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SUMMARY
Wavelet analysis has been proved to be a high performance signal
processing technique. In this paper, with a brief introduction of the basic
theory and the Mallat pyramid algorithm of the wavelet analysis, new
algorithms which are more suitable for processing analytical signals were
described, and the works which we have done recently were reported. The
main characteristic of the wavelet transform is the dual localization property
in both time domain andfrequency/scaledomain, which enables the wavelet
analysis to decompose a signal into contributions which represent the
information of different frequency contained in the original signal.
Therefore, many applications based on the frequency analysis can be
achieved by the technique, such as de-noising, baseline correction, and
resolution of overlapping signal, etc. Another characteristic of the wavelet
analysis is that it is a linear decomposition, which enables us to do
quantitative determination using the decomposed contributions.
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1. INTRODUCTION
Wavelet theory was initially proposed by Grossmann and Morlet[1], and
was developed by Meyer121, Daubechies131, Mallat'4,5' and others in the 1980s.
Wavelet analysis is a signal processing technique based on wavelet
transform Like any transform, the wavelet transform aims to transform a
signal from the original domain to another domain in which operations on
the signal can be carried out easily, and the inverse transform allows to go
back to the original domain. In some respects the wavelet transform
resembles the well-known Fourier transform in which the sine and cosine
are the analyzing functions, while the analyzing function of the wavelet
transform is the wavelets, which are a family of functions derived from a
basic function, called wavelet basis, by dilation/scaling and translation.
Therefore, unlike the Fourier transform, which is localized in the frequency
domain but not in the time domain, the wavelets are well localized in both
time/position domain and frequency/scale domain.
By virtue of the dual localization property, wavelets have been explored
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for their potential applicability not only in the realm of pure mathematics,
but also in various fields including analytical chemistry16·71. Bos et al were
the pioneers in employing the wavelets technique in analytical chemistry,
and reported their works on wavelet transform for the evaluation of peak
intensities in flow-injection analysis'81 in 1992 and the wavelet transform for
pre-processing IR spectra in the identification of substituted bezenes[9] in
1994. Mo's group reported their work on digital wavelet filters used in
real-time filtering of electroanalytical signals'101 in 1995, and explored many
applications'11,121 for B-spline wavelets subsequently. In 1996 and 1997,
many works were published including the applications of the wavelet
technique in de-noising and smoothing113"221, data compression'21"241,
resolution of overlapping signals'25"271, NMR spectroscopy128·291,
near-infrared spectroscopy1301, electroanalytical chemistry1311, EXAFS
analysis'321, chromatography analysis'33"351, biology relevant analysis'361 and
the combinatory studies with other chemometrics methods'6,37"401.
In this paper, with a brief introduction of the basic theory and the Mallat
pyramid algorithm of the wavelet analysis, new algorithms based on the
Mallat algorithms, which are more suitable for processing analytical signals,
are described, and the works which we have done in recent years are
reported.

2. THEORY AND ALGORITHMS
2.1 Basic Theory of the Wavelet Transform
Wavelet, i.e., the analyzing functions of a wavelet transform, is a series
of functions generated from a basic function, called mother wavelet, by
dilation and translation. If α is a variable used to control the dilation, called
scale parameter, b is a variable used to control the translation, called
translation or shift parameter, and y/(t) is the basis function of a wavelet,
then the wavelet is defined as

=

a,beR,a*0

(1)

And the wavelet transform is defined as the projection of a function or a
signal onto the wavelet, i.e., the inner product of / ( f ) and ψa)> (/),
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and the inverse transform can be expressed as

t

\i/*(p)y/(p)

«

ω

where C = -

dm. If we denote the dilation of ψ[χ)w with the

scale parameter a by ψa (χ) = 4αψ(αχ)

and denote

x) by ψa (χ), the

transform at a point u and a scale a can be written as a convolution product
with ψα(χ)
W j { u ) = f*y/a{u)

(4)

A wavelet transform can therefore be viewed as a filtering of f(x) with a
band-pass filter whose impulse response is ψ a (x).
In practical uses, the discrete wavelet transform is generally used, i.e.,
the values for the variables a and b arerestrictedas follows:

Γ
[b = nb0

(m,neZ,a0*0)

(5)

The discrete form of equations (1) and (2) can be expressed as

Cm.n{f)=rHlmn{t]f(t)dt

(7)

J—co

and, generally, dyadic dilation and translation is used, i.e., a =2 and b<j= 1.
2.2 Multiresolution Signal Decomposition (MRSD) Algorithm
In order to implement the discrete wavelet transform calculation, several
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algorithms have been developed11,4·5'411. The multiresolution signal decomposition (MRSD) by Mallat14·51 is commonly used.
The theory of MRSD can be simplyrepresentedby

V2J =02M

®V2M

=

= φ

02J ®V2,

(8)

Μ-1

If an orthogonal wavelet dilated from y/(t) by y l 2 ~ J y / 2 j ( f - 2 ~ ] n) is
orthogonal basis of 0 2 J , then there is a corresponding scaling function φ(ί),
whose dilation -J2~J 02J (t - 2~J n) is the orthogonal basis of V2j. And a
wavelet decomposition can be simplyrepresentedas
Cf(n)->

C\n)

I
D\n)

->·

C » - > C »

I

(9)
J

D\n)

D (n)

where C°(«) is the experiment data measured from instrument, C(n) and
DJ (rt) are, respectively, called the discrete approximation and the discrete
detail, a n d / i s the highest resolution level.
The implementation of an orthogonal wavelet decomposition can be
written as[5]
Cj{n) = CH (n)*H = £ A ( / - 2 h ) C ; - 1 ( / )

(10)

leZ

D'(n)=C'-1(n)*G

= Zg(l~2n)Cj-l(l)

(11)

teZ

where Η = { i ( / ) , / e z j and G = { g ( / ) / e z } are, respectively, the mirror
filters of the discrete filters Η and G defined by
h(n)

= ((/>2-1(u)j(u-n))

(12)

g(n)

= (y2-i(u),<t(u-n))

(13)

Therefore, (J(n) and ΰ{η) are, respectively, the low frequency (lower than
2s) part and the highfrequency(between 21 and z ) part of CJ~l (n).
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The reconstruction, i.e., the inverse transform can be described as
Cfy) —> C'-'C«)—>
t
Ε/{η)

