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ABSTRACT

by modelling the plastic behaviour of the matrix to
predict the failure stress and the composite stress-strain

An analytical micromechanical model is employed

curve.

to predict the fatigue life of an aluminium SiC metal

Aboudi /8/ has given some indication of how the

matrix composite. From data obtained from the mono-

Theory of Cells may be extended to include fatigue

lithic matrix material and the individual SiC fibres

behaviour of a composite material. The work reported

theoretical S/N and Strain/N curves were produced. This

here has developed these ideas to estimate the fatigue

was possible by assuming that the matrix material in the

life of a SiC particulate reinforced aluminium alloy. The

composite fails at the same fatigue stress level as does

assumption made is that the fatigue behaviour of the

the monolithic matrix material or, if fibres fail, this will

matrix will be the same as the fatigue behaviour of the

be at the failure level of the individual fibres. These

bulk homogeneous material, whilst the fibres will fail

curves were then compared to experimental data and

statistically as they reach their overall failure stress. At

good agreement was obtained for all but the low cycle

most stresses, it is expected that fatigue failure will be

fatigue regime.

due to matrix failure and only at high stresses, when
plastic deformation is encountered in the matrix, will
failure be caused by the fibres failing.
1. INTRODUCTION

The introduction of fibres into a base metal will give

2. THEORY OF C E L L S

greatly enhanced mechanical properties to the resultant
metal matrix composite. These will be dependent on

The Theory of Cells (TOC) for short fibre and parti-

both the properties of the base matrix and the fibre used.

culate metal composites has been developed by Aboudi

The volume ratio of fibre to matrix will of course also

191. In the method an elastic matrix is considered which

be important as will the interface between fibre and

is reinforced by unidirectional fibres of short length.

matrix. Some early attempts were made to forecast the

The fibres are assumed rectangular with dimensions of

resultant composite properties using known properties

d|, 1| and h, and arranged in the matrix as shown in

of the constituents /1-4/. All these theories were initially

F i g I.

formulated for continuous fibre composites in which it
was assumed the interface played no part.

In a particulate metal matrix composite h, will have
a similar value to 1|.

In a series of papers, Aboudi /5-7/ has extended his

Given that the arrangement of fibre and matrix is

Theory of Cells to include both short and particulate

periodic, only one fibre and its surround matrix need be

fibres. The range of properties that can be predicted is

analysed

Young's Modulus, Poisson's ratio and shear modulus. It

composite material. This area is called a cell and is

is also possible to predict the composite yield stress and

divided into eight sub cells and eight local systems of

to

give

a

representative

section

of

the
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where
ν
σJa,β,γ)

11

is the stress matrix of each sub cell
is

the

stiffness

matrix

representing

mechanical properties of each sub cell
p(ct,P.T)

is a matrix representing thermal properties
of each sub cell

ΔΤ

\L

is the temperature difference between a
reference stress free temperature and the

• 3

Fig. 1:

working temperature

^ k-h,-t— hj—I

whilst Z, the strain microvariables, is given by
ζ(«.Ρ.γ) =

Schematic of an MMC with periodic array of

φ i(«,P,r)) χ2(«.Ρ.γ)) ψ3 <«.Μ

fibres

Ψι

(α,β,γ) _ φ (α,Ρ,γ)

+ φ2<«.ΡοΟ

(α,p,γ)
(α,Ρ,γ)
, ψ2
+ Χ3'

with
co-ordinates

x 2 (P) , x3<v) are introduced

x/"',

Φ,• (αι · ρ · γ) , φ 2 (α · ρ · γ> , φ 3 ( α ' ρ · γ )> νΧι (α,Ρ,γ) νΧ2(α,Ρ,γ) νA3(α,Ρ,γ) ,
(α,Ρ,γ)
(α,Ρ,γ) representing
(α,Ρ,γ)
strain
ψι
,
ψ2
Ψ3
micro variables

whose

origins are located in the centre of each sub cell, and are
oriented parallel to the Cartesian system ( x , , x 2 , x 3 ) as
shown in Fig. 2.

