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Abstract

The step by step model of innovation is a benchmark model in re-
search investigating the relationship between competition and innovation.
The model assumes an industry can be in one of two states; leveled or
unleveled. In an unleveled state the lagging firm is the only innovator.
In a leveled state firms compete in a patent race. In this patent race suc-
cessful innovation probabilities are mutually exclusive. This formulation
provides mathematical tractability, but it has no other justification. I
relax this assumption and use numerical simulation to demonstrate that
allowing for non mutually exclusive success in innovation has important
consequences for the inverted U relationship. The inverted U relationship
is no longer a prediction of the model. In addition, the model predicts
that patent measures will under count innovation from the leveled state,
allowing for an inverted U relationship between competition and patenting
under a narrow set of parameter restrictions. This theoretical exercise
has important implications for understanding the current state of the em-
pirical record on this topic.

1 Introduction

The purpose of this paper is to take a closer look at the theoretical structure
of the step by step model of innovation. This popular model of a patent race
is used to study the relationship between innovation and other economic vari-
ables. The model is thought to predict an inverted U relationship between
innovation and the degree of market competition. It is this relationship, with



its important implications for many areas of economics such as Industrial Or-
ganization, Macroeconomic Growth, and International Trade, that is the focus
of the present paper.

The relationship between product market competition and innovation re-
ceives a good deal of attention from IO and growth economists. The interest in
this topic dates back many decades (see e.g. Arrow 1962, Gilbert and Newbery
1982), and recently economists have attempted to align empirical evidence with
the theory of Schumpeterian growth (Aghion et al. 1997, Aghion et al. 2001,
Aghion et al. 2005). The most basic Schumpeterian model of growth (Aghion
and Howitt 1992, Grossman and Helpman 1991) suggests that product mar-
ket competition is a discouragement to innovation and growth. In this early
framework monopoly profits, secured by leapfrogging the technological leader,
provide the sole source of incentive to undertake R&D. Empirical evidence,
however, has long suggested that the relationship is more complicated. Early
attempts to clearly identify a relationship between competition and innovation
failed to provide sharp conclusions. Simple linear relationships failed to capture
consistent and significant results (Scott 1984, Baldwin and Scott 1987, Carlin,
Shaffer and Seabright 2004).

The most significant advancement in the theoretical treatment of the role
of market competition in determining innovation and patenting is presented,
in a number of papers, by Aghion, Howitt and others (see e.g. Aghion et al.
1997, Aghion et al. 2001, Aghion et al. 2005, Aghion et al.2015). The model,
known as the model of step by step innovation, requires firms catch up to a
technological leader before moving ahead to a monopoly position. This implies
that industries will spend time in two states. In one state a firm is a leader
with market power. In the following state the firms are in leveled or neck and
neck competition and the incentive to innovate is an incentive to escape this
competition. Therefore, the traditional Schumpeterian effect, suggesting an in-
verse relationship between competition and innovation, is counter balanced by
an escape competition effect allowing for a direct relationship between compet-
itive forces and innovation. Aghion et al (2005, 2015) argue that these forces
can explain the mixed empirical evidence through the existence of an inverted
U relationship between product market competition and innovation. Aghion et
al.(2005) motivate their theoretical presentation by demonstrating an empirical
inverted U relationship for publicly traded UK firms. Their empirical results
are, however, challenged by Correa (2012) who demonstrates that a structural
break occurs in the Aghion et al. data set following the establishment of the
US Court of Appeals for the Federal Circuit in 1982. He shows that controlling
for this structural break eliminates the inverted U found in the econometric
analysis of the data. He reports a positive relationship before the break and
a lack of any relationship following the structural break. Hashmi (2013) uses
US patenting data and finds a weak negative relationship between markups and
patenting. On the other hand Autor et al. (2019) find that enhanced foreign
competition discourages domestic innovation as measured by domestic patent-
ing activity. It should be pointed out that this paper does not directly test the
hypothesis of an inverted U, an exercise that would require investigating the



relationship between competition and total patenting activity (i.e. both foreign
and domestic patenting). It is fair to conclude that the econometric evidence
is mixed, with a preponderance of evidence suggesting that increased competi-
tion is more typically associated with a higher level of innovation (Nickell 1996,
Gilbert 2006, Correa 2012; De Bondt and Vandekerckhove 2012) rather than an
inverted U.

The mixed evidence on the relationship between competition and innovation
leads some researchers to alternative theoretical frameworks that attempt to
reconcile the theory and empirical record. Marshall and Parra (2019),using
computational techniques similar to those used in this paper, provide a frame-
work allowing for product market innovation (higher profit gaps for industry
leaders encourages more innovation) and innovation competition (increasing in
the number of existing research labs). Contrary to much of the empirical record
already discussed the model emphasizes a Schumpeterian inverse relationship
between product market competition and innovation, i.e. the right hand side
of the inverted U relationship. Chernyshev (2016) uses a model of Cournot
competition to derive a model that preserves the hump shaped relationship be-
tween R&D output (i.e. patents) and competition. R&D inputs/intensity can
be hump shaped, rising, or falling in competition. The choice of the variable
used to proxy innovation becomes an important consideration. In this paper
similar issues arise, but the emphasis remains focused on the output from R&D
effort. Delbono and Lambertini (2020) also use a Cournot model to demon-
strate that this framework is rich enough to predict a direct, inverse, or inverted
U relationship between innovation and competition.

The key assumption of the step by step model investigated in this paper
concerns the nature of the patent race that defines the probability of firm and
industry innovation when firms are in neck and neck or leveled competition.
The existing step by step model assumes that firms undertake independent,
individual research efforts. It is also specified, as is clearly demonstrated be-
low, that the outcome of the patent race relies upon mutual exclusion in the
sense that the probability of firms simultaneously innovating as they pursue
independent and individual research agendas is assumed away. This assump-
tion is a result of the model specification in continuous time. This assumption
is justified, not theoretically but practically, because it leads to a much more
tractable solution.! Indeed, this assumption dates back to the early work in
10 theory exemplified by Gilbert and Newbery (1982) and reviewed in Triole
(1988). I relax this assumption and demonstrate that doing so has impor-
tant consequences for the step by step model’s ability to produce an inverted
U relationship between competition and innovation. Allowing for non mutu-
ally exclusive innovation in leveled competition leads to a considerably more
complex mathematical structure, resulting in the need to find the roots of a

INote that the existence of empirical examples where one firm definitively wins a patent
race exist, but this is not a theoretical justification for ignoring the possibility of simultaneous
innovation. For a recent example of simultaneous we do not need to look further than the
COVID-19 crisis. Pharmaceutical companies simultaneously produced 4 vaccines, each with
substantial market share.



sixth order polynomial. Therefore, the implications and comparisons are fully
explored using computer based numerical evaluation.