C\ri) —> C°(w)
t
t
D*(n)

(14)

D\n)

and
CJ~l (w) = G* *D>{n) +H* *C] (n) =

Zg'(»~2l)DJ(l)

leZ

+ Zg*(n-2/)C'(/)
ieZ

(15)

2.3 Improved Algorithm for Processing the Analytical Signals
The MRSD algorithm mentioned above demands the data points number
to be exactly 2N (N is an integer) and the number of data points will be
reduced into half by eveiy decomposition, which makes the decomposed
results (spectra, chromatograms, etc.) discontinuous. Therefore, we rewrote
the equations (10) and (11) as:
r(/)_,
cW( n )= Z "A ( / ) (/)C ( y - l ) (»-/)
L

(16)

1=0

rOLi
2> (»)= Σ g{i)(l)0U~l)("-1)
(/)

(17)

1=0

where

is the data points number of

and
J 1

which are generated by inserting 2

- 1 zero to

every adjacent item of Η and G, and the value of
will be doubled
when j increases. These two equations can process signals of any length, and
smooth decomposed results can be obtained. In most cases, they are more
suitable than equations (10) and (11) for processing analytical signals.
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2.4 Parallel Algorithm for On-line Wavelet Analysis
Equations (10), (11), (16) and (17) are only suitable in the case of
off-line, i.e., we must prepare the analyzing data set 0 0 ) first, and then
conduct the wavelet analysis from C*0) into
from
C<1) into
and so o a In many cases, the on-line technique, which can be used in the
on-line processing of analytical instrumental data, is necessary. Therefore, a
novel algorithm, called "parallel algorithm" because C® and D w for J-1...J
can be calculated simultaneously with the progress of sampling, for the
wavelet analysis was proposed according to the equations (16) and (17). The
algorithm can be illustrated by the following program:
/ • P r e p a r e d = ^ ( / ) , / e Z and

=

*/

/* Preset the number of decomposition J */
While (Istop-sampling)
/* Wait until elapsed time equals to the sampling time interval */
/* Sampling to get C<°>{n) */
for (j=0; j<J; j++)
(n) = L°Z] g ( > ) ( l ) C ^ ( n -/);/*

LU) is the length of the filters H^aad

G^V

1=0

D^(n)=

Z.W-1 U)
Σ g (l)C^(n-l);

/*C^(n-l)=Ü

when (w-1) < 1*/

1=0

end;
n=n+1;

End of while;

3. APPLICATIONS
3.1 Applications of the Normal Wavelet Analysis
3.1.1 De-noising and Smoothing
Noise in signals is generally defined as the instantaneously
irreproducible signals caused by interfering physical or chemical process,
imperfections in the experimental apparatus, etc., by which the experimental
results are often complicated. Therefore, de-noising and smoothing is a
problem of interest in all fields of science and technology, a large number of
241
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filtering methods have been developed, such as Fourier filtering method,
Savitzky-Golay smoothing method, and Kaiman filtering method. The
underlying philosophy of the de-noising by wavelet analysis is generally
thought to resemble the traditional Fourier filtering, in which the high
frequency components are cut off by low-pass filters. But in reference 21,
this kind of filtering was classified into smoothing, and gave a distinction
between de-noising and smoothing. The de-noising is defined as an activity
that removes small-amplitude components of the transformed signal
regardless offrequency,whereas the smoothing is defined as an activity that
operates on the observed signal to minimize fluctuation, removing the
high-frequency component regardless of amplitude. Therefore, in the
following content, both de-noising and smoothing are discussed.
The procedure of de-noising and smoothing with wavelet analysis is

generally as follows: (1) apply a wavelet transform to noisy signal fnoisy and
obtain the vector w of wavelet coefficients; (2) suppress those elements in w
that are thought to be attributed noise by thresholding methods for
de-noising, or remove the high frequency (lower scale) elements in the
vector w for smoothing; (3) apply the inverse transform to the suppressed w
to obtain the de-noised signal fd.-m>is.d or/„,οοΛ,ώ
Two different approaches are generally used in wavelet de-noising, i.e.,
hard thresholding, by which all the wavelet coefficients below a certain
threshold are simply set to zero, and soft thresholding, by which the values
of wavelet coefficients are reduced towards zero if they are above a certain
value. Various methods are used to estimate the threshold and to perform the
thresholding113·16,21', such as the simple hard and soft thresholding, SURE,
VISU, HYBRID, ΜΓΝΜΑΧ, etc.
Figure 1 shows a comparison of the de-noised results by several
thresholding methods and the smoothed result Daubechies wavelet (N=4)
was used in the study. The curve (a) is a smoothed chromatogram from the
curve (a) in Figure 1, and in curve (b) random noise is added The curve (c)
to (j) are the results obtained by various de-noising methods and smoothing
method. From the figure, it can be seen that almost all the results are similar
except that in curve (d) and (f) there is still a little noise. In Figure 2, the
curve (a) is obtained when measuring mixed rare-earth elements sample by
reversed phase high performance liquid chromatography (RP-HPLC) with
post-column reaction detection. The noise in the chromatogram is an
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Fig. 1: Comparison of the various thresholding methods in wavelet
de-noising of a signal with random noise
(a) Original signal of a HPLC chromatogram, (b) Original signal
plus 10% of random noise, from (c) to (j) are the de-noised signals
by (c) hard thresholding with the threshold being 2.0% of the
maximal wavelet coefficients; (d) SURE; (e) VISU with hard
thresholding; (f) MINMAX; (g) Soft thresholding with the
threshold being 1.0% of the maximal wavelet coefficients; (h)
HYBRID; (i) VISU with soft thresholding; 0") smoothing with the
first four discrete details being set to zeros.

oscillation caused by the absorption of the post-column reaction agent
(arsenazo ΠΙ) in the pulsing mobile phase. From the results in Figure 2, only
the simple hard and soft thresholding method and the smoothing method
gave satisfactory results when the parameters were suitably selected by trials,
the other de-noising methods (SURE, VISU, HYBRID, and MINMAX)
seem to be unable to clean this kind of noise giving the de-noised result like
the curve (e) in Figure 2.
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Fig. 2: Comparison of the various thresholding methods in wavelet
de-noising of a signal with special noise
(a) Original signal of a HPLC chromatogram, from (b) to (d) are
the de-noised signals by (b) hard thresholding with the threshold
being 3.0% of the maximal wavelet coefficients; (c) Soft
thresholding with the threshold being 2.2% of the maximal wavelet
coefficients; (d) smoothing with the first four discrete details being
set to zeros; and (e) is the de-noised signal by SURE (results by
VISU, MINMAX, and HYBRID are similar to this results).

