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Abstract

The step by step model of innovation is a benchmark model in re-
search investigating the relationship between competition and innovation.
The model assumes an industry can be in one of two states; leveled or
unleveled. In an unleveled state the lagging firm is the only innovator.
In a leveled state firms compete in a patent race. In this patent race suc-
cessful innovation probabilities are mutually exclusive. This formulation
provides mathematical tractability, but it has no other justification. I
relax this assumption and use numerical simulation to demonstrate that
allowing for non mutually exclusive success in innovation has important
consequences for the inverted U relationship. The inverted U relationship
is no longer a prediction of the model. In addition, the model predicts
that patent measures will under count innovation from the leveled state,
allowing for an inverted U relationship between competition and patenting
under a narrow set of parameter restrictions. This theoretical exercise
has important implications for understanding the current state of the em-
pirical record on this topic.

1 Introduction

The purpose of this paper is to take a closer look at the theoretical structure
of the step by step model of innovation. This popular model of a patent race
is used to study the relationship between innovation and other economic vari-
ables. The model is thought to predict an inverted U relationship between
innovation and the degree of market competition. It is this relationship, with
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its important implications for many areas of economics such as Industrial Or-
ganization, Macroeconomic Growth, and International Trade, that is the focus
of the present paper.
The relationship between product market competition and innovation re-

ceives a good deal of attention from IO and growth economists. The interest in
this topic dates back many decades (see e.g. Arrow 1962, Gilbert and Newbery
1982), and recently economists have attempted to align empirical evidence with
the theory of Schumpeterian growth (Aghion et al. 1997, Aghion et al. 2001,
Aghion et al. 2005). The most basic Schumpeterian model of growth (Aghion
and Howitt 1992, Grossman and Helpman 1991) suggests that product mar-
ket competition is a discouragement to innovation and growth. In this early
framework monopoly profits, secured by leapfrogging the technological leader,
provide the sole source of incentive to undertake R&D. Empirical evidence,
however, has long suggested that the relationship is more complicated. Early
attempts to clearly identify a relationship between competition and innovation
failed to provide sharp conclusions. Simple linear relationships failed to capture
consistent and significant results (Scott 1984, Baldwin and Scott 1987, Carlin,
Shaffer and Seabright 2004).
The most significant advancement in the theoretical treatment of the role

of market competition in determining innovation and patenting is presented,
in a number of papers, by Aghion, Howitt and others (see e.g. Aghion et al.
1997, Aghion et al. 2001, Aghion et al. 2005, Aghion et al.2015). The model,
known as the model of step by step innovation, requires firms catch up to a
technological leader before moving ahead to a monopoly position. This implies
that industries will spend time in two states. In one state a firm is a leader
with market power. In the following state the firms are in leveled or neck and
neck competition and the incentive to innovate is an incentive to escape this
competition. Therefore, the traditional Schumpeterian effect, suggesting an in-
verse relationship between competition and innovation, is counter balanced by
an escape competition effect allowing for a direct relationship between compet-
itive forces and innovation. Aghion et al (2005, 2015) argue that these forces
can explain the mixed empirical evidence through the existence of an inverted
U relationship between product market competition and innovation. Aghion et
al.(2005) motivate their theoretical presentation by demonstrating an empirical
inverted U relationship for publicly traded UK firms. Their empirical results
are, however, challenged by Correa (2012) who demonstrates that a structural
break occurs in the Aghion et al. data set following the establishment of the
US Court of Appeals for the Federal Circuit in 1982. He shows that controlling
for this structural break eliminates the inverted U found in the econometric
analysis of the data. He reports a positive relationship before the break and
a lack of any relationship following the structural break. Hashmi (2013) uses
US patenting data and finds a weak negative relationship between markups and
patenting. On the other hand Autor et al. (2019) find that enhanced foreign
competition discourages domestic innovation as measured by domestic patent-
ing activity. It should be pointed out that this paper does not directly test the
hypothesis of an inverted U, an exercise that would require investigating the
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relationship between competition and total patenting activity (i.e. both foreign
and domestic patenting). It is fair to conclude that the econometric evidence
is mixed, with a preponderance of evidence suggesting that increased competi-
tion is more typically associated with a higher level of innovation (Nickell 1996,
Gilbert 2006, Correa 2012; De Bondt and Vandekerckhove 2012) rather than an
inverted U.
The mixed evidence on the relationship between competition and innovation

