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In many structural problems, in general, it has been

ABSTRACT

implicitly assumed that both displacements and strains
This paper presents an experimental and numerical

developed in the structure are small. In practical terms

investigation of the geometrically nonlinear behavior of

this means that geometry of the elements remains

woven E-glass-epoxy thin plates. With clamped edges,

basically unchanged during the loading process and that

square laminated plates were subjected to static loads

infinitesimal linear strain approximations can be used.

uniformly distributed. In numeric solution, the Total

As a matter of fact, such assumptions fail frequently

Lagrangian formulation is used to examine nonlinear

even though actual strains may be small and elastic

deflection behavior of the plates. Deflection behavior

limits of ordinary structural materials not exceeded. If

versus successive load increments is investigated for

accurate determination of displacements is needed,

diverse

angle).

The

geometric non-linearity may have to be considered in

experimentally

and

some structures such as thin plates considered herein.

numerically are compared with those of linear solution.

On account of the membrane action induced stresses,

orientation

nonlinear

results

angles

(off-axis

obtained

In addition, stress variations at significant points of the

usually

plate

strain-gauge

considerable decrease of displacements as compared

measurements experimentally, and are compared with

with the linear solution, even though the strains are still

those obtained by numerical solution. LUSAS 13.4

quite small.

are

obtained

by

means

of

neglected

in plate

flexure,

may cause

a

finite element analysis software is utilized for numerical

Nonlinear behavior of the laminated plate and shell

solution. Mechanical properties of the orthotropic plate

structures have been the focus of many researches in

fabricated

recent years. Of these, Fares /1 / has presented a refined

for

present "study

were

obtained

by

experimental tests.

equivalent single-layer shear deformation theory of

Keywords: Geometric nonlinearity, composite, thin

121 have developed a new nine-node quadrilateral, shear

plate, glass-epoxy, distributed load.

deformable heterosis plate element for geometrically

geometrically non-linear laminates. Günay and Erdem

nonlinear finite element analysis of laminated plates.
Tan et al. /3/ have used an improved Von Karman
INTRODUCTION

deformation-strain

relation

for

large

deformation

analysis of laminated thick plates. The discussions of
Laminated composite structures are being widely
used in aerospace, automotive, marine and other
engineering applications. Their components may often
be subjected to uniformly distributed loads.

that

paper

have focused on

developing

a

three-

dimensional geometrical nonlinear laminated theory in
which normal stress and strain distribution can be
calculated. Cheng /4/ has presented a study on nonlinear
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bending of inhomogeneous plates using a new set of

moduli E/ and E2; and Poisson's ratio υ 12 were measured

nonlinear equations in the sense of the von Karman

by testing longitudinal (0°) specimens. In order to obtain

large deflection. Dumir et al. 15/ have studied the

in-plane shear modulus G!2, a 45° off-axis tensile test

geometrically

was used. At the end of the tests, these properties were

nonlinear

axisymmetric,

moderately

large, deflection response of a laminated, composite,

found

moderately

«12=0.155.

thick

distributed

ring

annular
loads

plate

under

considering

uniformly

first-order

shear

as;

E,

=£>20600

MPa,

G,2=4150

MPa,

A simple experimental setup was prepared and used

deformation theory. Using finite element formulation,

in

Cho et al. 16/ have carried out a numerical

and

behavior of composite plates subjected to uniformly

of

distributed load. In the following this mechanism and

the

testing procedure are described. Experimental setup is

perturbation

depicted schematically together with a photograph of

technique to determine the load-deflection curves and

the assembly, Figure 1. One edge of the square plate

load-bending moment curves, Shen 111 has investigated

used was of 250 mm. In order to form clamped edge

large

supported,

condition more accurately a square steel frame was

composite laminated thin plate under transverse and in-

utilized between the plate edges and bolts. Water was

plane

of fiber reinforced

used as a loading material so as to employ a uniformly

laminated shells without a cutout has been studied using

distributed static force. To prevent any water leakage

the finite element method based on a higher-order shear

from

experimental
laminated
classical

study

structural
laminated

deflection
loads.

on

the

nonlinear

components.
plate

behavior

Considering

theory

of

Bending behavior

a

behavior

and

simply

order

to

joints

examine

silicone

geometrically

adhesive

was

the

nonlinear

utilized.