In our studies'351, the improved algorithm described in section 2.3 was
used. Because both of the discrete details and the discrete approximations
decomposed by the algorithm maintain the same data point number as the
original signal, we can simply select one of the discrete approximation as
the de-noised or smoothed result. Figures 3 and 4 are the decomposed results
from the signal of curve (b) in Figure 1 and the curve (a) in Figure 2,
respectively, with Daubechies wavelet (N=4). From both of the two figures,
it can apparently be found that the noise signal are gradually separated into
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Retention Time(min)

Fig. 3: Decomposed results from the noisy chromatogram of curve (b) in
Figure 1
C and D correspond respectively to the discrete approximations and
discrete details

Retention Time(mm)

Retention Time(nun)

Fig. 4: Decomposed results from the noisy chromatogram of curve (a) in
Figure 2
C and D correspond respectively to the discrete approximations and
discrete details
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discrete details (D^ Ji s), and the chromatographic signal remained in the
discrete approximations (CM s). Because the magnitude of the discrete
details before
is very small compared to the discrete approximation
and there is almost no chromatographic signal in these details, the discrete
approximation
can be directly viewed as the filtered result. The inverse
transform is not necessary. The linearity of the signals obtained by the
algorithm was also investigated in reference 35, and the results showed that
the CW maintained the linearity of the chromatographic signal.
3.1.2 Data Compression
Modern analytical instruments produce more and more accurate
detection, which allows us to obtain more and more information of the
analyzing samples. But this results in a requirement for higher storage
capacities for instruments, especially when the library of a database is
needed, such as Infrared (IR) spectroscopy, mass spectroscopy (MS), nuclear
magnetic resonance (NMR) spectroscopy, etc. Therefore, different methods
have been proposed to reduce storage space for the analytical data, such as
binary coding method'421, Adams and Black algorithm[43), Fourier
transform'441, and factor analysis'451. In spite of the existence of the various
methods, the application of wavelet transform to the compression of
analytical data was studied and the method was proved to be very
efficient'23·241.
The procedure of data compression using wavelet analysis is generally as
follow: (1) apply a wavelet transform to original signal and obtain the vector
w of wavelet coefficients; (2) suppress the small coefficients in w that are
thought to be small enough not to represent the useful information of the
signal by thresholding methods and store the suppressed vector wstore. The
number of wavelet coefficients to be stored will be decided by the value of
the threshold, which is determined by a preset compression ratio. The
original data can be reconstructed when it is needed by applying the inverse
transform to the stored wJtort.
In our study, a NMR spectrum of biological molecules composed of
32768 points was investigated. The spectrum (a) in Figure 5 is the measured
spectrum, and the spectra (b), (c) and (d) are reconstructed spectra from
2048, 1024, and 512 wavelet coefficients respectively. From the figure, it
can be seen that there is almost no difference between them. The effect of
the wavelet basis on the reconstructed result, the degree of decomposition,
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Fig. 5: Comparison of the original spectrum (a) and the constructed spectra
from 2048 (b), 1024 (c) and 512 (d) wavelet coefficients

etc. were also discussed. Results showed that, among the Haar, Daubechies,
and Symmlet, the Symmlet (S10) is the best wavelet, and the number of
decomposition should be bigger than 8.
3.1.3 Baseline

Correction

In many cases, the baseline drift in analytical signals is just like the noise
which often arise difficulties for further processing. But it is different in
property from the noise that the frequency of the drifting baseline is always
quite lower than the signals to be analyzed. According to the theory of the
wavelet decomposition, the baseline component in an analytical signal
should be easy to be separated from the drifting signals.
The procedure for separating baseline from a drifting signal by wavelet
analysis is just an analogue to the procedure for de-noising with the
247

Wavelet Analysis in Analytical Chemistry

Vol. XVII, No. 4, 1998

improved algorithm'32*331, i.e., (1) decompose the experiment data into
discrete details DW
and discrete approximations
by forward wavelet
transform, (2) select a decomposed component as the baseline signal,
because among these C^s, there will be one (or several) of the large scale
discrete approximations, C(k), which resembles the drifting baseline; and
then, (3) subtract the C(k> from the original signal by C(0,-C(k)
or
(0)
(k)
sometimes C - f χ C
(fis a factor).
The first application of the method is the separation of the drifting
baseline from a chromatogram when measuring mixed rare-earth elements
with gradient elution. The curve (a) in figure 6 is the original chromatogram
obtained from the UV-visible detector. From the figure, it can be seen that
there is great level of baseline drift caused by gradient elution in the
chromatograms. Figure 6 curve (b) is the 8th scale discrete approximation
decomposed by wavelet decomposition with Symmlet wavelet (S5).

J

. . . .

ι

. . . .

ι

Time(min)
Fig. 6: (a)Chromatogram with drifting baseline
(b)Baseline component obtained by wavelet transform
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Apparently, it resembles the baseline. And the figure 7 is the result obtained
by subtracting the curve (b) from the curve (a) with the factor /being 0.93.
From the result, it is clear that the removal of baseline by the method is
complete and satisfactory.
Compared to the importance of removing the baseline from a
chromatogram, it is more important to separate the baseline signal from the
experimental spectrum when analyzing the extended X-ray absorption fine
structure (EXAFS) spectrum, because we can not get any useful information
from the raw spectrum. The curve C(0) in Figure 8 is an EXAFS spectrum
of Cu sample and the curves C(l)-C(5)
are discrete approximations
obtained by wavelet decomposition from the curve C(0). It can be easily
found from the figure that the higher frequency oscillation signal was
gradually separated from the discrete approximations and only the lower
frequency baseline absorption remained. After four decompositions, the
discrete approximations C(4) and C(s> are mainly composed of the
baseline. Because the C(5), in which the inflection point corner was