leads some researchers to alternative theoretical frameworks that attempt to
reconcile the theory and empirical record. Marshall and Parra (2019),using
computational techniques similar to those used in this paper, provide a frame-
work allowing for product market innovation (higher profit gaps for industry
leaders encourages more innovation) and innovation competition (increasing in
the number of existing research labs). Contrary to much of the empirical record
already discussed the model emphasizes a Schumpeterian inverse relationship
between product market competition and innovation, i.e. the right hand side
of the inverted U relationship. Chernyshev (2016) uses a model of Cournot
competition to derive a model that preserves the hump shaped relationship be-
tween R&D output (i.e. patents) and competition. R&D inputs/intensity can
be hump shaped, rising, or falling in competition. The choice of the variable
used to proxy innovation becomes an important consideration. In this paper
similar issues arise, but the emphasis remains focused on the output from R&D
effort. Delbono and Lambertini (2020) also use a Cournot model to demon-
strate that this framework is rich enough to predict a direct, inverse, or inverted
U relationship between innovation and competition.
The key assumption of the step by step model investigated in this paper

concerns the nature of the patent race that defines the probability of firm and
industry innovation when firms are in neck and neck or leveled competition.
The existing step by step model assumes that firms undertake independent,
individual research efforts. It is also specified, as is clearly demonstrated be-
low, that the outcome of the patent race relies upon mutual exclusion in the
sense that the probability of firms simultaneously innovating as they pursue
independent and individual research agendas is assumed away. This assump-
tion is a result of the model specification in continuous time. This assumption
is justified, not theoretically but practically, because it leads to a much more
tractable solution.1 Indeed, this assumption dates back to the early work in
IO theory exemplified by Gilbert and Newbery (1982) and reviewed in Triole
(1988). I relax this assumption and demonstrate that doing so has impor-
tant consequences for the step by step model’s ability to produce an inverted
U relationship between competition and innovation. Allowing for non mutu-
ally exclusive innovation in leveled competition leads to a considerably more
complex mathematical structure, resulting in the need to find the roots of a

1Note that the existence of empirical examples where one firm definitively wins a patent
race exist, but this is not a theoretical justification for ignoring the possibility of simultaneous
innovation. For a recent example of simultaneous we do not need to look further than the
COVID-19 crisis. Pharmaceutical companies simultaneously produced 4 vaccines, each with
substantial market share.
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sixth order polynomial. Therefore, the implications and comparisons are fully
explored using computer based numerical evaluation.
Section two of the paper is split into three parts. First, a brief presentation

of the common aspects of the competing models is provided. Modifications to
the framework are highlighted during the presentation and appear near the end
of the discussion where the nature of equilibrium research intensities are dis-
cussed. The next part of section two demonstrates how the Aghion et al.(2005)
model is derived as a special case through the assumption of mutually exclu-
sive innovation. Full numerical estimates of the Aghion et al. (2005) model
are developed and reviewed. For the purposes of this paper I will refer to the
Aghion et. al. (2005) model as the "standard step by step model." Part three
of section two explores the implications of relaxing the assumption of mutually
exclusive innovation when in a neck and neck patent race. Again, full numeri-
cal estimates are derived, reviewed, and comparisons to the Aghion et al.(2005)
model are highlighted. Section three provides some concluding thoughts.

2 Analysis

2.1 Theoretical Model

The basic structure of the model follows Aghion et al. (2005) so the presentation
of the model foundations provided here are brief. Households exist along the
unit interval. At each point in time each household inelastically supplies a unit
of labor toward the production of intermediate goods. Their utility function is
logarithmic.
Final goods producers purchase intermediate goods, also indexed on a unit

interval. Given these assumptions and denoting the final consumption good as
yt and intermediate goods as xjt the production function is:

ln yt =

1∫
0

lnxjtdj (1)