Section two of the paper is split into three parts. First, a brief presentation
of the common aspects of the competing models is provided. Modifications to
the framework are highlighted during the presentation and appear near the end
of the discussion where the nature of equilibrium research intensities are dis-
cussed. The next part of section two demonstrates how the Aghion et al.(2005)
model is derived as a special case through the assumption of mutually exclu-
sive innovation. Full numerical estimates of the Aghion et al. (2005) model
are developed and reviewed. For the purposes of this paper I will refer to the
Aghion et. al. (2005) model as the "standard step by step model." Part three
of section two explores the implications of relaxing the assumption of mutually
exclusive innovation when in a neck and neck patent race. Again, full numeri-
cal estimates are derived, reviewed, and comparisons to the Aghion et al.(2005)
model are highlighted. Section three provides some concluding thoughts.

2 Analysis

2.1 Theoretical Model

The basic structure of the model follows Aghion et al. (2005) so the presentation
of the model foundations provided here are brief. Households exist along the
unit interval. At each point in time each household inelastically supplies a unit
of labor toward the production of intermediate goods. Their utility function is
logarithmic.

Final goods producers purchase intermediate goods, also indexed on a unit
interval. Given these assumptions and denoting the final consumption good as
y¢ and intermediate goods as x;; the production function is:

1
Iny; = /lnxjtdj (1)
0

Each z; is produced by an industry pair of duopolists who are simply de-
noted firm A and firm B. Therefore z; = x4; + 2p;. At each point in time
expenditures on z; are the numeraire and equilibrium is symmetric. Households
supply the only input to intermediate goods production, labor. With the as-
sumption of constant returns to scale across all firms. Unit labor requirements

are defined 1
a/i:7k7i:A7B,’y>1 (2)

Y
where k is a positive number indexing the level of technology. Each industry
at each point in time is characterized by the level of technology at the frontier

and the technology gap between firms A and B. It is assumed that the maximum



gap between to firms is equal to 1. This defines two possible states for any
industry at any point in time. First the firms can be leveled or neck and
neck. In the neck and neck state the technological gap between the firms
is zero.  Profits for firms and the resources devoted to R&D by each firm
independently are defined as m, and 7, respectively. In this model the credit
needed to fund research is not explicitly modeled and credit to fund research is
unconstrained. Recently, Aghion et al.(2019) use this type of model to explain
the relationship between the degree of credit constraints and innovation. The
relationship predicted between the degree of credit constraints and innovation
is an inverted U.

The other possibility is that one firm, the leader, is a step ahead in technol-
ogy. This is the unleveled state where the leader engages in no R&D (due to
the spillover) and enjoys a monopoly profit margin of 7; = 1 — 1. The laggard
firm is also helped by a spillover of knowledge from the industry leader. This
spillover is denoted as h. The lagging firm’s profits are equal to zero and they
engage in a research effort that benefits from the knowledge spillover, n_; + h.
R&D is costly and defined by the function 1 (n) = n?/2.

Competition is defined by the ability of firms in the leveled state to collude
and share the profits earned by the unleveled monopoly firm. The degree of
competition, A, varies on interval between one half and unity:

1/2<A<1 (3)

and

7T0:(17A)7T1 (4)

Up to this point in the discussion I have not deviated from the standard
step by step model. I deviate at this point in the analysis by formulating a
solution to the equilibrium research intensities 1, and n_; + h allowing for non
mutually exclusive innovation when the industry is in a leveled or neck and
neck state. I follow standard practice and view innovation as a Poisson arrival
process. Under this assumption 7, and n_; + h are interpreted as the research
intensities over a small time period dt. Thus, I add the requirement innovation
probabilities are bounded.

< Medt <1 (5)
< (n_;+h)ydt<i1
< nodt + Mgdt — nymedt? < 1

Only solutions where the constraints outlined in equation 5 hold with a strict
inequality are considered. In this case the Lagrange multipliers associated
with the constraints are equal to zero and the solutions are interior solutions.
More importantly, and in keeping with the existing literature, R&D remains an



uncertain and non deterministic process?>. Note the following concerning these

restrictions. The first two conditions have obvious economic interpretations.
Nodt > 1 clearly implies a non profit maximizing strategy. Why would a firm
invest more resources into an R&D project than is necessary to secure a 100%
chance of success? The same logic clearly holds for the second condition, a
lagging firm in an unleveled competition is wasting resources if (n_; +h)dt > 1.
The last restriction in equation 5 is the probability of firm A innovating or firm B
innovating. 7,dt is the conditional probability of one firm innovating given that
the other firm has innovated. Under a continuous time setting and mutually
exclusive innovation with independent research and symmetry the 3rd condition
together with n, = 75 and limg;— o nynodt = 0 further restricts n, < 1/2.
There is no economic interpretation or justification for this additional restriction
on 7y. It is the arbitrary restriction implicitly imposed through a continuous
time framework in the existing literature, and it is an assumption that is needed
to simplify the model and provide a closed form solution. In the model without
mutually exclusive innovation condition 1 automatically satisfies condition 3. If
0 < nodt < 1 then it must be the case that 0 < nydt + Nodt — nenydt®> < 1 if
Mo =Tl = My- Thus the model without mutually exclusive innovation contains
two economically meaningful restrictions while the common step by step model
adds an arbitrary restriction that has no economic interpretation.
I specify the discrete time Bellman equations as:

Vig =mdt + (1 —rdt)[(n_y + h)dt(Vo,iq4ar) + (1 — (n_1 + h)dt)Vi1a] (6)

Voiy = (1=rdt)[(n_y+h)dt(Vo,ear)+(1—(n_1+h)dt(V_1,1rar)]— (0" /2)dt (7)

Vo = Wodt+(1—7“dt)[Uodt(l—ﬁodt)(Vl,t+dt—%,t+dt)+77odt(1—770dt)(V—l,t+dt(—§/o,t+dt)]—(U(QJ/?)dt
8

Equation 8 is the Bellman equation for a firm in leveled or neck and neck
competition. This specification is different from the Bellman equation in the
standard step by step model of innovation in that it requires the firm to fully
assess the probability of becoming a leader, nydt(1 — 7ydt) or a lagging firm,
Todt(1—nydt) inclusive of the possibility that both firms can produce a successful
innovation simultaneously, an occurrence with a probability of n,7odt?. If this
occurs two innovations occur but the industry remains leveled as it does if
neither innovate. Since the leveled firms are identical they will choose the same
research effort in equilibrium, n, = 7,. A fuller discussion is presented in the
next two subsections.