0

10

20
30
40
Time(min)

50

60

Fig. 7: Baseline corrected chromatogram
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Fig. 8: EXAFS spectrum of Cu sample (Co;) and the discrete
approximations (0 1} -d 5> ) obtained by wavelet decomposition

smoothed, is slightly over decomposed, the C(4) was selected as the
baseline. The solid line curve at the bottom of Figure 9 is the result in
k-space obtained by subtracting the C(4) from C(0) and transformation
with the equation k = [O.263(e- E0)}/2. Comparing with the dot line
curve, which is the result obtained by conventional spline interpolation
method, there is no significant difference between them except that the solid
curve is slightly better than the dot curve in the high k region. But if we
compare the two curves at the top of Figure 9, which are pure EXAFS
oscillation after Fourier filtering, it is clear that the solid curve is obviously
better than the dot curve in the high k region
3.1.4 Determination of Component Number in Overlapping Chromatogram
Multicomponent sample analysis has been a difficult and challenging
problem for chemical analysts. Factor analysis has been widely used to cope
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4
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12
14(A1)
Fig. 9: Bottom: the EXAFS oscillation obtained by wavelet analysis (solid
line) and conventional spline interpolation method (dot line)
Top: the EXAFS oscillation after Fourier filtering from the bottom
curves

with the problem by various methods'46"481. For most of these methods, the
determination of the factor number, i.e., the number of components, is the
first and crucial step. However, sometimes, especially for the seriously
overlapping or noise-containing signals, it is very difficult to obtain the
correct factor number by error criteria'49·501 provided by factor analysis.
For an overlapping chromatogram, it is generally composed of the peaks
of every component Thefrequencyat the position of a peak will be higher
than the frequency at the position of the overlapping valleys. If an
overlapping signal is decomposed into its contributions by wavelet
decomposition, there must be one or more discrete details (high frequency
contribution) which will represent the information at the peak position'25,261.
Therefore, the number of components will be easily and clearly obtained by
simply counting the number of peaks in the selected discrete detail'511.
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The procedure for determination of component number from a
multicomponent overlapping chromatogram by wavelet analysis includes
three steps, i.e., (1) decompose the original data into discrete details £>ws
and discrete approximations C^s by forward wavelet transform with the
improved algorithm described in section 2.3. (2) Among the D w s, select one
discrete detail,
whose frequency is slightly higher than a conventional
peak and lower than noise. The selected D(k) will represent the information
at the peak position. (3)determine the component number by counting the
peaks in the
In order to investigate the detective ability of the method, the simulated
overlapping chromatograms in various cases were tested in reference 51.
The results showed that Daubechies (N=4) and Symmlet (S4) are the most
suitable wavelets for the method. Therefore, in the following section, the
results obtained with the two wavelets from a five components overlapping
chromatogram are discussed.
Figure 10 shows the experimental results obtained when measuring a
sample composed of five rare-earth elements with RP-HPLC and post

la)
3.5

5.0 5.5 6.0 6.5 7.0 7.5
Retention Time(min)
Fig. 10: The experimental chromatogram detected at (a) 710, (b) 675, (c)
645 and (d) 625nm
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column reaction detection. Four chromatograms detected at (a) 710nm, (b)
675nm, (c) 645nm, and (d) 625nm were selected for the study, in order to
test the method with the signals in different amplitude. From Figure 10, it
can be seen that there are three or four broad peaks with high level of noise.
It is impossible to obtain the correct number of components.
Figure 11 shows the discrete details obtained by six decomposition of the
chromatogram signal at wavelength of 645nm with Daubechies wavelet
From Figure 11, we can see that the frequency of these discrete details is
quite different. It is obvious that the first four details, from D (1) to Dw, are
almost composed of noise with different frequency. But from D(s) and D(6),
we can clearly see that there are five component in the chromatogram,
although in D® the first two peaks are still overlapping. Figures 12 and 13
are, respectively, the £>(5) signals obtained from the four chromatograms in

eiltmrnmrnm*''
VWWWW/W^iWVYvYvYv^^Yvvw^YvvwvWY

3.5
Fig. 11:

4.0

4.5

5.0
5.5
6.0
6.5
7.0
7.5
Retention Time(min)
Discrete details obtained by wavelet decomposition from the
chromatogram at 645nm
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Fig. 12: The fifth scale details (D(5))
corresponding to the
chromatograxns in Figure 10 obtained with Daubechies wavelet

Figure 10 by wavelet decomposition with Daubechies (N=4) and Symmlet
(S4) wavelets, respectively. From both of the figures, all the four
chromatograms with different amplitudes give us the same result The extra
peaks at the both end of the time axis is very easy to be excluded because it
is clearly shown in Figure 10 that all the peaks of the components lie
between 4.2-7.0min.
As a comparison, determination of the factor number from the
experimenta; data matrix (2384x25) by abstract factor analysis (AFA) was
performed. Table 1 shows the results obtained by AFA, including the eigen
values (λ), residual standard deviation (RSD) or real error (RE), imbedded
error (IE), and the factor indicator (IND)149,501. From the results of eigen
values, the second column in Table 1, it can be seen that there is no
significant decrease with the increase of factor number. It is therefore hard
to decide the correct factor number. According to the theory of
Malinowski[49>50], RSD or RE should reach a value which is in agreement
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chromatograms in figure 10 obtained with Symmlet wavelet

the

with the experimental error, and the IE and the IND should reach a
minimum when the correct number of factors is employed. From the third
column in Table 1, RSD reaches 10"5, which is the level of the experimental
error, when n=12. This indicates that the factor number should be 12. But,
from the results of the IE and the IND, the fourth and the fifth column in
Table 1, they reach a minimum when n=ll and n=7, respectively. Although
the extra factors can be explained by noise in the data matrix, we cannot
obtain the same result by different error criteria.
3.1.5 Resolution of the Nuclear Magnetic Resonance (NMR) Spectrum
The nuclear magnetic resonance (NMR) technique is a very powerful
method for the structural elucidation of the organic compounds. It has been
widely applied in the fields of organic chemistry, biochemistry, medical
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Table 1
The results obtained by abstract factor analysis
factor number

eigen value(X)

R S D ( x 10 s )