Each xj is produced by an industry pair of duopolists who are simply de-
noted firm A and firm B. Therefore xj = xAj + xBj . At each point in time
expenditures on xj are the numeraire and equilibrium is symmetric. Households
supply the only input to intermediate goods production, labor. With the as-
sumption of constant returns to scale across all firms. Unit labor requirements
are defined

ai =
1

γk
, i = A,B, γ > 1 (2)

where k is a positive number indexing the level of technology. Each industry
at each point in time is characterized by the level of technology at the frontier
and the technology gap between firms A and B. It is assumed that the maximum
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gap between to firms is equal to 1. This defines two possible states for any
industry at any point in time. First the firms can be leveled or neck and
neck. In the neck and neck state the technological gap between the firms
is zero. Profits for firms and the resources devoted to R&D by each firm
independently are defined as πo and ηo respectively. In this model the credit
needed to fund research is not explicitly modeled and credit to fund research is
unconstrained. Recently, Aghion et al.(2019) use this type of model to explain
the relationship between the degree of credit constraints and innovation. The
relationship predicted between the degree of credit constraints and innovation
is an inverted U.
The other possibility is that one firm, the leader, is a step ahead in technol-

ogy. This is the unleveled state where the leader engages in no R&D (due to
the spillover) and enjoys a monopoly profit margin of π1 = 1− 1

γ . The laggard
firm is also helped by a spillover of knowledge from the industry leader. This
spillover is denoted as h. The lagging firm’s profits are equal to zero and they
engage in a research effort that benefits from the knowledge spillover, η−1 + h.
R&D is costly and defined by the function ψ(η) = η2/2.
Competition is defined by the ability of firms in the leveled state to collude

and share the profits earned by the unleveled monopoly firm. The degree of
competition, ∆, varies on interval between one half and unity:

1/2 ≤ ∆ ≤ 1 (3)

and

π0 = (1−∆)π1 (4)

Up to this point in the discussion I have not deviated from the standard
step by step model. I deviate at this point in the analysis by formulating a
solution to the equilibrium research intensities η0 and η−1 + h allowing for non
mutually exclusive innovation when the industry is in a leveled or neck and
neck state. I follow standard practice and view innovation as a Poisson arrival
process. Under this assumption η0 and η−1 + h are interpreted as the research
intensities over a small time period dt. Thus, I add the requirement innovation
probabilities are bounded.

0 ≤ η0dt ≤ 1 (5)

0 ≤ (η−1 + h)dt ≤ 1

0 ≤ η0dt+ η0dt− η0η̃0dt2 ≤ 1

Only solutions where the constraints outlined in equation 5 hold with a strict
inequality are considered. In this case the Lagrange multipliers associated
with the constraints are equal to zero and the solutions are interior solutions.
More importantly, and in keeping with the existing literature, R&D remains an
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uncertain and non deterministic process2 . Note the following concerning these
restrictions. The first two conditions have obvious economic interpretations.
η0dt > 1 clearly implies a non profit maximizing strategy. Why would a firm
invest more resources into an R&D project than is necessary to secure a 100%
chance of success? The same logic clearly holds for the second condition, a
lagging firm in an unleveled competition is wasting resources if (η−1+h)dt > 1.
The last restriction in equation 5 is the probability of firm A innovating or firm B
innovating. η̃0dt is the conditional probability of one firm innovating given that
the other firm has innovated. Under a continuous time setting and mutually
exclusive innovation with independent research and symmetry the 3rd condition
together with η0 = η0 and limdt−→0 η0η̃0dt = 0 further restricts η0 ≤ 1/2.
There is no economic interpretation or justification for this additional restriction
on η0. It is the arbitrary restriction implicitly imposed through a continuous
time framework in the existing literature, and it is an assumption that is needed
to simplify the model and provide a closed form solution. In the model without
mutually exclusive innovation condition 1 automatically satisfies condition 3. If
0 ≤ η0dt ≤ 1 then it must be the case that 0 ≤ η0dt + η0dt − η0η̃0dt2 ≤ 1 if
η0 = η0 = η̃0. Thus the model without mutually exclusive innovation contains
two economically meaningful restrictions while the common step by step model
adds an arbitrary restriction that has no economic interpretation.
I specify the discrete time Bellman equations as:

V1,t = π1dt+ (1− rdt)[(η−1 + h)dt(V0,t+dt) + (1− (η−1 + h)dt)V1,t+dt] (6)

V−1,t = (1−rdt)[(η−1+h)dt(V0,t+dt)+(1−(η−1+h)dt(V−1,t+dt)]−(η2−1/2)dt (7)

V0,t = π0dt+(1−rdt)[η0dt(1−η0dt)(V1,t+dt−V0,t+dt)+η0dt(1−η0dt)(V−1,t+dt−V0,t+dt)]−(η20/2)dt
(8)

Equation 8 is the Bellman equation for a firm in leveled or neck and neck
competition. This specification is different from the Bellman equation in the
standard step by step model of innovation in that it requires the firm to fully
assess the probability of becoming a leader, η0dt(1 − η0dt) or a lagging firm,
η0dt(1−η0dt) inclusive of the possibility that both firms can produce a successful
innovation simultaneously, an occurrence with a probability of η0η0dt

2. If this
occurs two innovations occur but the industry remains leveled as it does if
neither innovate. Since the leveled firms are identical they will choose the same
research effort in equilibrium, η0 = η0. A fuller discussion is presented in the
next two subsections.

2There may be interesting things to learn about innovation from investigating the corner
solutions and deterministic R&D in the model without mutually exclusive innovation. This
is a separate issue from those studied in this paper and I leave it to future research.
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Before moving to a look at how this modification influences the predictions
of the model the steady state is defined, incorporating the modified Bellman
equation. The equilibrium for an industry is a Markov steady state where µ0
and µ1denote the fraction of time that an industry is in the leveled or unleveled
state respectively. Therefore I have:

µ0 + µ1 = 1 (9)

2µ0η0dt(1− η0dt) = µ1(η−1 + h)dt. (10)

Note that, unlike in Aghion et al. (2005), here the probability of leaving the
leveled state, 2η0dt(1− η0dt), follows a binomial probability function.3

2.2 Standard Step by Step Model

The standard step by step model is expressed in continuous time, thereby elim-
inating the possibility of mutual innovation. In this case it is straight forward
to show that the Bellman Equations become:

rV1 = π1 + (η−1 + h)(V0 − V1) (11)

rV−1 = (η−1 + h)(V0 − V−1)− η2−1/2 (12)

rV0 = π0 + η0(V1 − V0) + η0(V −1 −V0)− η20/2 (13)

The standard step by step model assumes that, in the leveled state, firms
independent research efforts lead to mutually exclusive innovation. Equation
10 becomes 2µ0η0 = µ1(η−1 + h). Without the possibility of both firms si-
multaneously innovating Aghion et. al. (2005) demonstrate a number of key
results. First, using equations 11-13 and first order conditions from differenti-
ating equations 12 and 13 it is shown that the model is a mathematically simple
recursive system:

η0 =
√
h2 + 2∆π1 − h (14)

η−1 =
√
h2 + η20 + 2π1 − h− η0. (15)

equation 9 and the modified equation 10 are used to define the flow of inno-
vation:

3For example setting dt = 1 the binomial probability that exactly one firm is successful and

the industry moves to unleveled is
(
2
1

)
η10(1− η0)

2−1 = 2η0(1 − η0). The more general

formula is
(

n
x

)
px(1− p)n−x where x is the number of successes and p is the probability

of a success in a single Bernoulli trial. The experiment consists of two independent Bernoulli
trials, one for each firm’s research effort.
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I =
4η0(η−1 + h)

2η0 + η−1 + h
. (16)

Equation 16 makes an important assumption regarding the innovations de-
veloped by firms when they lag in an unleveled state. When moving from
unleveled to leveled competition the contribution of the innovation by the lag-
ging firm to the measure of innovation in equation 16 is 2µ0η0. Since empirical
studies of the inverted U relationship rely on patents as a measure of innova-
tion it is assumed that the laggard firm receives intellectual property protection
when catching up to the leading firm. Thus, the innovation that closes the gap
is distinct, patentable and appears in a measure of innovation that is patent
based. This issue will play an important role when we allow for non mutually
exclusive innovation in the next section.
Finally, the model produces the celebrated inverted U pattern whenever