The

deformation theory 18/. They have shown the variation

distributed load, which is denoted by q in the figures,

of deflection and stresses in orthotropic and laminated

was applied by using a number of successive load

symmetric/anti-symmetric

increments up to 0.0048 N/mm 2 . A strain-gauge type

spherical

shell

panels

subjected to uniform normal pressure.

displacement transducer, positioned at the center of the

In this study, it is intended to investigate the affects

plate, and a data acquisition card were utilized to obtain

of the membrane stresses on the displacement and stress

the deflection response of the laminated plate versus

behavior of laminated thin plates. For this objective, an

load increments.

experimental setup was prepared and used besides the

Furthermore, stress variation versus loading was

numerical prediction. Results obtained are depicted in

examined by means of strain-gauges bonded at a few

figures and are compared with linear solutions.

proper points of the plate (Figure 1). These points were
determined due to finite element solution results. It is
noted that normal stress components (σ ν and σν) reach
the highest values at the edges and are nearly the same

E X P E R I M E N T A L ANALYSIS

as each other near the center of the plate while the shear
for

stress component r^. is found to be the highest at the

analysis consisted of woven Ε-glass fabric and epoxy

The

laminated

composite

plate

fabricated

points near corners. Three strain gauges were bonded at

resin. The weave pattern of the fabric was chosen as

each aforementioned point to obtain all the stress

plain.

components. Transformation equations were used to

For

fabrication

of

the

laminated

plates

a

convert them to the xy-coordinate system as crt, σ, and

compression/lamination press was utilized. With 40%
fiber volume fraction (Vj =0.40), the plate manufactured
was of six identical layers and of 1.18 mm nominal
thickness.

FINITE ELEMENT ANALYSIS

The mechanical properties of composite plate such
as Young's moduli and Poisson's ratio, needed for

In this investigation, LUSAS 13.4 finite element

numerical analysis, were measured by means of strain-

analysis

gages and an Instron tensile testing machine. Young's

LUSAS' theory manuals are utilized so as to give

122

software

is

used

for

numerical

solution.
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Silicone

Fig. 1: Schematic illustration of the experimental setup
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mathematical formulations used /9/. Total Lagrangian
formulation

and

quadrilateral

8

noded

thick

The nonlinear Green-Lagrange

shell

relationship is defined by

elements are considered in the solution. The element
formulation

freedom. The Total Lagrangian formulation used for

small strains. The output is in terms of the 2

nd

Piola-

Kirchhoff stresses and Green-Lagrange strains referred
to

the

undeformed

configuration.

The

loading

is

Oy
Ε

=

—

dX
dv_
dY
du
dv
+
ay
dX
dv _ L dw

flexural deformations. Each node is of five degrees of

large rotations, whereas the formulation is only valid for

1 " du 12

du_

takes account of membrane, shear and

these elements is valid for both large displacements and

Yxy

ryz

dZ
du

yxz

dZ

conservative. That is, the load is always applied in the

τ

+

2

_dXj

1

Γ du' 2

—

LUSAS,

the

virtual

work

equation

and

residual force vector for each o f the different strain
The

work

done by

the external

surface

tractions t and body forces f is given by
We=

jSuTidA+

jSuT

2

dw
dv' 2
+ —if
[dX _
dX
2L
n

1

+—
2

2

dY

du du + dv— dv
dX dY dX dY
du du _| dv dv

sy

+ —1 Γ

2

dw
~dY

_j

dw dw

_|

dX ~8Ϋ
dw dw

dZ dY dZ dY dZ dY
dv + dw
du du
— dw
+ ^
dZ dX dZ dX aZ dX

dw
dX

(5)

where all derivatives are evaluated with respect to the
reference configuration.
The

standard

finite

element

strain-displacement

matrix is formed by the discretisation o f (5) giving

fdV

(1)

where Su is a set o f virtual displacements.
Considering a corresponding set of virtual strains
δε, the work done by the internal stresses cris given by
jöeTadV