1Ε(χ 10"4)

rNDixlO" 6 )

1

5.30162

143.740

2.87480

2.49548

2

1.09082x10"'

40.8112

1.15432

0.77148

3

3

12.9386

0.44821

0.26733

4

7.37780Χ10"

4

5.29260

0.21170

0.12001

5

1.00673x10"*

2.88061

0.12882

0.07202

6

2.82092xl0"

5

1.58333

0.07757

0.04386

7

3 . 5 6 5 2 4 x 10"6

1.34736

0.07130

0.04159

8

1.35671x1ο" 6

1.25992

0.07127

0.04360

9

1.08030x10^

1.18465

0.07108

0.04628

10

9.66309x10"

7

1.10758

0.07005

0.04923

7.79325χ10"

7

1.03964

0.06896

0.05304

4.67523χ10'

7

1.00655

0.06974

0.05956

13

7

4 . 1 2 9 9 3 χ ΙΟ"

0.97633

0.07040

0.06780

14

3.43722χ10'

7

0.95331

0.07134

0.07879

15

3.16648χ10" 7

0.93105

0.07134

0.09311

11
12

8.25457xl0"

chemistry, etc. But it is difficult to obtain structural information when the
peaks of a spectrum are overlapping. Therefore, many techniques have been
developed in order to enhance the resolution of NMR spectra152"551. In spite
of the existence of all these techniques, there are still problems of low
resolution and overlapping in the spectra of most of the biological
macromolecules.
According to the characteristics of the wavelet transform, a signal can be
decomposed into contributions of different frequency (discrete details and
discrete approximations). If we amplify one or several of the higher
frequency discrete details and then perform an inverse transform, i.e., to
reconstruct from the contributions back into the original signal, the
frequency of the reconstructed signal will increase. Therefore, the resolved
spectrum should be obtainable from an overlapping or low resolution
spectrum by the method.
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The procedure for resolving a spectrum can be described in the following
steps: (1) perform a wavelet decomposition of a spectrum signal with
equation (16) and (17) in the way described by equation (9) to obtain the
discrete details: D w (j=\...J) and discrete approximation C^; (2) select the
discrete details,
which possess high frequency spectral information; (3)
amplify the selected details Z)w with a factor K9\ and then (4) reconstruct
the original signal from the partial amplified contributions. The procedure
can be described as:
'>-»

c 0 '- 0
t

c®->

t

t

+
t

t

(18)

Figure 14 shows the experimental spectra of gramicidin-S (see Figure 15)
on a Bruker DMX-500 NMR spectrometer (Switzerland) at room
temperature. Three spectra with different resolution were measured in

10

8

6

4

2

0

Chemical Shift(ppm)
Fig. 14: NMR spectra measured at different resolution
(a) lowerest resolution, (b) middle resolution, (c) best resolution
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Fig. 15: Molecular structure of the sample

different shimstate. The two spectra with lower resolution, spectra (a) and
(b) in Figure 14, were used to investigate the method, and the spectrum with
the best resolution, spectrum (c), was used for comparison.
Figure 16 shows the discrete details obtained from the spectrum (a) in
Figure 14. In order to be seen clearly, only the region of 4.0-5.0ppm is
given. From the figure, D0>
and
represent the information of high
0)
)
resolution. Therefore, D and ςΡ were chosen for amplification. Figure 17
shows the results obtained by the aforementioned method with the kf')=kf7) =
10, the spectra (a) and (b) are, respectively, the results corresponding to the
spectra (a) and (b) in Figure 14. Comparing Figure 17 with Figure 14, it can
be seen that the spectra are well resolved by the method. The resolution of
the resolved spectra are even better than the resolution of spectrum (c) in
Figure 14, which is the best resolved experimental spectrum.
In order to compare in detail, Figures 18 and 19 show the enlarged
spectra from 4.0ppm to 5.0ppm and 1.2ppm to 1.9ppm, respectively. In
Figures 18 and 19, the spectra (a), (b), (c), (d), and (e) are, respectively, the
experimental spectrum of the lowest resolution, the resolved spectrum from
the spectrum of the lowest resolution, the experimental spectrum of the
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Chemical shift(ppm)

Fig. 16: The discrete details obtained by wavelet analysis from the
spectrum (a) in Figure 14

(b)
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Fig. 17: The resolved spectra by wavelet transform
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I
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Chemical Shift (ppm)

Fig. 18: The comparison of the resolved spectra with the experimental
spectra
(a) The expeimental spectrum of low resolution
(b) The resolved spectrum from (a)
(c) The experimental spectrum of middle resolution
(d) The resolved spectrum from (c)
(e) The experimental spectrum of high resolution

middle resolution, the resolved spectrum from the spectrum of the middle
resolution, and the experimental spectrum of the highest resolution From
these two figures, it can be seen that, comparing with the experimental
spectra, the resolution of the resolved spectra is greatly improved by the
wavelet transform processing.
In Figure 18, three groups of non-overlapping peaks around 4.75, 4.57,
and 4.30ppm and a group of overlapping peaks around 4.38ppm are
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'
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Fig. 19:

The comparison of the resolved spectra with the experimental
spectra
(a) The experimental spectrum of low resolution
(b) The resolved spectrum from (a)
(c) The experimental spectrum of middle resolution
(d) The resolved spectrum from (c)
(e) The experimental spectrum of high resolution

included. The first three peaks should correspond to the contribution of the
Orn CaH, Leu CaH, and Pro CoH (see Figure 15), respectively. Therefore,
the resolved spectra (b) and (d) are consistent with both the best resolved
experimental result (e) and the theoretical spectrum. As to the overlapping
peak, which should be composed of the contributions of the Val CoH (triplet)
and Phe CaH (quartlet), the resolved spectrum which can be consistent with
the theoretical spectrum is not obtained because of the heavy overlapping
and the lack of the information in the experimental data (a) and (c).
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However, the resolved spectra are in good consistence with the best resolved
experimental result (e) with better resolution. In Figure 19, a very
complicated region in the spectrum was compared. Although it is difficult to
explain the spectrum in detail, it is apparent that the resolution of the
resolved spectra (b) and (d) is much better than the spectra (a), (c), and even
the best resolved spectrum (e).
On the other hand, from Figures 18 and 19, it can also be found that the
wavelet transform does not affect the location of the peaks in the ppm axis,
by which it is indicated that we can get the resolved peaks at their position
in the overlapping peak, only the width of the peaks is narrowed by the
wavelet transform. Therefore, the wavelet transform technique may be an
excellent tool to help us improve the resolution of NMR spectra and make
elucidation of the NMR spectra easier.
3.1.6 Resolution
Chromatogram