2There may be interesting things to learn about innovation from investigating the corner
solutions and deterministic R&D in the model without mutually exclusive innovation. This
is a separate issue from those studied in this paper and I leave it to future research.



Before moving to a look at how this modification influences the predictions
of the model the steady state is defined, incorporating the modified Bellman
equation. The equilibrium for an industry is a Markov steady state where
and p; denote the fraction of time that an industry is in the leveled or unleveled
state respectively. Therefore I have:

o+ Hy =1 )

2pgnodt(1 — nodt) = puy(n_y + h)dt. (10)

Note that, unlike in Aghion et al. (2005), here the probability of leaving the
leveled state, 2nqdt(1 — nydt), follows a binomial probability function.?

2.2 Standard Step by Step Model

The standard step by step model is expressed in continuous time, thereby elim-
inating the possibility of mutual innovation. In this case it is straight forward
to show that the Bellman Equations become:

rVi=m14+ (g +h)(Vo— V1) (11)
Vo= +h)(Vo—Voa)—n?,/2 (12)
Vo =m0+ 1o(Vi — Vo) + (V=1 —Vo) — m5/2 (13)

The standard step by step model assumes that, in the leveled state, firms
independent research efforts lead to mutually exclusive innovation. Equation
10 becomes 2pugng = p(n_; + h). Without the possibility of both firms si-
multaneously innovating Aghion et. al. (2005) demonstrate a number of key
results. First, using equations 11-13 and first order conditions from differenti-
ating equations 12 and 13 it is shown that the model is a mathematically simple
recursive system:

o = Vh2 + 2071 — h (14)
n_y =/h?2+n3+2m —h—n,. (15)

equation 9 and the modified equation 10 are used to define the flow of inno-
vation:

3For example setting dt = 1 the binomial probability that exactly one firm is successful and

the industry moves to unleveled is ( ? ) r](l)(l— 770)2*1 = 219(1 —ng). The more general

formula is ( Z )pm(l— p)"~* where z is the number of successes and p is the probability

of a success in a single Bernoulli trial. The experiment consists of two independent Bernoulli
trials, one for each firm’s research effort.



_Ang(n_y +h)

= 16
27’]0+77_1+h ( )

Equation 16 makes an important assumption regarding the innovations de-
veloped by firms when they lag in an unleveled state. When moving from
unleveled to leveled competition the contribution of the innovation by the lag-
ging firm to the measure of innovation in equation 16 is 2p43m,. Since empirical
studies of the inverted U relationship rely on patents as a measure of innova-
tion it is assumed that the laggard firm receives intellectual property protection
when catching up to the leading firm. Thus, the innovation that closes the gap
is distinct, patentable and appears in a measure of innovation that is patent
based. This issue will play an important role when we allow for non mutually
exclusive innovation in the next section.

Finally, the model produces the celebrated inverted U pattern whenever
T = /(h? + 2m1) /3 is on the interval [v/h2 + 71 — h,v/h% + 2wy — h]. When T
is below this interval the relationship between competition, A, and I is direct
only. When 7 is above this interval the relationship is inverse only. Table 1
shows numerical estimates of innovation calculated using equations 14-16. 1
focus on values of = that produce the inverted U pattern. The parameters
chosen to solve the model numerically include the degree of competition, A, the
degree of spillover, h, and the profit margin, 7;. A can vary between .5 and
1 and changes in increments of .05 as seen in the columns of the table. The
spillover parameter can take a value on the interval 0 < h < 1. The numerical
summary begins with h = .01, moves to h = .99 and varies in tenths from .1 to
.9. Each sub table is constructed for a given profit margin. The profit margins
reported are 10%, 25%, 50%, 75%, and 100%. The underlying probabilities 7,
and n_; are reported in Appendix 1 of the paper.

The numerical results for the standard step by step model are consistent
with expectations given the theoretical treatment of Aghion et. al. (2005) sum-
marized above. In general an inverted U pattern emerges for each specification
of the profit rate under the restrictions outlined in the previous paragraph. Fig-
ure 1 graphs the predicted relationship between A and I for various profit rates
using a value of h = .2, the most common spillover value consistent with the
inverted U pattern. In general the range of values of A and h that produce an
inverted U increases with the profit rate. The degree of spillovers consistent
with an inverted U also increases with the rate of profit. As the profit rate
grows, however, the restrictions outlined in equation 5 become important. The
table cells blanked are calculations violating the first two bounded probability
restrictions in equation 5. The parameter combinations that violate restric-
tion 3, 1y < 1/2, are greyed out in Table 1. This further limits the range of
parameter values that produce the inverted U pattern.




2.3 Step by Step Innovation without Mutually Exclusive
Innovation.

The solutions summarized by equations 14, 15 and 16 assume that firms in the
leveled state cannot simultaneously innovate. This leads to the recursive system
expressed in equations 14 and 15. If the assumption of mutually exclusive
innovation is relaxed the more complex Bellman equation 8, and its derivative
must be accounted for in a solution for 1, and n_;. * Following the literature I
set 7 =0° and dt = 1. With some basic algebraic manipulation the model can
be reduced to two equations in 7, and 7_;.

0=—(1—Am)—ng/2+n%1/2+ (ng + h)n_, (17)
1—n_ —1n_

0=2/2— Amy + pTE == L o Z (18)
1—nq 1—mn,

These two equations replace equations 14 and 15 in the standard step by
step model. In principle these two equations solve for 1, and 7_,, however, the
system is not recursive. The solution can be expressed as:

I 14h + 14n_; — 39hn? | + 6R%n_,

+9hn? | — 48h3n_y + 2Thnt, — 16h'ny_,

+9hn® | — 16Am; — 50R%n? | + 8h2n3

—28h3n2 | + 42R%n* | + 64h%03 | + 3207,

_ 1 —26hn_, 4+ 16h2 + 16h3 — 341>,

o = T=shganz Aty [ 953 1291 + 90 | — 12hAT,

—28n_, Ay — 12h2Amy — 16R3 Ay + 1202 | Ay

+12h%2 A7y — 16R3 A7y + 1202 Ay + 1892 | Amy
+48h2n% | Ay + 12hn_ Amy — 6hn? | Amy + 36h%n_ Amy
+18hn3 | Ay + 32h3n_ Amy + 20

where p; is a root of A

—gh+ 2 (= Fh+20m + Gh® = F) + 2° (Fh—F) -

2% (—8h+ LAm + 8n2 4+ 32p3 4 BpAT — BR2AT — 32) +

SAm 4+ Z (Ph+ $Am + £h2 4+ §hP — BhAm — 2h2AT - §) +

20— 8n%+ 7% (—%8h — SAm; — 38h2 + 32p3 4 WpAr + 16) 4

%]’LATH + %hQAﬂ'l — %
It is not possible to produce a simple closed form solution from a system that

involves a 6th order polynomial. It is possible, however, to evaluate the model

4The first order conditions are with respect to n_; for equation 7 and n, for equation 8 are
Vo,t4dt —Vo1,t4+dat—n—1 = 0 and (1—=nodt)(V1,t4at —Vo,t4+de) —Mo@t(V_1,t+at—Vo,t+dt) —Mo =
0.