x̃ =
√

(h2 + 2π1) /3 is on the interval [
√
h2 + π1 − h,

√
h2 + 2π1 − h]. When x̃

is below this interval the relationship between competition, ∆, and I is direct
only. When x̃ is above this interval the relationship is inverse only. Table 1
shows numerical estimates of innovation calculated using equations 14-16. I
focus on values of x̃ that produce the inverted U pattern. The parameters
chosen to solve the model numerically include the degree of competition, ∆, the
degree of spillover, h, and the profit margin, π1. ∆ can vary between .5 and
1 and changes in increments of .05 as seen in the columns of the table. The
spillover parameter can take a value on the interval 0 < h < 1. The numerical
summary begins with h = .01, moves to h = .99 and varies in tenths from .1 to
.9. Each sub table is constructed for a given profit margin. The profit margins
reported are 10%, 25%, 50%, 75%, and 100%. The underlying probabilities η0
and η−1 are reported in Appendix 1 of the paper.
The numerical results for the standard step by step model are consistent

with expectations given the theoretical treatment of Aghion et. al. (2005) sum-
marized above. In general an inverted U pattern emerges for each specification
of the profit rate under the restrictions outlined in the previous paragraph. Fig-
ure 1 graphs the predicted relationship between ∆ and I for various profit rates
using a value of h = .2, the most common spillover value consistent with the
inverted U pattern. In general the range of values of ∆ and h that produce an
inverted U increases with the profit rate. The degree of spillovers consistent
with an inverted U also increases with the rate of profit. As the profit rate
grows, however, the restrictions outlined in equation 5 become important. The
table cells blanked are calculations violating the first two bounded probability
restrictions in equation 5. The parameter combinations that violate restric-
tion 3, η0 ≤ 1/2, are greyed out in Table 1. This further limits the range of
parameter values that produce the inverted U pattern.
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2.3 Step by Step Innovation without Mutually Exclusive
Innovation.

The solutions summarized by equations 14, 15 and 16 assume that firms in the
leveled state cannot simultaneously innovate. This leads to the recursive system
expressed in equations 14 and 15. If the assumption of mutually exclusive
innovation is relaxed the more complex Bellman equation 8, and its derivative
must be accounted for in a solution for η0 and η−1.

4 Following the literature I
set r = 05 and dt = 1. With some basic algebraic manipulation the model can
be reduced to two equations in η0 and η−1.

0 = −(1−∆π1)− η20/2 + η2−1/2 + (η0 + h)η−1 (17)

0 = η20/2−∆π1 + h
η0(1− η−1)

1− η0
+ η0η−1

η0 − η−1
1− η0

(18)

These two equations replace equations 14 and 15 in the standard step by
step model. In principle these two equations solve for η0 and η−1, however, the
system is not recursive. The solution can be expressed as:


η0 = − 1

−8h+2h2−4h3+4



14h+ 14η−1 − 39hη2−1 + 6h2η−1
+9hη3−1 − 48h3η−1 + 27hη4−1 − 16h4η−1
+9hη5−1 − 16∆π1 − 50h2η2−1 + 8h2η3−1
−28h3η2−1 + 42h2η4−1 + 64h3η3−1 + 32h4η2−1
−26hη−1 + 16h2 + 16h3 − 34η2−1
−25η3−1 + 12η4−1 + 9η5−1 − 12h∆π1
−28η−1∆π1 − 12h2∆π1 − 16h3∆π1 + 12η2−1∆π1
+12h2∆π1 − 16h3∆π1 + 12η2−1∆π1 + 18η3−1∆π1
+48h2η2−1∆π1 + 12hη−1∆π1 − 6hη2−1∆π1 + 36h2η−1∆π1
+18hη3−1∆π1 + 32h3η−1∆π1 + 20