and

Quantitative

Determination

from

Overlapping

Resolution of multicomponent overlapping chromatographic peaks is a
problem of universal concern in the practice of analytical separation.
Therefore, various resolution methods have been reported, including the
Fourier self-deconvolution (FSD) method, the Fourier derivation (FD)
method, and factor analysis methods146"48'. Because the wavelet transform
can easily decompose a signal into contributions with different frequency,
the resolved chromatogram can be retrieved by a wavelet transform decomposition of an overlapping chromatogram, and quantitative determination
can be done by the separated peak of each component'25"271.
Two approaches have been proposed to use the wavelet transform in
quantitative determination from overlapping chromatograms[25,26]. Both of
these two approaches include two steps to complete calculation, i.e., resolve
the overlapping chromatogram first and then calculate the area from the
resolved chromatogram. The first approach to resolve the overlapping
chromatogram resembles the method described in section 3.1.5 and the
second approach resembles the method described in section 3.1.4. In the
following section, the latter method in a resolution of three-components
overlapping chromatogram is discussed.
Figure 20 shows the chromatograms of the samples listed in Table 2
obtained on a Shimadzu LC-6A HPLC system with ODS column and
H20-methanol(39:61) mobile phase. Obviously, it is impossible to conduct
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TIMEimin)
Fig. 20:

Chromatograms of the mixed samples

Table 2
Concentrations of the samples (Cone, unit: 0.001 μΐ/ml)
No

Benzene

Methyl Benzene

Ethyl Benzene

1

2.0

2.0

9.0

2

4.0

4.0

8.0

3

6.0

6.0

7.0

4

7.0

8.0

5.0

5

8.0

10.0

3.0

263

Vol. XVII, No. 4, 1998

Wavelet Analysis in Analytical Chemistry

quantitative determination from such chromatograms because of the
overlapping. Figure 21 shows the discrete details obtained from the
chromatogram of sample No. 3 by four decompositions using Haar analyzing
wavelet. Theoretically, any of the details could be used for quantitative
calculation, because the wavelet transform is a linear operation. But, in our
study, D(3)
was chosen for the further discussion, because it is well resolved
and less in noise. Figure 22 shows the signals of D(3> corresponding to the
chromatograms in Figure 20.
In order to investigate the linearity of the D<3> signals, the areas of every
peak in Figure 22 were calculated by linking the minimum points of every
peak as baseline, and the calibration curves are shown in Figure 23.
Quantitative determination of three mixed samples was conducted with the
calibration curves. It was found that the recoveries are between
92.0-104.8%.

D (4)

D (3)

D<2)

D (1)

12

14

16

I B 2.0

2.2 2.4

2 . 6 2.8 3.Q 3 . 2

TlME(mio)
Fig. 21: The discrete details obtained by wavelet transform of sample No.3
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Fig. 22: D
signals obtained by wavelet
chromatograms in Figure 20

transform from the

3CCC0
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<
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S.O
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Fig. 23: Calibration curves of (a) benzene, (b) methyl benzene, and (c)
ethyl benzene
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3.2 Applications of the On-line Wavelet Analysis
3.2.1 On-line De-noising
Although the wavelet analysis has proved to be a very powerful
signal-processing technique by the applications discussed above, all the
calculations are performed off-line, i.e., by obtaining the experimental data
first and then conducting the wavelet transform. In many cases, however,
the on-line technique is necessary because it can simplify the equipment,
speed up the analysis, and improve the quality of the measured data.
In the following study, an application of the on-line wavelet transform
described in section 2.4 in de-noising of chromatogram was investigated.
The samples used in the study are listed in Table 3. A Shimadzu LC-6A
HPLC system with ODS column was employed, and the mobile solvent was
redistilled H 2 0 and methanol(12:88).

Table 3
Concentration of the samples (Cone. Unit: Ο.ΟΟΙμΙ/ml)
No.

benzene

methyl benzene

ethyl benzene

™T

To

To

κΓο
6.0

2

3.0

3.0

3

6.0

5.0

2.0

4

5.0

7.0

8.0

5

2.0

9.0

4.0

Figure 24 is the output result given by a measurement when measuring
sample No.4 in Table 3 with the on-line wavelet transform at the sampling
rate of 9.15 points/sec. The line 0 0 ) is the normal chromatogram, which is
obtained directly from the detector, and the lines C® and Z)w correspond to
the discrete approximations and the discrete details given by the on-line
wavelet transform when the decomposition times J is 5.
From the CfP)
signal, it is evident that there is noise in the
chromatogram, by which the error and the poorness in reproducibility will
arise if we use such chromatogram to conduct quantitative determination.
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4.5

Fig. 24:

5.0

5.5

5.0

S.5

7.0

4.G

4.5

5.0

5.5

8.0

6.5

7.0

The results obtained by on-line wavelet transform HPLC
(A) discrete approximations (the scope of absorption axis is 0.005
to 0.35)
(B) discrete details (the scope of absorption axis is -0.01 to 0.06)

From the signals ofC® and D°\ it is obvious that the first three D w (/'= 1,2,3)
are mainly composed of noise. The D w is composed of noise and
chromatographic signal of very small magnitude comparing with discrete
approximation CP\ And the Σ Ρ signal is composed of mainly
chromatographic signals of the components. Therefore, we can choose C*3)
or 0 A ) as the de-noised chromatogram depending our emphasis on removing
noise clearly or remaining the chromatographic signal maximally. The little
loss of the chromatographic signal from 0 A ) will not affect the linearity of
the calibration curve because the wavelet transform is a linear
decomposition.
Figure 25 shows the measured chromatograms 0 0 ) and the de-noised
chromatograms C*3) of samples No.l to No.5 in Table 3. It can be seen that
the de-noised results are satisfactory for all the five chromatograms.
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Chemistry
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(Α)
(Β)
Fig. 25: The normal and the de-noised chromatograms of samples
(The lines (l)-(5) correspond to the sample No. 1-5 in Table 3)
(A) The normal chromatograms
(B) The de-noised chromatograms

