the definition of [1
SðMÞ has to

be changed. With the notation above it should be defined as the kernel of the map

H1
�
GS;MðRSÞ

�
!

Q
v AS

H1ðk̂kv;MkÞ:

This corollary is not used elsewhere.

p. 115: In the statement of Proposition 4.12 the group [0ðMkÞ should be replaced
by the kernel of the map H0ðk;MkÞ !

Q
v AWk

H0ðkv;MkÞ5. In any case, this statement is

not very interesting; Proposition 5.1 is much more useful.

p. 127: In the proof of (3), when replacing B by B=A 0 we implicitly used the fact that
every quotient of B by a closed subgroup is again Hausdor¤, locally compact, compactly
generated, and completely disconnected (the latter by [2], Theorems 3.5. and 7.11).

Thanks to Cristian González-Avilés for pointing out some of the gaps.
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