, η−1 ∈ ρ1




where ρ1 is a root of
− 169 h+ Ẑ4

(
− 329 h+ 2∆π1 + 64

9 h
2 − 31

9

)
+ Ẑ5

(
14
3 h−

2
3

)
−

Ẑ2
(
− 569 h+ 16

9 ∆π1 + 56
9 h

2 + 32
9 h

3 + 56
9 h∆π1 − 32

9 h
2∆π1 − 32

9

)
+

8
9∆π1 + Ẑ

(
40
9 h+ 16

9 ∆π1 + 16
3 h

2 + 8
9h

3 − 16
9 h∆π1 − 32

9 h
2∆π1 − 8

9

)
+

Ẑ6 − 8
9h

2 + Ẑ3
(
− 889 h−

8
3∆π1 − 56

9 h
2 + 32

9 h
3 + 16

3 h∆π1 + 16
9

)
+

16
9 h∆π1 + 8

9h
2∆π1 − 4

3
It is not possible to produce a simple closed form solution from a system that

involves a 6th order polynomial. It is possible, however, to evaluate the model

4The first order conditions are with respect to η−1for equation 7 and η0 for equation 8 are
V0,t+dt−V−1,t+dt−η−1 = 0 and (1−η0dt)(V1,t+dt−V0,t+dt)−η0dt(V−1,t+dt−V0,t+dt)−η0 =
0.

5As with the standard model, the results are robust to values of the discount rate that are
greater than zero. The level of the discount rate has no bearing on the forces that create an
inverted U in the standard model. A positive discount rate has no bearing on re-establishing
an inverted U in the model without mutually exclusive innovation.
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numerically. Each solution provides one set of positive real numbers. Tables
2, 3 and 4 as well as Appendix 2 contain solutions summarizing the results of
the model. Following the format of the presentation of the standard model,
results were calculated for values of h between .01 and .99 with increments of
.1 between .1 and .9. Values of h are seen in the rows of the tables and are
reported for profit margins of 10%, 25%, 50%, 75%, and 100%. Competition
is measured from a low value of .5 to a maximum value of 1 in increments of
size .05. These values appear in the columns of the tables. If a combination
of profit margin, spillover, and competition leads to probabilities that violate
equation 5 then results are not reported. For example, with a profit margin
of 10% all values of h greater than .01 produce η−1 + h > 1. Therefore, only
estimates for h = .01 are reported for the profit margin of 10%. Note that the
third restriction in equation 5, for the current model, is 0 ≤ 2η0− η20 ≤ 1. This
is satisfied for all 0 ≤ η0 ≤ 1.

The tables in Appendix 2 report the computed values of η0 and η−1. Com-
paring innovation in a leveled state in Table 1 to innovation in the leveled
industry state for the standard step by step model (see Appendix 1 Table 1)
an important feature that stands out. The relationship between profit mar-
gin and innovation in the leveled state within the standard model is positive.
Higher profit margins, ceteris paribus, encourage more innovation in neck and
neck competition. This relationship is reversed in the model without mutually
exclusive innovation. At first glance this might appear to be at odds with
intuition. Should not a larger prize in the unleveled state encourage more inno-
vation in the leveled state? This reasoning is appealing but demonstrates a lack
of full understanding of the structure of the model. A leveled firm’s incentive
to innovate is based on the change in the value of the firm when moving from
the leveled state to the unleveled state, V1,t+1 − V0,t+1. With non mutually
exclusive innovation it is more diffi cult to move out of leveled competition. The
model weights the leveled state relatively more than in the case of the standard
model. A change in profit margin, π1, increases both V1,t+1 and V0,t+1. The
increase in profit margin impacts V0,t+1 more, proportionally, than it impacts
V1,t+1. This is the first important result from the model without mutually ex-
clusive innovation. The level of research in the neck and neck industry state is a
decreasing function of the profit margin if innovation is non mutually exclusive.
Comparing Table 2 in Appendix 1 to Table 2 in Appendix 2 it is clear that