The de-noised results at different sampling rates was investigated. Figure
26 is the measured chromatogram 0 0 > of the sample No.4 at the sampling
rate of 9.15, 4.62, 3.02, and 1.08 points/sec, and the de-noised results, 0 Λ \
and 0 y > respectively. Because frequency information included in
the sampled chromatogram varies with the sampling rate, different C05
should be selected as the de-noised result From Figure 26, we can conclude
that the satisfied de-noised result ought to be obtained at any sampling rate.
Because the wavelet transform is a linear operation, the de-noised
chromatograms should keep the linear relationship between the peak area or
height and the concentration of the components. Figure 27 shows the
calibration curves obtained from the chromatograms 0 0 ) (the measured
signal) and C*3) (de-noised by on-line wavelet transform) with samples 1 to
268
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Ι^ΗΐαιΈπφί^

Fig. 26: The de-noised chromatograms obtained at different sampling
rates of sample No.4
(A)
obtained at sampling rate 1.08point/sec
}
(B) CP obtained at sampling rate 3.02 points/sec
(C) (33) obtained at sampling rate 4.62 points/sec
(D) Cf4) obtained at sampling rate 9.15 points/sec

5 in Table 3. Although all the lines seem to be straight enough for
quantitative calculation, a comparison of the statistical result R (correlation
coefficient) will give us the convincing conclusion. The correlation coefficients without on-line wavelet transform processing, the line (a), (b), and
(c), are 0.9756 for benzene, 0.9932 for methyl benzene, and 0.9783 for ethyl
benzene, but the coefficients of the de-noised lines, (a1), (b"), and (c'), came
out at 0.9974, 0.9950, and 0.9958, respectively. It is obvious that the
linearity of the calibration curves is improved.
3.2.2 On-line Resolution of Overlapping Signals
Because the resolution of multicomponent overlapping chromatograms is
an important problem, as mentioned above, an application of the on-line
wavelet transform algorithm to the on-line resolution of overlapping
269
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Fig. 27: The comparison of the calibration curves
(a) benzene (b) methyl benzene (c) ethyl benzene without wavelet
transform
(a') benzene (b') methyl benzene (cf) ethyl benzene with the
on-line wavelet transform

chromatogram was investigated. The principle and calculation procedures
are exactly as described in sections 3.1.4 and 3.1.6. The samples used in the
study are listed in Table 4, and the Shimadzu HPLC system mentioned
above was used.
Figure 28 shows the normal chromatogram 0 0 ) and the discrete details
D(1) - D(7) obtained by the on-line HPLC system when measuring sample No.
3 in Table 4. The sampling rate is 9.15 points/sec (0.109sec per point). The
wavelet is Daubechies(N=4). Because all the curves are in the same scale in
the intensity axis, it is clear that the D(6) signal is the best one to represent
the resolved chromatogram.
In this study, which discrete detail will represent the best resolved
chromatogram is an important problem. If the answer to this problem can be
270

Reviews in Analytical Chemistry

Xueguang Shao and Wensheng Cai

Table 4
Concentration of the samples (Cone, unit: 0.01 μΐ/ml)
methyl benzene
2.0
4.0
6.0
7.0
8.0
4.0
4.0
5.0

benzene
1.0
3.0
5.0
7.0
9.0
4.0
3.0
4.0

No.
1
2
3
4
5
6
7
8

ethyl benzene
9.0
8.0
7.0
5.0
3.0
4.0
5.0
6.0

SÜL

[f>

[p

d'4)
Df1»
0

1

2

3

4

5

Retention Tirne(rrin)
Fig. 28:

Discrete details obtained by the on-line wavelet transform from
the chromatogram of sample No. 3
271

Vol. XVII, No. 4, 1998

Wavelet Analysis in Analytical

Chemistry

known before the experiment, it will be enough only to record the
corresponding detail as the output of a measurement. Therefore, an equation
for estimating the best resolution level, i.e., the number of decompositions,
was proposed:
j »log2 (a^ /1. 5ä)
where the

(19)

is the minimum difference in retention time of every

adjacent peak, which can be obtained by pure standard sample, and Δ is the
sampling interval in time. Equation (19) is easy to prove based on the
knowledge that (a) the adjacent peaks are known as resolved when the
resolution Λ,=1.5; ( b ) R S ={TR2-TRL)/WB,
WB is the width of the two
adjacent peaks; (c) the frequency of a chromatographic peak can be viewed
as 1/2W b , and (d) the frequency of £>w is between 2~J+] fc and 2~s fc. fc
is the Nyquist critical frequency.
In order to investigate the validity of equation (19), pure standard
samples of benzene, methyl bezene and ethyl benzene were measured and
the parameter
~ 0.16 was obtained. Three measurements of the sample
No.3 with the sampling interval in retention time being 0.1097, 0.2194, and
0.3291 sec were performed and the best discrete details are compared in
Figure 29. In the figure, curve (a), (b), and (c) are discrete detail
and D<A> corresponding to the three sampling rate
respectively. According to the equation (19) and the parameters used in the
experiment, the best j should be 6 (5.88), 5 (4.87), and 4 (4.28), respectively.
They are in good agreement
Figure 30 shows the results obtained by the on-line wavelet transform of
the samples No. 1-No. 5 in Table 4 with the sampling interval in retention
time being 0.1097 sec and the resolution level being 6. From the figure, it
can be seen that all the samples with different concentration were well
resolved.
In order to calculate the peak area for quantitative determination, the
baseline correction to Figure 30 was performed by linking the left minimum
point and the zero point at the right of a peak as baseline, as illustrated in
Figure 31. The shaded part is integrated as the peak area. The method is
slightly different from the method used in section 3.1.6, because the
overlapping is more serious than the chromatogram there.
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2
3
Retention Time(min)

4

5

The best discrete details obtained from the chromatograms of
sample No. 3 at different sampling rates
(a) D<6) at sampling time interval 0.1097 second
(b) D(S) at sampling time interval 0.2194 second
(c) D(4) at sampling time interval 0.3291 second