5 As with the standard model, the results are robust to values of the discount rate that are
greater than zero. The level of the discount rate has no bearing on the forces that create an
inverted U in the standard model. A positive discount rate has no bearing on re-establishing
an inverted U in the model without mutually exclusive innovation.

yT—1 € P1




numerically. Each solution provides one set of positive real numbers. Tables
2, 3 and 4 as well as Appendix 2 contain solutions summarizing the results of
the model. Following the format of the presentation of the standard model,
results were calculated for values of h between .01 and .99 with increments of
.1 between .1 and .9. Values of h are seen in the rows of the tables and are
reported for profit margins of 10%, 25%, 50%, 75%, and 100%. Competition
is measured from a low value of .5 to a maximum value of 1 in increments of
size .05. These values appear in the columns of the tables. If a combination
of profit margin, spillover, and competition leads to probabilities that violate
equation 5 then results are not reported. For example, with a profit margin
of 10% all values of h greater than .01 produce n_; + h > 1. Therefore, only
estimates for h = .01 are reported for the profit margin of 10%. Note that the
third restriction in equation 5, for the current model, is 0 < 27, —n3 < 1. This
is satisfied for all 0 <7, < 1.

The tables in Appendix 2 report the computed values of 7, and n_;. Com-
paring innovation in a leveled state in Table 1 to innovation in the leveled
industry state for the standard step by step model (see Appendix 1 Table 1)
an important feature that stands out. The relationship between profit mar-
gin and innovation in the leveled state within the standard model is positive.
Higher profit margins, ceteris paribus, encourage more innovation in neck and
neck competition. This relationship is reversed in the model without mutually
exclusive innovation. At first glance this might appear to be at odds with
intuition. Should not a larger prize in the unleveled state encourage more inno-
vation in the leveled state? This reasoning is appealing but demonstrates a lack
of full understanding of the structure of the model. A leveled firm’s incentive
to innovate is based on the change in the value of the firm when moving from
the leveled state to the unleveled state, Vi ;11 — Vo ¢41. With non mutually
exclusive innovation it is more difficult to move out of leveled competition. The
model weights the leveled state relatively more than in the case of the standard
model. A change in profit margin, 7, increases both Vi 441 and Vo 1. The
increase in profit margin impacts Vj 141 more, proportionally, than it impacts
Vit+1. This is the first important result from the model without mutually ex-
clusive innovation. The level of research in the neck and neck industry state is a
decreasing function of the profit margin if innovation is non mutually exclusive.

Comparing Table 2 in Appendix 1 to Table 2 in Appendix 2 it is clear that
R&D resources from the lagging firm are a decreasing function of the level of
competition across all profit rates and spillover values for both models. This, of
course, is the well known Schumpeterian effect operating in both models. The
standard model predicts an inverted U when this Schumpeterian effect domi-
nates at high levels of competition but the escape competition effect dominates
at low levels of competition. Appendix 1 Table 1 shows that this requires
that the probability of innovating in the leveled state increases with competi-
tion. Appendix 2 Table 1 makes it clear that innovation in the neck and neck
industry state can follow a number of patterns in the non mutually exclusive in-
novation model. Top rows in the table, from a profit rate of 10% and a spillover
of 1% through a profit rate of 50% and a spillover of 20% lead to falling rates

10



of neck and neck innovation as the level of competition increases. The middle
of the table shows a U shaped pattern and the bottom of the table, below a
profit margin of 75% and a spillover of 40%, shows a pattern of rising innova-
tion in the leveled state as competition increases. What are the implications
for the relationship between economy wide innovation and market competition?
What are the implications for the relationship between observed patent rates
and market competition? I now address these two key questions.

To derive the relationship between innovation and competition use equations
9 and 10. These equations solve for Markov steady state probabilities of being
in a leveled state, p,, or an unleveled state, p;. The flow of innovations
includes the flow when in a leveled state. Previously this was 2u¢n,. Now,
however, the flow of innovation must be consistent with the view of innovation
implied by the standard model and reviewed in the previous section. When
firms simultaneously innovate (with a probability of n3dt?) they produce two
separate innovations. In this case the industry remains in a leveled state and the
innovations provide no economic advantage to the firm Nonetheless, they are
innovations and are as important for the advance in technology as any patent
produced by a lagging firm in the unleveled state. In this case the flow of
innovation in the leveled state of the industry is 2ugnydt(1 — nodt) + 2unidt?.
Again, setting dt = 1 the equilibrium industry flow of innovation is:

I =2pgm0(1 = 10) + 24005 + s (n_y + h). (19)

where 73 is the probability of both firms simultaneously innovating. Given
equation 10 I = pq(4n,(1 — ng) + 2n3). Using equations 9 and 10 to solve for
1o and substituting into this equation for I gives:

= (n_1 + ) (dno(1 = 1) + 2173) (20)
2no(L —mo) -1+ h
This equation can be compared directly to equation 16. If 2n2 is removed
from the numerator and (1—7,) is removed from the numerator and denominator
then mutual exclusion is imposed and this equation is identical to equation 16.
The question of patenting differs only slightly from the discussion presented
above. If both firms simultaneously innovate there is no profit advantage from
the point of view of individual firms. Though these innovations lower costs,
costs are lowered simultaneously for both firms and the industry remains in a
leveled state. Under these circumstances firms have no incentive to patent their
innovations.® The flow of patents, P, therefore is:

_ 4no(n_y +h)(1 —ng)
2no(1—=mg) +m_1 +h

6Patenting is a costly legal and administrative activity. The model does not explicitly
include a cost of patent filing, but it is clear that such a cost strengthens the argument that
firms will not pursue intellectual property (IP) protection for innovations unless the economic
benefits are strictly positive and greater than the legal and administrative costs of achieving
IP protection.