Note that when discussing the position of a sub cell,
a superscript notation is used, i.e., σ ( υ , 1 ) refers to the
fibre whilst, for instance σ ( 1 ' 2 , | ) is the matrix material to

«1 ot=2,jß=l,y=2
e=2j8=l,y=l-

a=2ß=2,y-2
a=2ß=2,y=\

ι

the stress direction, e.g. σ η is the direct stress in the x,
direction.

a=lj8=l,y=2_

OF [ß=2,y=2
a=\ß=2,y=\

ζ

a=\ß=\,y=l

<?f

the right of the fibre and a subscript notation is used for

Using a first order approximation the displacement
component at any point in the sub cell can be expressed
as

if

h, —ψ-hj—H^l ι
x™-

Fig. 2:

„.(α,Ρ,γ) =

•i

(α,Ρ,γ) + χ.(α) φ.(α,β,γ) + ^(β) χ.(α;Ρ,γ) +

X j W ψ.(α,β,γ)

where
Wi represents the displacement component of the

A representative cell of the composite showing

centre of the sub cell, and

the eight sub cells

Φί, Χί> ψί characterises the linear dependence of the
displacements on the local co-ordinates, χ / α ) , x 2 (P)
and x 3 (r)
In Fig. 2, only local coordinates x / 0 , x, <2) , x 2 ( l ) , x2<2>
are shown.

and the displacement can be connected to strain using
the expression

As can be seen, each cell comprises eight sub cells,
one of fibre, labelled

1,1,1, and

seven

of

matrix

ί / α · Ρ ' γ ) = Χ 5jUj(a,p»T)

material. It is assumed, initially, that both fibres and
matrix are perfectly elastic materials and the stresses are
related to the strains as follows:

and

a, = a/ax,"
a 2 = a/ax 2 p

(α,Ρ,γ) _ (-.(α,Ρ,γ) ^(α,β,γ) _ ρ(α,β,γ)' Δ Τ
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a 3 = a/ax 3 Y

+3iuj(a-P'*)
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If continuity of traction and displacement between
appropriate sub cells is assumed, it is possible to
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and Ejj (pias,iC) can be defined as (σ,, - Υ) η /μ;
and therefore for σ^ > Υ the total strain is now:

calculate the 26 strain microvariables generated by the
theory. Once the stresses in each sub cell is calculated,

ε,j = σ,/Ε + (Oy - Υ)"/μ

the overall stresses can be found as follows:
where
σ,-1/V

Σ (ν(α·Ρ'γ,συ(α·Ρ·γ))
α,β,γ=1

σ„ represents the total stress in the ij direction,
Υ is the material yield stress,
η and μ are factors which characterise the
plastic behaviour of the material.

where V represents the total volume of the cell, and
y(a,P,r) j^g v o ] u m e 0 f a particular sub cell.

This approach assumes simple elastic breakdown at
the yield stress. For a biaxial loading system the failure
theory can be modified to include a shear yield

3. INELASTIC BEHAVIOUR OF METAL

component /13/.

MATRIX COMPOSITES
A typical MMC comprises a fibre that behaves in an

4. RANDOMLY REINFORCED METAL
MATRIX COMPOSITES

elastic manner up to the breaking stress and a matrix
that will show the typical elastoplastic behaviour of a
ductile material. To model a composite an allowance
must be made for the plastic deformation of the ductile
matrix. In Aboudi's development of the theory of cells
/10/, he used the unified theory of plasticity developed
by Bodner and Pardom /11/. In this theory, plasticity is
assumed to be always present throughout the loading
process. Although rigorous, the Bodner et al. approach
adds a level of complexity to the analysis that may not
be necessary. In the present study, this has been
abandoned in favour of a theory of plasticity proposed
by Mendelson 1121, in which the total strain experienced
by a stressed material is made up of both elastic and
plastic strains. If we consider a one-dimensional direct
stress system where i = j = 1, 2, 3, then, using this
approach, plastic strain can be assumed to approximate
to zero whilst the material is within the elastic region.
Therefore, if σ^ < Υ the total strain can be written
as:

The theory developed so far is for unidirectional
short fibre and particulate composites where the fibres
are aligned in the X, direction, as shown in Fig. 1. This
places severe limitations on the type of systems it is
possible to analyse. However, a transformation can be
made on the stiffness matrix of each sub cell, using a
method first suggested by Arridge /14/. It is found that
for a material with randomly distributed fibres, the
stiffness matrix reduces to three non-zero elements
which are related to the aligned fibre matrix in the
following manner:
B, l (a ' p ' y) =(3A, + 2A2 + 4 A , ) / 5
Β, 2 ( α · ρ · γ ) =(Α,+4Α 2 + 2A3) / 5
Bja'M=(A,-4A2 +3A,)/5
where
Α ι =(Cii<aJ,'y) +C22IO'm + C„ <aPrt ) / 3
A 2 =(C 2 , ,aJW + C „ , o M + Ci 2 (a - Pr) )/ 3
a,=(C 4 4 | a - M
+ cj°'M) / 3

Eij (total) — Sij (elastic) ~ Ο jj/E
Β ( / α ' ρ ' γ) is the transformed stiffness matrix, allowing
Once the material suffers plastic deformation the

Cij<a'p'T> is the stiffness matrix for aligned fibres

relationship changes to:
^tj (total) ~ ^ij (elastic)

for a fully random fibre distribution in the composite.