Figure 32 shows the calibration curves of the three components (benzene,
methyl benzene, and ethyl benzene). The correlation coefficients are 0.9936,
0.9946, and 0.9941. This means that the linearity of the chromatographic
signals remained in the resolved chromatograms.
Table 5 shows the quantitative determination results using the calibration
curves in figure 32. Three measurements were repeated in order to
investigate the reproducibility of the method. From the table, it can be found
that both the reproducibility and the recovery are satisfactory for
chromatographic analysis. The independent recoveries are between
93.5-105.8% and the average recoveries are between 96.0-105.3%.
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Fig. 30: Results obtained by the on-line wavelet transform of samples
No.l-No.5
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Fig. 31: The diagram showing the calculation of the area from the
resolved chromatograms
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C o n c e n t r a t i o n ( / 0 . 0 1 μΙ/ml)
Fig. 32:

Calibration curves of the components

3.3 Combinatory Applications of Wavelet Analysis and Window Factor
Analysis
3.3.1 Wavelet De-noising and Window Factor Analysis
Since the multicomponent two-way data matrices are frequently produced
by modern chemical instrumentation, resolving such data matrices and
determining the included components constitutes one of the most important
problems for analytical chemistry. Several techniques have been developed
to attack this problem, such as evolving factor analysis(EFA)l46], window
factor analysis(WFA)[47] and heuristic evolving latent projection (HELP)
method1481. All these methods have proved to be very powerful for the
resolution of two-way data matrices. However, there are still practical
difficulties when the data matrices are irregular with the theoretical model,
such as high noise level. In the following section, the resolution of a
two-component chromatogram by window factor analysis with the wavelet
transform preprocessing is discussed. It was found that the wavelet
275
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transform is a very powerful technique for noise-filtering and the
quantitative results by WFA can be greatly improved for the noisy
chromatographic data matrix by the wavelet transform preprocessing1391.
Figure 33 is the 3-D figure of the experiment result obtained when
measuring a sample composed of two rare-earth elements (Yb and Tm) with
RP-HPLC and post column reaction detection. In order to represent this
clearly, a matrix of 27x157 (5nm wavelength interval and 0.029min time
interval, the original size of matrix is 27x785) is used in the figure. It is
obvious that high-level noise exists in the data matrix, especially at the short
wavelength part, because the noise is mainly caused by the absorption of
extra arsenazo HI (the post-column reaction agent) in the pulsing mobile
phase. In order to separate the noise from the data matrix, chromatograms at
each wavelength are processed by wavelet transform according to the
improved algorithm described in section 2.3. The 4th level discrete
approximation at each wavelength is shown in Figure 34. Almost all the
noise was filtered.
Figures 35 and 36 are, respectively, the comparison of the resolved
chromatograms of Yb and Tm by WFA from the measured data matrix and
the de-noised data matrix, respectively, with the experimental

Fig. 33: The 3-D figure of the measured data matrix
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Fig. 34:

4.0

Fig. 35:
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The 3-D figure of the de-noised data matrix

5.0

6.0

7.0

8.0

Tirns(min)
The normalized chromatograms of Yb and Tm resolved from the
measured data matrix by WFA
(a) WFA resolved (solid lines)
(b) Standard curve (dash lines)
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Time(rtniin)

Fig. 36:

The normalized chromatograms of Yb and Tm resolved from the
de-noised data matrix by WFA
(a) WFA resolved (solid lines)
(b) Standard curve (dash lines)

chromatograms obtained by pure samples. It is obvious that the results in
Figure 36 are much better than the results in Figure 35. Table 6 tabulates the
results of the WFA calculation from the measured data matrix and the
de-noised data matrix. From the table, we can see that, although window
ranges are almost the same, the quantitative results are quite different. And
from the recoveries in the table, it can also be seen that the correct results
cannot be obtained from the prepared data matrix because of the high noise
level, but results obtained from the de-noised data matrix are satisfactory.

3.3.2 Wavelet Compression and Window Factor Analysis
By the studies discussed in section 3.1.2, it has been proved that the
wavelet compression is a high performance method for reducing the storage
space, but that we must reconstruct the original data when the data is
needed. In fact, in most cases, the large wavelet coefficients are concentrated
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in large scales, and the negligible coefficients to be suppressed are generally
in small scales. This means that the information of analytical data is
generally retained in the large scale wavelet coefficients. Therefore, an
analysis with window factor (WFA) analysis directly on the compressed data
was investigated in the following study1381.
A data matrix as used in section 3.2.1 was obtained with a similar
sample and similar experimental conditions, using the same equipment. In
order to obtain the compressed data set, wavelet transform on the
chromatogram at every wavelength was performed with the Mallat
algorithm. Figure 37 shows results obtained by wavelet decomposition at
wavelength 665nm. C<0) is the measured chromatogram, and C®, Z)w (j =
1...4) are discrete approximations and discrete details with the data points
number being the half of the previous C 0 " 0 . From the figure, it can be seen
that the information of the chromatogram is mainly retained in the C*3)
approximation. Therefore, the C*3)s of eveiy wavelength, one eighth of the
size of the measured data matrix, was used for the further study with WFA.
Figure 38 and Table 7 show the results obtained by WFA from the
matrix of C* 3 ) s. Comparing the resolved chromatograms (solid lines) with

W
- VW^vVW ••VAv vVW

z>:,r
β*1
L

4 4.5 5 5i ί 6.5 7 15 3 8^ 9
Relation Tim(mn)

Fig. 37:

<( 4 i 5 5.5 S 6.5 7 7 i 3 33 9
Rtotai1jni<nii\)

Chromatogram at 665nm (00>) and the results (C®, D0>) obtained
by wavelet transform
(a) Discrete details
(b) Discrete approximations
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Fig. 38:

Comparison of the resolved (solid) and the experimental (dash)
chromatogram

Table 7
Results obtained by WFA
element

window range

conc. added

conc. calc.

Recovery

Yb
Tm

(mm)
4.927-6.485
5.202-7.494

(Mg/mL)
20.01
19.99

(jig/mL)
21.29
21.47

(%)
106.4
107.4

the chromatograms of standard samples (dash lines), the results are in good
consistence. It can also be seen from the table that the quantitative results
are satisfactory for the overlapping chromatograms.
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