(21)
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The second key theoretical finding is presented in Table 2. Table 2 provides
numerical estimates of the flow of innovations, I, calculated from 7, and n_,
and associated values of 71, A, and h. At all parameter values an increase
in A implies more time in the unleveled state. Even at low profit margins
and spillovers where resources dedicated to R&D fall with competition in the
neck and neck state, the fall in resources in the unleveled state fall by a greater
degree on the margin. More time in the unleveled state lowers economy wide
innovation because a single lagging firm cannot replace the research efforts of two
firms in neck and neck competition. This leads to the second major conclusion
from the step by step model without mutually exclusive innovation. Across
all parameter values the relationship between competition and innovation is
inverse. The model does not produce an inverted U relationship. This result
is illustrated graphically in Figure 2 Panel A. A spillover rate of 20% is chosen
for the graphic. The increase in competition along the horizontal axis is always
associated with falling innovation. For reasons discussed previously higher
profit rates are associated with lower schedules.

Table 3 summarizes the relationship between patenting and competition.
Parameter values that lead to an inverted U relationship between patenting and
competition are highlighted in yellow. Clearly the range of values that lead
to this pattern is narrow compared to the standard model. More importantly,
however, the table shows that direct, inverse, and inverted U patterns can all be
found despite the fact the true relationship between innovation and competition
is dominated by the Schumpeterian effect and is an inverse relationship across
all parameter values. This is demonstrated in Figure 2 panel B where the
relationship between observed patents and competition is graphed for each of
the cases presented in panel A. Patents can show a direct relationship as when
profits are 25%, an inverted U relationship as when profits are 50%, or an
inverse relationship as when profit margins are 75% and 100%. This leads to
the third important conclusion from the model. Despite an inverse relationship
between innovation and competition across all parameter values the observed
pattern between patents and competition can follow a direct, inverse, or inverted
U pattern. The relationship between patent activity and competition cannot
uncover the relationship between innovation and competition.

These patterns in Table 3 are determined by the complex interactions be-
tween research efforts, the incentive to patent in the leveled and unleveled states,
and the probability of being in each state in equilibrium. As a final exercise
I present Figure 3. First note that more than 75% of corporate patents are
awarded to manufacturing industries (Autor, 2019). Focusing on manufactur-
ing, profit margins are not expected to exceed 25% and, empirically, are likely to
be between 10% and 25%. While profit margins can be significantly higher in
service industries, manufacturing receives more attention due to its large share
of patents.” Figure 3 shows that for these "realistic" parameter values the
relationship between patents (measured on the left axis) and competition and

"E.g. See  net  profit margins in  https://financialthythm.com/wp-
content/uploads/2018/06/profit-by-industry.png
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the relationship between innovation (measured on the right axis) and competi-
tion are remarkably different. More competition leads to less innovation, but
the observed relationship between patent activity and competition is upward
sloping. The increase in competition causes industries to spend more time in
the unleveled state. This lowers innovation because there is only one firm in-
novating in this state. However, this causes the relationship between patents
and competition to be direct because in the unleveled state the primary consid-
eration at the selected parameter values is the fact that all innovations in the
unleveled state receive a patent.

Can the possibility of simultaneous innovation in the leveled state be ig-
nored? One way to approach this question is to use the numerical estimates
to calculate the implied probability of simultaneous innovation. The correct
probabilities to use in this exercise are developed from the model without mutu-
ally exclusive innovation. These probabilities are reported in Table 4. Across
all parameter values the probability of joint innovation in the neck and neck
industry state is large and cannot be ignored.

3 Conclusion

The purpose of this paper is to modify the step by step model of innovation by
allowing firms in the leveled state to conduct independent research efforts with-
out mutually exclusive research success. I argue that the only justification for
assuming mutually exclusive innovation in the leveled state is one of mathemat-
ical convenience. Relaxing this assumption is shown to lead to a mathematical
model that is considerably more complex, involving a root of a 6th order poly-
nomial. I demonstrate that the model can be explored numerically and that
the modified model has important implications for the relationship between
competition, innovation, and patent activity.

First, the level of research in the neck and neck industry state is a decreasing
function of the profit margin if innovation is non mutually exclusive. This is
opposite the pattern observed in the model with mutually exclusive innovation.
Empirically, it is factual that manufacturing industries earn lower profit margins
but account for a lions share of corporate patents. The most innovation intensive
industries in the economy have relatively low profit margins between 10% and
15%. This is an empirical implication of the model that deserves additional
attention and testing.

The second major conclusion from the step by step model without mutually
exclusive innovation is an elimination of the inverted U relationship between
innovation and competition. Across all parameter values the relationship be-
tween competition and innovation is strictly inverse. = The model does not
produce an inverted U relationship. Related to this implication is a third im-
portant conclusion from the model. Despite an inverse relationship between
innovation and competition across all parameter values the observed pattern
between patents and competition can follow a direct, inverse, or inverted U pat-
tern. The relationship between patent activity and competition cannot uncover

13



the relationship between innovation and competition. This model suggests that
the current empirical literature on the topic of competition and innovation is
misguided. Aghion et al.(2005), Correa (2012), Hashmi (2013) and Autor et al.
(2019) all use patenting data. These studies find no consistent evidence of an in-
verted U relationship. Some studies find a direct relationship or no relationship
(Correa, 2012), while some authors find a weak inverse relationship (Hashmi,
2013). The model presented in this paper suggests that alternative measures of
innovation such as R&D spending are the only way forward in uncovering the
true relationship between competition and innovation.

14
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Figure 2 Panel A: Innovation Vs Competition: Step by Step
with Non Mutually Exclusive Innovation, h=.2

135
13 ———
1.25
5 12 =@ profit 25%
=
g 115 === profits 50%
=
£ 11 === profits 75%
1.05 === profits 100%
1
0.95
05 055 0.6 0.65 0.7 0.75 0.8 0.85 0.9 095 1
Competition
Figure 2 Panel B: Patents Vs Competition: Step by Step
with Mutually Exclusive Innovation, h=.2
0.6
0.58
E 056 ==@==profits 25%
[+8]
2 .
& o5a === profits 50%
s profits 75%
0.52 === profits 100%
0.5
0.5 0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9 095 1
Competition
Figure 3