^ij (plastic)

Using this modified stiffness matrix in the stress
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strain matrix, the strain in all three dimensions can be

τ

fcnecttve defect size i μ m t
o.5
α

calculated for each sub cell in the M M C with randomly
distributed fibres.

5. F A T I G U E F A I L U R E A N D
T H E T H E O R Y OF C E L L S
11

j5
5ο

It can be assumed that fatigue damage will occur
when one or more of the sub cells reaches a critical

u

6

stress level. In a one-dimensional loading system the
fatigue failure stress for the matrix material can be
obtained from an S/N curve. It may be assumed that any
sub cell reaching this stress will be sufficiently fatigue
damaged to cause failure of the composite for a similar
number of cycles providing the fibre or particle has not
reached

its critical

level.

Therefore the

matrix

1.5
i !5 3 3.5
Applied s!iP35 (GPa)

is

assumed to fail by fatigue similar to the homogenous
material.

Fig. 3:

Experimental strength behaviour of SiC yarn
fibre (Andersson and Warren / 1 6 / )

The fibres however may behave differently. Silicon
carbide fibres are brittle and do not exhibit fatigue

Ο

10-mm

•

100-mm fibre carefully handled

fibre

carefully

handled

failure /15/. In the case of the individual fibres, their
critical fatigue stress is assumed to be identical to their
tensile failure stress. However similar fibres exhibit a

recalculated, assuming a lower density of fibres, and the

wide range of tensile failure stresses as can be seen in

possibility

Fig.3. This has important implications on the fatigue life

iterative recalculation of stress is then performed until

of an M M C containing such brittle fibres.

the mode of fatigue failure is determined.

of more fibre breakage ascertained.

An

When the cyclic loading is high enough to break
fibres, the outcome

will

behaviour

First

patterns..

be

one

is

that

of two
only

possible
a

certain

6. M A T E R I A L

percentage of fibres break due to the fatigue loading and
the resulting redistribution of stresses ensures no more
fibre breakage.

In

this

event,

the

composite

will

eventually fracture by matrix fatigue failure. The second
possibility

is that

as

the

fibres

break

the

The materials under consideration in this report are
an aluminium

alloy Al

7075 and a metal

matrix

composite with an identical material for the matrix plus

stress

12% SiC by volume of fibres, in particulate form. The

redistribution ensures more fibres will fail. Fatigue

chemical composition of the composite was 6.2% Zn,

failure of the M M C is then by fibre failure.
In the present study the theory of cells is used to

1.5% Cu, 2.3% Mg,

0.2% Cr, 0.3% Fe and

the

remainder aluminium. The monolithic material had a

calculate stresses in the eight sub cells for an increasing

Young's modulus of 72 GPa, a Poisson's ratio of 0.33, a

load. At each increment of load a check is made to see if

0.2% proof stress of 416 MPa, a UTS of 565 MPa and

any matrix sub cell has reached its fatigue limit for a

an elongation at failure of 14%.

given number of cycles or that the stress level in the

The SiC, which was introduced into the matrix as

fibres is such that fibre failure is encountered. If the

particles,

former is the case, the overall composite stress is

Diameters range from 0.25 to 20 microns with an

had

the

following

specification

/17/.

recorded as the fatigue failure stress for that load. If

average diameter of 3 micron to 4 microns. The average

fibre failure has taken place, the stress on each subcell is

effective aspect ratio was

184
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Young's
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modulus was 468 GPa and the Poisson's ratio was 0.25.

1300

The particulate strength was assumed to be statistical in

1200

nature, 5% of the particulates failing at a stress of 1.6

I 1100

GPa and 9 0 % having failed at an average stress of 3.1

J 1000
α

GPa.
The

Ξ 900
ο.