R&D resources from the lagging firm are a decreasing function of the level of
competition across all profit rates and spillover values for both models. This, of
course, is the well known Schumpeterian effect operating in both models. The
standard model predicts an inverted U when this Schumpeterian effect domi-
nates at high levels of competition but the escape competition effect dominates
at low levels of competition. Appendix 1 Table 1 shows that this requires
that the probability of innovating in the leveled state increases with competi-
tion. Appendix 2 Table 1 makes it clear that innovation in the neck and neck
industry state can follow a number of patterns in the non mutually exclusive in-
novation model. Top rows in the table, from a profit rate of 10% and a spillover
of 1% through a profit rate of 50% and a spillover of 20% lead to falling rates
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of neck and neck innovation as the level of competition increases. The middle
of the table shows a U shaped pattern and the bottom of the table, below a
profit margin of 75% and a spillover of 40%, shows a pattern of rising innova-
tion in the leveled state as competition increases. What are the implications
for the relationship between economy wide innovation and market competition?
What are the implications for the relationship between observed patent rates
and market competition? I now address these two key questions.
To derive the relationship between innovation and competition use equations

9 and 10. These equations solve for Markov steady state probabilities of being
in a leveled state, µ0, or an unleveled state, µ1. The flow of innovations
includes the flow when in a leveled state. Previously this was 2µ0η0. Now,
however, the flow of innovation must be consistent with the view of innovation
implied by the standard model and reviewed in the previous section. When
firms simultaneously innovate (with a probability of η20dt

2) they produce two
separate innovations. In this case the industry remains in a leveled state and the
innovations provide no economic advantage to the firm Nonetheless, they are
innovations and are as important for the advance in technology as any patent
produced by a lagging firm in the unleveled state. In this case the flow of
innovation in the leveled state of the industry is 2µ0η0dt(1− η0dt) + 2µ0η

2
0dt

2.
Again, setting dt = 1 the equilibrium industry flow of innovation is:

I = 2µ0η0(1− η0) + 2µ0η
2
0 + µ1(η−1 + h). (19)

where η20 is the probability of both firms simultaneously innovating. Given
equation 10 I = µ0(4η0(1 − η0) + 2η20). Using equations 9 and 10 to solve for
µ0 and substituting into this equation for I gives:

I =
(η−1 + h)(4η0(1− η0) + 2η20)

2η0(1− η0) + η−1 + h
(20)

This equation can be compared directly to equation 16. If 2η20 is removed
from the numerator and (1−η0) is removed from the numerator and denominator
then mutual exclusion is imposed and this equation is identical to equation 16.
The question of patenting differs only slightly from the discussion presented

above. If both firms simultaneously innovate there is no profit advantage from
the point of view of individual firms. Though these innovations lower costs,
costs are lowered simultaneously for both firms and the industry remains in a
leveled state. Under these circumstances firms have no incentive to patent their
innovations.6 The flow of patents, P , therefore is:

P =
4η0(η−1 + h)(1− η0)
2η0(1− η0) + η−1 + h

. (21)

6Patenting is a costly legal and administrative activity. The model does not explicitly
include a cost of patent filing, but it is clear that such a cost strengthens the argument that
firms will not pursue intellectual property (IP) protection for innovations unless the economic
benefits are strictly positive and greater than the legal and administrative costs of achieving
IP protection.
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The second key theoretical finding is presented in Table 2. Table 2 provides
numerical estimates of the flow of innovations, I, calculated from η0 and η−1
and associated values of π1, ∆, and h. At all parameter values an increase
in ∆ implies more time in the unleveled state. Even at low profit margins
and spillovers where resources dedicated to R&D fall with competition in the
neck and neck state, the fall in resources in the unleveled state fall by a greater
degree on the margin. More time in the unleveled state lowers economy wide
innovation because a single lagging firm cannot replace the research efforts of two
firms in neck and neck competition. This leads to the second major conclusion
from the step by step model without mutually exclusive innovation. Across
all parameter values the relationship between competition and innovation is
inverse. The model does not produce an inverted U relationship. This result
is illustrated graphically in Figure 2 Panel A. A spillover rate of 20% is chosen
for the graphic. The increase in competition along the horizontal axis is always
associated with falling innovation. For reasons discussed previously higher
profit rates are associated with lower schedules.
Table 3 summarizes the relationship between patenting and competition.