(2)

(6)

Ε = =Β0ηα- + -ΑΘ
= -

-

Wi=

1

+—

its

variation form the basis o f the stiffness matrix and nodal
measures.

dY

2

same direction as was initially prescribed.
In

strain-displacement

where

2

, a,

A and θ are respectively a matrix of

suitable shape function terms, the discretized

nodal

displacement vector, a matrix and vector of slopes.
The vector of slopes is defined as

θ=Ga

(7)

The virtual work equation can then be written as
where G is a matrix of suitable shape function terms.
JSu

T

<pdV = fös

V

T

adV - jSu

T

V

t_dA - J<Sw fdV
r

A

(3)

The

variation

of

the

Green-Lagrange

The left-hand side of equation (3) represents the
work done by the residual or out of balance force vector

variation of equation (6) as
dE = B da + AdO

φ. The variation of the virtual work equation can now be
obtained by taking the variation o f this equation. Since
the loading is assumed to be conservative herein, the
variation of the external work terms due to the surface
and body loadings can

be ignored. Therefore,

the

variation o f equation ( 3 ) can then be written as
d jSi/^dV

= ^ά(δεΤ)σάν

V

V
+

124

+

jSe ad(dV)

(8)

similarly the virtual variation may be defined as

δΕ = Βδα + Αδθ

(9)

and finally the variation of the virtual variation may be
defined by taking the variation o f equation (9) as

jösTdadV
V

T

strain-

displacement relationship may be defined by taking the

V

(4)

d(SE)

= dA δθ

(10)
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material

description

used

with

the

Lagrangian formulations is
dS=DdE

(11)

where D is the infinitesimal elastic modulus matrix.
This equation is a natural description of the material
response provided that the deformation involves large
displacements and rotations but small strains as in this
study.
The tangent stiffness matrix may be identified as
KT = | g
V

r

SGdV

+ $BT DBdV
V

where £ =

(12)
D i s p l a c e m e n t (mm)

£ is the stress matrix /10/.

Fig. 2:

For nonlinear analysis, the total load is applied in a

Deflection behavior of the plate versus load
increments at point Β

number of increments since it is no longer possible to
directly obtain a stress distribution which equilibrates a
given set of external loads. In this solution procedure, a
linear prediction of the nonlinear response is made

small difference.

iterative

Although normal stress components (σ χ and σ ν ) are

corrections are performed in order to restore equilibrium

found to be maximum at edges, it is not possible to bond

by the elimination of the residual or 'out of balance'

strain-gauges on periphery of the plate exactly. A

forces. Such a solution procedqre is commonly referred

similar difficulty may be mentioned for the center point

to as an incremental-iterative method. In LUSAS the

where displacement transducer is placed. Therefore,

incremental-iterative

nearby points at the bottom surface of the plate with

within

each

increment,

and

solution

subsequent

is based on

Newton-

coordinates Λ(-118;0), ß(-15;0) and C(-95;100) are

Raphson iterations.

considered (Figure 1). Variation of the stress component
σχ versus loading at point A, where σν and τ^. stress
components are very small compared to erv, is given in

RESULTS A N D DISCUSSION

Figure 3. At point Β, it is noted that σχ and σν stress
A few points on the plate having orientation angle of

components

show

nearly

the same

manner

versus

0° are taken into consideration so as to compare and

loading. Thus, Figure 4 is depicted to display nonlinear

discuss the experimental and numerical results obtained.