MMC's

were

produced

by

spray

< 800
IΛ
ΰ 700

forming

followed by extrusion. Heat treatment of both the M M C

(75

and the matrix material consisted of an initial high

600

temperature solution treatment at 465°C held for 45

500 1

minutes followed by a cold water quench and the

10

100
1000 10000 100000
Number of Cycles

material aged for 16 hr at 135°C. The measured Young's
modulus was then 84 GPa, the 0.2% Proof stress 404

Fig. 4:

Strain controlled fatigue test on monolithic
Al 7075.

MPa, the UTS 490 MPa and its elongation at failure was
2%. It would be assumed that a spray formed material
would experience some measure of porosity.

1100
-1000
a.

S
u 900
-a
3

7. TESTING P R O C E D U R E

5 800
a.
£

Tests were carried out on a PC driven 50 kN.
capacity Dartec servo hydraulic testing machine. All
tests were conducted under strain control and constant

<Λ 600

amplitude. Tests were conducted in air at ambient
500

temperature (20 - 2 5 ° C ) using a frequency of 0.25 Hz

1

with fully reversed loading (R=-1.0) the stress and strain
data being recorded

for each

cycle. The

Young's

Modulus was determined from the stress-strain curve of

Fig. 5:

10

100
1000 10000 100000
Number of Cycles

Strain controlled fatigue test on Al 7075/
12% SiCp

the material during the initial half cycle of the fatigue
test.
in Fig.6. The stress in all cases being the initial stress
recorded after one cycle. The same test results are also
8. R E S U L T S

shown in Fig. 7, only this time, strain is plotted as one
of the axes instead of stress. Note that in Fig. 7 both

The tests were carried out at a constant strain rate

axes of the graph are logarithmic.

with the stress being allowed to vary. In every case tests

During the experiment carried out on the M M C the

were not terminated until fracture of the material took

Young's modulus was monitored. Table 1 gives the

place. Fig. 4 and Fig. 5 show how the stress varied over

average experimental value of modulus, the Poisson's

the life of the specimen, Fig. 4 being for the monolithic

ratio and the yield stress against the predicted values

material and Fig. 5 being for the M M C . In both cases,

produced from the Theory of Cells (TOC)

for the low strain rates the stress was fairly constant

Using the data experimentally

obtained

on

the

throughout each individual experiment. However once

monolithic material it was possible to predict the fatigue

the material was strained into the plastic region, work

life of the M M C using the Theory of Cells. These

hardening took place and therefore the stress increased

predictions are shown in Fig. 8 and Fig. 9. In Fig. 8, a

throughout the life of the test

conventional S/N curve is produced and both the TOC

All results from the tests on both monolithic and

prediction and experimental results are shown. In both

MMC materials were plotted on an S/N curve as shown

cases the stress plotted on the graph is the stress
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Fig. 6:

1.00E+02

1.00E+01

1.00E+03

1 00E+04

1.00E+05

1.00E+06

Nf

Strain controlled experimental S/N curve for
monolithic Al 7075 and M M C Al 7075 + 12%

Fig. 8:

S/N Curve of experimental results and TOC
predicted life of M M C A17075 + 12% SiCp

SiCp.

-TOC
- - Experimental

g

O.Ol

1.00E+00

1.00E+01

1.00E+02

1.00E+03

1.00E+04

1.00E+05

1.00E*06

Nf

Fig. 7:

Strain

controlled

experimental

results

of

constant strain against cycles to failure for
monolithic Al 7075 and M M C Al 7075 + 12%

Fig. 9:

Constant

strain

against

cycles

to

failure

experimental results and TOC predicted life of
M M C A17075 + 12% SiCp

SiCp
measured after one cycle of the test. In Fig. 9, the same
TOC predictions and experimental data are used as in
Fig. 8 but this time, strain is plotted against fatigue life
Table 1

for both experimental and predicted results.