Parameter values that lead to an inverted U relationship between patenting and
competition are highlighted in yellow. Clearly the range of values that lead
to this pattern is narrow compared to the standard model. More importantly,
however, the table shows that direct, inverse, and inverted U patterns can all be
found despite the fact the true relationship between innovation and competition
is dominated by the Schumpeterian effect and is an inverse relationship across
all parameter values. This is demonstrated in Figure 2 panel B where the
relationship between observed patents and competition is graphed for each of
the cases presented in panel A. Patents can show a direct relationship as when
profits are 25%, an inverted U relationship as when profits are 50%, or an
inverse relationship as when profit margins are 75% and 100%. This leads to
the third important conclusion from the model. Despite an inverse relationship
between innovation and competition across all parameter values the observed
pattern between patents and competition can follow a direct, inverse, or inverted
U pattern. The relationship between patent activity and competition cannot
uncover the relationship between innovation and competition.
These patterns in Table 3 are determined by the complex interactions be-

tween research efforts, the incentive to patent in the leveled and unleveled states,
and the probability of being in each state in equilibrium. As a final exercise
I present Figure 3. First note that more than 75% of corporate patents are
awarded to manufacturing industries (Autor, 2019). Focusing on manufactur-
ing, profit margins are not expected to exceed 25% and, empirically, are likely to
be between 10% and 25%. While profit margins can be significantly higher in
service industries, manufacturing receives more attention due to its large share
of patents.7 Figure 3 shows that for these "realistic" parameter values the
relationship between patents (measured on the left axis) and competition and

7E.g. See net profit margins in https://financialrhythm.com/wp-
content/uploads/2018/06/profit-by-industry.png
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the relationship between innovation (measured on the right axis) and competi-
tion are remarkably different. More competition leads to less innovation, but
the observed relationship between patent activity and competition is upward
sloping. The increase in competition causes industries to spend more time in
the unleveled state. This lowers innovation because there is only one firm in-
novating in this state. However, this causes the relationship between patents
and competition to be direct because in the unleveled state the primary consid-
eration at the selected parameter values is the fact that all innovations in the
unleveled state receive a patent.
Can the possibility of simultaneous innovation in the leveled state be ig-

nored? One way to approach this question is to use the numerical estimates
to calculate the implied probability of simultaneous innovation. The correct
probabilities to use in this exercise are developed from the model without mutu-
ally exclusive innovation. These probabilities are reported in Table 4. Across
all parameter values the probability of joint innovation in the neck and neck
industry state is large and cannot be ignored.

3 Conclusion

The purpose of this paper is to modify the step by step model of innovation by
allowing firms in the leveled state to conduct independent research efforts with-
out mutually exclusive research success. I argue that the only justification for
assuming mutually exclusive innovation in the leveled state is one of mathemat-
ical convenience. Relaxing this assumption is shown to lead to a mathematical
model that is considerably more complex, involving a root of a 6th order poly-
nomial. I demonstrate that the model can be explored numerically and that
the modified model has important implications for the relationship between
competition, innovation, and patent activity.
First, the level of research in the neck and neck industry state is a decreasing

function of the profit margin if innovation is non mutually exclusive. This is
opposite the pattern observed in the model with mutually exclusive innovation.
Empirically, it is factual that manufacturing industries earn lower profit margins
but account for a lions share of corporate patents. The most innovation intensive
industries in the economy have relatively low profit margins between 10% and
15%. This is an empirical implication of the model that deserves additional
attention and testing.
The second major conclusion from the step by step model without mutually

exclusive innovation is an elimination of the inverted U relationship between
innovation and competition. Across all parameter values the relationship be-
tween competition and innovation is strictly inverse. The model does not
produce an inverted U relationship. Related to this implication is a third im-
portant conclusion from the model. Despite an inverse relationship between
innovation and competition across all parameter values the observed pattern
between patents and competition can follow a direct, inverse, or inverted U pat-
tern. The relationship between patent activity and competition cannot uncover
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the relationship between innovation and competition. This model suggests that
the current empirical literature on the topic of competition and innovation is
misguided. Aghion et al.(2005), Correa (2012), Hashmi (2013) and Autor et al.
(2019) all use patenting data. These studies find no consistent evidence of an in-
verted U relationship. Some studies find a direct relationship or no relationship
(Correa, 2012), while some authors find a weak inverse relationship (Hashmi,
2013). The model presented in this paper suggests that alternative measures of
innovation such as R&D spending are the only way forward in uncovering the
true relationship between competition and innovation.
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