17



Patents

Patents

0.3

0.25

0.2

0.15

0.1

0.05

0.45
0.4
0.35
0.3
0.25
0.2
0.15
0.1
0.05

Figure 3 Panel A. Innovation Vs Patents; Profits

10%; Spillovers 1%

05055060650.7075080.8509095 1
Competition

1.82
18

1.78
1.76
1.74
1.72
1.7

1.68
1.66
1.64
162

Innovation

s Patents

@ |novation

Figure 3 Panel B. Innovation Vs Patents; Profits

25%; Spillovers 1%

0.5055060650.70.75080.8509095 1

Competition

18

1.7
1.65
16
1.55
15
1.45
14
135

Innovation

s Patents

s innovation



Patents

Patents

Figure 3 Panel C. Innovation Vs Patents; Profits

25%; Spillovers 10%

051 152
05 15
0.49 1.48
0.48 146 _
047 1.44 %
1472 ©
0.46 L4 8
0.45 -
0.44 1.36
0.43 1.34
0.42 132

0505506 0650.70.750808509095 1
Competition

m— Patents

@ NOVation

Figure 3 Panel D. Innovation Vs Patents; Profits

25%; Spillovers 20%

0.5775 1315
0.577 131
0.5765

0.576 1.305
0.5755 13 5
0.575 B
0.5745 1.255 §
0.574 129 £
0.5735 1985
0.573

05725 128
0.572 1275

0.85 0.9 0.95 1

Competition

19

— Patents

e | nOVation



%00T ulBiey 1oid
<0 |
v'o
£0
o
9,6/ uISIelA 0.4

908,00 t'0
7980 €0

0
%08 uldJe\ 1oid

90650 71650  T1650 S0650 06850 p9850 L850  9LLSO  80LSO  8T9S0  pOSSO €0
ESSONEES Ol 66550  77os0  OP9S0 TS9O LS9S0  TS9SO  SE9SO  €09S0  TSSSO  TO
%5z wSiep Woid

04480  TLLE'0  89LE'0  094€°0  9PLE'0  9TLE'0 8690  099€°0 TI9€0  6¥SE'0  TLPED T°0

eyo veTvo 9pey’o 9STv'0 S9¢v0  Tiev0  9/Tv0 8Ldv'0  SLEv0 89Tv0 vScPO T'O
%0T Wdle 1oid

T 56°0 60 58°0 80 SL0 Lo 590 90 S50 S0

[apolA dais Aq da1s plepuels ayl uj sulalied UoieAouu| 'T 3|qel

20



0866’0
TE660
1660
g¥66'0
PIioot

6600'T
SG10'T
SETO'T
1001
60£0'T

67701
[4X4vn
GEEO'T
PRV
56507

15601
0er0'1
SESO'T
S890'1
vi80'1T

8'0
80
20
g'0
g0
99%0'T S/507T 8/90°T LLLGE €480°T S960'T £S0T°T o
08501 SCL0T S980°T <001T'Y SEITT GLeTY SoviT £0
SZL0T 6060 68011 [ASTA A SYPTT 9731’1 01811 o
91607 PriTt 69811 ¥6ST'T 81T 9507°F 86CLT 10
BYIT'T 6IvTT 68ST'T 79611 4 A An TESTT SEBCT 100

%001 = WiBlen 1yoid
o

1Z€0°T 0oro'T g0
PPPO'T  LBYOT ZPSOT  6SOT 0
S/S0'T  €590°T  87£0°T 108071 0
SZ/0T 080T vEROT  SEOT'T  9ETIT'T  ZECTT  BEET'T  OFPFPT'T  EPSTT  6¥9TT  6S/TT €0
6060°T  YPOL'T  SLETT TIET'T  SppT'T 08STT  £LIZT1T ZS8T'T ZoOZ'T  TISIZ’T  80EZT TO
pPIT'T  EIET'T  T8PI'T IS9T'T  TZ8TT 46677 S/IZT 098¢  TSSTT #5427 B96TT 10
6IFT'T  TZOT'T  SZ8T'T ¢TEOCT  TvzTdl  8SPTT  T89CT  ST6ZT  O9IET TevEl 66981 100

9%SL = Ui JJo4d
£50T'T  €O0IT'T  S8PEI'T  €6I1T vo
90FT'T  ¥LPT'T EPSTT PIOT'T  989TT  6S/TT SESTT  €IATT £0
OIST'T SO06L'T  Z0OTT  I0TCT  €0T¢T  80€C'T  £I¥VCT  TESTT  0S9TT PLLET S06TT 7O
96777  €TYTT  TSSTT  989¢T ¥I8TT  896TT  BIIET  S9LZET TYYET  8TI9ET YOSET  T'Q
9e87'T  S66Z'T  O9TET  TESET  TISET  669ET  £68ET  /0I¥T  OEEFT  89S¥'T ©pZ8FT 100

%04 = W31eiA Hjoid
vPOSE'T  €05E'T  ¥OOFT  6O0IFT  SITFT  TEEPT  8bPPT  TLSFT 669%T 2E3% T Zi6FT T0
pE8Y'T  6S6F'T  OO0IS'T  Z¥EZST  00PST  T9SST  674ST 90687  TE09T 68797  96v9T 100

%6 T = WdIen Hjoid
1S69°'T 60¥0LT  6¥ILT  €S24T 6SELT  89FLT I8SL'T 9694°T 91841  6E6LT  9908°T 100

%01 = WaleA Jjoid
1 S6'0 60 <80 80 SL°0 £'0 590 9°p S50 S0 y

e}j2qa

UOHBADUL| BAISNIOXT AjjRNINA INOYIIM [Bpoiy dais Aq deis 8yl ui Ssuislied UOIIRAOUL] "7 Bige]

21



8’0
80
L0

g'0

g0
50190 S475°0 £EVSO 08550 L1L50 Sve5°0 €965°0 €080 54190 e A-at) 85E9°C VO
vi9w0 S98F°0 [qz0EgY S0L5'0 £5€5°0 L6750 SC95°0 PiSO 6¥8S°0 9reS’o £EOS0 £0
0IZv0 Tevy o ST9V0 veLV'0 £56V'0 S015°0C LITARY 85€5°0 ¥ors’o 98550 FE25°0 o
T€4E°0 eyet’o 69Tr'0 S a 0sre [AA IR0 9087 ¢ LCB¥ 0 810970 5609°C £5I1S°0C 10
997c0 808E0 STLED 576€°0 660170 18290 6LEVC i 12 594870 613¥°0 SO0 100

%001 = uidiep 1yoid
Lo
g0

90%9°0 €099°0
87190 87790  POE9D  9/£9°0 0
SPRS'D  FEGS'0  5I090 66090 0
[6¥5°0  ¥655°0  ¥8950 0//S0  6¥850  ECAS0 I6650  PS089°0  ITI90  €919C 60790 £0¢
SOIS0 90780 OCES0  98ES0  ¥O¥SO  PESST /6850 IS950 /86950  ¥ELSD  Z8LSO O
TL9%°0  vL/¥'0 998Y°0 86’0  8T0SO 84050  LZISO #9150 88ISO 86IS0 T6ISO 10
I1Sev'0 6VEF'0  SEPPO  90S¥’0  S9SPO  809%0  9€9F'0  [¥9Y0  O¥9¥'0  ZI9¥0  T9SFO 100