Experimental and Theoretical Values of Modulus and
Poisson's Ratio
10. DISCUSSION

Experimental

Young's

Poisson's

Modulus

Ratio

84.1 G P a

Not

Yield Stress
Comparing the monolithic material with the M M C
404 M P a

Available
TOC

186

83.3 G P a

0.324

we find that both the experimentally obtained yield
stress and failure stress of the M M C were inferior to

391 M P a

that of the monolithic material (see section 6). Similarly,

W.J. Fleming and A. L. Dowson
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at all but the lowest stresses, the monolithic material

experimental error of the test. However once stresses

exhibits a superior fatigue life to that of the MMC. The

are in the plastic region of the MMC, the prediction

difference in fatigue life is more apparent in the strain

value of fatigue failure starts to deviate from the

plot shown in Fig. 7 than the conventional S/N curve of

experimental results. At these levels, the stress in the

Fig. 6.

particulates

is

significantly

higher

than

those

were

experienced in any sub-cell of the matrix. The matrix

somewhat surprising, as it would be expected that the

accommodates the increase in overall loading on the

The

results

inclusion

for yield

of particulates

and

failure

in the

stress

aluminium

would

improve both its yield and ultimate strength. However it

MMC

by

yielding

but

the

particulates

are

still

deforming elastically. As the load increases some of the

can be seen from Table 1 that the experimental yield

weaker particulates fail and there is a redistribution of

stress is at the level predicted by the theory of cells; the

the load between particulate and matrix. The theory

experimental and theoretical values being 404 MPa and

predicts that, for this MMC, the stress level in the

391 MPa respectively. The reason why the M M C yields

individual particulates falls causing a corresponding

at a lower stress than the monolithic materials is to do

increase

with

the

particulates

particulate

inclusions.

Under

will create stress gradients

in the

stress

on

the

matrix.

So

failure

load,

the

throughout the test should have been by matrix fatigue

within

the

failure.

aluminium matrix /18/. This means that whilst some

It could be assumed that once a particulate has

areas of matrix will be yielding other areas will still be

failed, the broken portion is then available to take load.

at sub yield levels of stress. The overall stress of the

This could be true of inclusions that are of significant

MMC is the average of the particulate stress and the

length but in this case we are not dealing with fibres but

stress experienced by each matrix sub cell so that, whilst

particulates and it would seem that failed particulates

areas of the MMC may have started to exhibit plastic

are not available to take load. This would explain the

behaviour, the overall stress may not have reached the

significant short fall in fatigue life in cyclic stresses

value of the yield stress of the monolithic material

above 450 MPa. The broken particulates, rather than

/19,20/. Although this is what has happened to this

taking load, are areas of weakness and cause premature

composite it may not necessarily be the case for another

fatigue failure of the composite. As the stress increases,

composite of different particulate volume fraction and

more particulates break, causing more fatigue damage to

different constituent

the material. Failure at these stresses could also be

mechanical

properties

/21,22/.

Yield stress of a composite is not only dependent on the

initiated by imperfections in the matrix material itself.

yield stress of the matrix but is a complex relationship

Although this difference between

between

particulate

and

matrix

properties

experimental

and

and

theoretical fatigue life under gross plastic deformation is

particulate volume fraction, aspect ratio and orientation

of some importance, it must be remembered that this

/23/. The overall stress of the M M C will of course be a

only involves the first thousand cycles of the S/N curve.

summation of the stresses in the particulate and each

Once beyond this the predicted life from the theory of

sub cell of matrix. In this case the summed stress at

cells is in close agreement with that obtained from

yield

experiment.

was lower

for the MMC

than

that of

the

monolithic material.
Table

1 also

compares

experimentally

derived
CONCLUSION

Young's modulus with that predicted by TOC. The
experimental result indicating a modulus of 84.1 GPa.
whilst TOC gives 83.3 GPa. This result is 1% of the

1. For this particular aluminium metal matrix composite

experimental result.

the prediction of Y o u n g ' s modules and yield stress from

Both the S/N results given in Fig. 8 and the Strain/N

the theory

of cells was

in good

agreement

with

results given in Fig. 9 show good agreement between

experimental results.

TOC and the experimental results. At stress levels

2. Using fatigue data obtained from the matrix material

below 450 MPa the agreement is well within

and information on the failure stress of the particulate, it

the
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of the Fatigue Life of an Aluminium

was possible to make a prediction of the fatigue life of

10.

Metal Matrix Composite Using
The Theory of Cells

Aboudi, J,. "Mechanics of Composite Materials"

this metal matrix composite material.

Studies

3. The predicted fatigue life of the M M C was in close

York, 2 3 0 - 2 3 3 (1991).

agreement with the experimental results for life outside

11.

in Applied

Bodner,

S.R.,

of the low cycle fatigue regime of 1000 cycles or less.

Viscoplastic

4. Failure when material life expectancy was below

Equations

1000 cycles may have been due to failed particulates

Engineering

causing high stress concentrations or to metallurgical
faults in the matrix material.
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