stress variation of 05 at this point near the center of the

The nonlinear displacement variation versus static load

plate. To the shear stress component (ri:>.), it reaches the

increments at the center of the plate is measured by a

highest values at points close to corners of the plate. Its

strain-gauge

is

variation obtained experimentally and numerically at

depicted in Figure 2 together with results obtained by

such a point, C, is shown in Figure 5. In these figures, it

LUSAS. Although the deflection direction is opposite to

can be detected conveniently that the linear stress values

type

displacement

transducer,

and

the +r-axis, the absolute displacement values are given

obtained are higher, a few times, than the nonlinear ones

in this figure. As seen from this figure, the linear

obtained experimentally and numerically. Accordingly,

displacement corresponding to the total load value is

it should be stressed that membrane action induced

more than

displacements.

stresses are very effectual on displacement and stress

However, nonlinear curves obtained experimentally and

behavior of plates and should be taken into account

numerically are consistent with each other in spite of a

undoubtedly, especially in plate flexure.

three times of nonlinear
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Fig. 3:

,

,

3

4

.

1

5

Txy (MPa)

Stress variation of component σχ versus load

Fig. 5: Stress variation of component Txy versus load

increments at point A.

increments at point C.

Deflection and stress (<rv) behavior of the plates, at
center point, with respect to orientation angle, θ°, versus
loading

are

depicted

in

Figure

7

(a)

and

(b),

respectively. Stress components σχ and σν are found to
be the same at this point.
Because normal stress components reach the highest
values at edges, point D (Figure 1) is chosen for their
comparison. Figure 8 (a) and (b) show respectively
variation of the stress components σχ and σν for several
orientations such as 0°, 15°, 30°, 45° versus uniformly
distributed static loading. As seen from this figure, the
normal stress component in the direction of jy-axis, crv,
σ* (MPa)

increases

dramatically

as the orientation

angle

is

increased; whereas a little difference is observed at
Fig. 4:

Stress variation of component σχ versus load
increments at point B.

component σν.
Variation of the shear stress component, r^, for the
same orientation angles mentioned above is given in

In addition, since it is concluded that experimental

Figure 9. It can be conveniently observed from this

and predicted results obtained are in good agreement in

figure that the shear stress component {rxy) also displays

with

remarkable changes with respect to the orientation

orientation angle of 0° (Figure 6-a), it is intended to

angle. The highest stress values developed in the plate

examine

are considered herein.

terms

of

displacement
how composite

and
thin

stress

in

plates

plates
with

various

orientations behave without experimental testing. Here,

In all figures, the vertical axes are considered in a

orientation angle implies the off-axis angle of the woven

scale of q.104 to compare results conveniently, where q

fabric, Figure 6 (b). It is postulated that each layer

is the uniformly distributed load applied by successive

behaves as a material with orthotropic properties.

load increments up to 0.0048 N/mm 2 .
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Woven fabric composite plates with orientation angle Θ; (a) a specimen with 0°, (b) a specimen with offaxis angle 45°.
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Fig. 7-a:Dellection behavior of the plate with respect to Fig. 7-b:Stress variation of component σχ with respect to
orientation angle, θ°, versus load increments at

orientation angle, θ°, versus load increments, at

center point of the plate.

center point of the plate.
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Fig. 8-a: Stress variation of component σχ with respect to

Fig. 8-b:Stress variation of component σν with respect to

orientation angle, θ°, versus load increments, at

orientation angle, θ°, versus load increments, at

point D.

point D.

•

The nonlinear Green-Lagrange strain-displacement
relationship and Total Lagrangian formulation are
suitable to predict geometrically nonlinear behavior
of laminated thin plates.

•

A considerable

decrease

of displacements

and

stresses can be observed from study results as
compared with the linear solution even though the
strains are still quite small.
•

In spite of small differences between shear stress
components rxy, generally speaking, experimental
and

theoretical

results are in good

agreement

(especially for normal stress components σχ and σ,).
x xy (MPa)

Fig. 9: Stress variation of component r x y with respect
to orientation angle, θ°, versus load increments.

•

For the various off-axis angles; the normal stress
components σ ν and σ, are found to be nearly the
same at the center of the plate. However, at the
edges and corners of the plate off-axis angle affects
the variation of normal and shear stress components
to a considerable extent.
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