9%SL = Ui JJo4d
85€9°0 00V9'0  O¥P90  8BIF90 vo
£€09'0 £/09°0 TII90 9190 6/I90C 60790  LECS0 79790 £0
¥€9S'0 L9950 L6950 €7/S0 ¥rLSO  T9/S0 /IS0 784S0 €8/S0 6//50 89/S0 T'O
€SIS0  €/1S0 88IS0 96IS0 86TS0O  C6TS0 6/IS0  9SIS0  +CISO 28050 £ZOSO TG
9v9r'0  Lb9¥'0  OY9F'0  ¥e9r'0  86S¥0  T9SP'0  TISPO 8PP0  69EF0  €/LZ¥'0  LSIFO  10°0

%04 = W31eiA Hjoid
£Z0S°0  ve5Y0  8S6F0  ZI6F0 Ti8Y0 €I8P0 69V 0 600 EVOV0 TISYO  ISYYO IO
(STP'0  OBOF'D  LIOFVD  /E6E0  OSBEQ  VS/E0  OS9E0  9€SE0  IIPE0  w/TE€0  PIIEC 100

%6 T = WdIen Hjoid
6£/7°0 CTOLT0 1290  /E€SC'0  0S¥PZ0  G6SEC0 S9IT0 9910  £€902°0 95610  vreIG  10°0

%01 = WaleA Jjoid
1 S6'0 60 <80 80 SL°0 £'0 590 9°p S50 S0 y

e}j2qa

UOIIBACUU| BAISTYOXT AjjenIniA] Itoyum [apoy dais Ag deis sy u suselied Sunusled g sjgel

22



8’0
80
L0

g'0
g0

967F'0  08TY'0  S/0F0 TI86E0  [BRE0C  TI8E0 £5/E0 €69£0 IWSED 96SE0 QS50 ¥O
6/F'0 599%0  ESSFO PSPPO  69EFQ 96TF0  SEZFO  SBIFO SYIVO  8II¥FO  I0I¥FO €0
6EES0 B6TS0 6050  LI6V0  TORYO  vISYQ  TLIFO PEIYO  TILFO 90LY0 LTLFO TO
fT650  S4/S0 89S0 EFSSO 0950 G6ES0 BSES0 /EESO LEESD 8GESO IOVSO IO
£9¥9°0 0TES0  98IS0 T8O90  ZOOSC  6¥650  TTES0 61650 TVES0  IB650C 69090 100
%001 = WiBlen 1yoid
6692’0  0000'C  0000C 00000 L0
SZ0€0 6850 SI6C0  TS8T 0 90
86EE'D  EPEE0  T6TZED  EFTED 0
T80  69/E0 TIZLEQ  089E0 vo
9627F'0  6PEY0  &0ZF0 vIIVO  OFTPO vZIYO  8OTFO 660FQ O60F0 O0I¥O ZIIFO  £0
PZBFO0  E€8LV0  ISIVO  fZIVO TULPD S0LV0 OTLRPO TV wwEOD  LL/¥0 ZI8F0 TO
66ES'D 99850 SPESO  SEES0  fEESO TISESOD  LL£90 9TVSD  BOFS0 LESSO 17950 1O
6V6S0 97550 [I6S0  TZESO IS0 L/6SC  LZ090  vBO9D 8190  I8I9C  SOV90 100
%SL = Wiiep 14oid
895560  I¥SE0  [ISECQ  FISED o
TOTFO  £LBOVO  960FO0  8BOYO  EOTHPO  CITYG  SCIFG  THIFPD £0
[I4%°0 8TLVO  FRLFO SSLVO0 T6LFP0 TZ8Y0 6SBFOC TORYO  IS6P0 800S0 Z/0S0 TO
ZOPS'0  TEPSD  S9PE0 TISSO  £95SC TZ9G0 98950 T9/5'D  SPESD 6E65C THOSC T
69090 61190 8190 ©pZ90 OTE90  S0P9C  TOSS0  Z0990 97/9°0  8S89°C  v0OLO 100
%03 = W3ein 1joid
¥P00°0  TOTS0  TOT9'0  SZTY0  ITHTO0 €9E9°0 8EFOC ZIS9D ID990 6E89C Z8LOC TO
$O0L0  Y8OL0  [STL0 SSZL0 I¥ELOQ SPRLO i¥SE0 0 SS9L0 0440 06820 LI0FC 100
%SZ = WaIen Jjoid
¥6¢8°0  E£SE’D  FIPR0  9/¥80  6ES80 Y0980  I/980C 6ELS0 60880 0880 €S68°C 100
%0T = Wi1eA 1joid
T S6°0 60 580 80 SL°G L0 €90 90 S50 0 y
e}j2qa

UOIBACUL] [BNINA] JO SBIMIGRGO.I] U] "1 3Rl

23



References

[1]

[10]

[12]

[13]

Autor, D., D. Dorn, G. Hanson, G. Pisano, and P. Shu (2019). Foreign
Competition and Domestic Innovation: Evidence from US Patents, NBER
Working Paper 22879.

Aghion,P.; A. Bergeaud, G. Cette, R. Lecat, and H. Maghin (2019). Coase
Lecture-The inverted U relationship between credit access and productivity
growth. Fconomica, 86, 341, 1-31.

Aghion, P, U. Akcigit, and P. Howitt (2015). Lessons from Schumpeterian
Growth Theory, American Economic Review, 105, 5, 94-99.

Aghion, P, N. Bloom, R. Blundell, R. Griffith, and P. Howitt (2005).
Competition and Innovation: An Inverted U Relationship. QuarterlyJour-
nalofEconomics, 120, 701-728.

Aghion, P., C. Harris, and J. Vickers (1997). Competition and Growth
with Step by Step Innovation: An example. Furopean Economic Review,
Papers and Proceedings, XLI, 771-782.

Aghion, P., C. Harris, P. Howitt, and J. Vickers (2001). Competition
Imitation and Growth with Step by Step Innovation. Review of Economic
Studies, LXVIII, 1795-1843.

Aghion, P,. and P. Howitt (1992). A Model of Growth Through Creative
Destruction. Econometrica, 60, 323-351.

Arrow, K. (1962). Economic Welfare and the Allocation of Resources for
Inventions. In The Rate and Direction of Inventive Activity, ed R. Nelson.
Princeton University Press.

Baldwin, W. and J. Scott (1987). Market Structure and Technological
Change, in Fundamentals of Pure and Applied Economics. ed. Lesourne
and Sonnenschein, Chur, Switzerland, and London: Harwood Academic
Publishers.

Carlin, W., Schaffer M., and P., Seabright (2004). A Minimum of Rivalry:
Evidence from Transition Economies on the Importance of Competition for
Innovation and Growth, The B.E. Journal of Economic Analysis & Policy,
3,1, 1-45.

Chernyshev, N. (2016) Inverted U Relationship between R&D and Compe-
tition: Reconciling Theory and Evidence. Working Paper.

Correa, J. (2012). Innovation and Competition: An Unstable Relationship,
Journal of Applied Econometrics, 27, 160-166.

De Bondt, R. and J. Vandekerckhove (2012) Reflections on the Relationship
Between Competition and Inovation. Journal of Industrial Competition and
Trade, 12, -19.

24



[14]

[20]

[21]

[22]

Delbono, F. and L. Lambertini (2020). Innovation and product market con-
centration: Schumpeter, Arrow, and the inverted U-shaped curve. Ozxford
FEconomic Papers, gpaa044.

Gilbert, R. (2006). Looking for Mr. Schumpeter: Where are We in the
Competition-Innovation Debate?, Innovation Policy and the Economy,
January, 6, 159-215.

Gilbert R. and D. Newbery (1982). Preemptive Patenting and the Persis-
tence of Monopoly, American Economic Review, 72, 514-526.

Grossman, G, and E. Helpman (1991). Innovation and Growth in the World
Economy. Cambridge, Ma, MIT Press.

Hashmi, A. (2013). Competition and Innovation: The Inverted U Relation-
ship Revisited, The Review of Economics and Statistics, 95, 5, 1653-1668.

Marshall, G. and A. Parra (2019). Innovation and competition: The role of
the product market. International Journal of Industrial Organization, 65,
221-247.

Nickell, S. (1996). Competition and Corporate Performance, Journal of
Political Economy, 104, 724-746.

Scott, J. (1984). Firm vs. Industry Variability in R&D Intensity, in Ré&D,
Patents and Productivity, ed. Z. Griliches, University of Chicago Press.

Triole, J. (1988). The Theory of Industrial Organization, Cambridge, Ma,
MIT Press.

25



4 Appendix 1

%001= wiSiew Jyoid

00050 S0

wel= G_MLGE Jjoad

Paavre  ¥o
189¥0 €0
0

%08 = U1y 1oid
189v'0  £ISF0  &FEVO  9/IF0  00OVO  6I8E0  ££980  ZPPED  SKCEC  Z¥OEO  IEBZO €O
IPO¥Y0  TERE0  EI9E0  SBEE0  TO
88/¥'0  898F0 GEEFC  660FD  TO
%GT = uldie Jjoid
56870 96LT0  069T0  §€8SC0  UUYTD  6SEC0 £¥ZT0 E£CIZ0 DOOTU  ELBTO ZWLIO TO
ELEF0  09ZV0  FHFIVO  $ZOFO  T0RE0Q  WL/E0  EVPOEC 0SS0 99E€EC  SITEC  F90E0 IO
%0T = WiBIeA Hoid
1 S6'0 60 s8°0 80 SL°0 £0 590 Y] 550 S0 Yy
ei2q

Q8Y pajaAaT [BpolA deig Ag dais piepuels T aiqel T xipuaddy

26



%00T= ul1e 1yoid
wirs S0

%64 = WEIeA Joid
8IZE0  60PE0C  ¥0
19460 €0
o
%08 = C_Mhms Jlj04d
PIET0  v6ET'0 8910 £9ST'0  099TC  6S/TC V9810 SI6T'0 #6070  0ZIZ0  SSET0 €0
88310 SPET'O  9SFT0 S8ISTC 9070 TO
0180 ©OI6Z0  8IOED  SEIEC 10
%57 = WBIRW 1ljo4d
€600 SPBO0 56800 §S60°0  SIOTO  8/0T0 &FITO 91218  Z6¢L0  ZLET0  8SPIC €0
£8/T0 /I8T'0 +S8I'0  €68T0 +FEGT'0 64610 9T0T0  LI0T0 ZETTO  Z6IT0  8SCZ0 1O

%071 = WiBIep 1J0id

T S6°0 60 <80 80 SLG L0 €90 9’0 SE0 S0 Y
elj=q

(Q'9Y pa[Ensjun [SpoW daig Ag dels prepuels "7 s|qef T xpusddy

27



5 Appendix 2

9079’0
¥559°0
£Z69°0
LOEL0
969.'0
15080

0Z19'0
S9¥9°0
0£89'0
0TZL'0
66540
056270

0v09°0
V8E90
8¥£9°0
L2140
S1SL0
998470

S365°0
OTES0
7£39°0
§50L°0
SFFLO
B86L.°0

6'0

80

L0
99€5°0 90
56850 678S0 £9.5°0 60450 S0
Zre9t 18190 9718’0 L2080 €090 166570 59650 ¥O0
01990 55590 80SS°0 69730 6EF9°0 L1%9°0 FOrS0 €0
56690 S¥e9°0 8069°0 18890 59890 09890 8989°0 0
08EL0 8rEL0 OceLo S0eL0 90EL0 0TEL 0 0sEL°0 13y
Fa A €140 56940 v69L°0 60L1°0C Twiio 164170 ico

05€5°0

%007 = wiie 11J0xd

Lo
90

62890  ¢8/50 QELSD S69S O 50
18190 6£T9°0  TI0I90 99090 70
5559°0 61590  /8Y90 IS990 6EV90  eF90  BOV9'0 TOWS'D  QOVS'0  £0P90  EIF90 £0
Y690 9TI69°0  £689°0  9/89°'0  S989°C 09890  £989°0 2/890 88890 71690  vEE90 O
8YEL'0D  9TEL0  TIELD  POELD 90EL0 SIEL0 €EEL0 BSELO SEEL0 TERLO 6RO TO
SILL0  B69L0 TE9L0 968L°0 BOLLC TELLO €940 9080 098BL0 STGLO £0080 I00

%G L = WBie Jjoid
596550 19650 68650  BI6SO 2]
po¥90  IOPY0  00¥90  ZOPY0  90V9C  ETPS0  IC¥90  SEV9O €0
8989°0 9/89°0  8889°0  EQRYD  TTAY0  vWB90  T/69°0  IDOLO  LEDL0 [i040  TTTLO TO
0SEL0  OLELQ  S6EL0 STRL0 BSYLO I6¥WL0 TIPSO OBSL0 SW9L0 S0LL0  wALLO T
T6/L0 €I84°0 09840 ZOBLO  OSBAC £0080  £908'0  6ZI®O  IOCE0C T8TE0 B9ER0 100

%08 = L3N 1joid
peLL0  TI8L'0 BYSL'0 06820  I€64°0 L6400 ¥TO80 £L080  VCIS®0  6/I80  9€I80 IO
6980 9T¥P80 9980  /IS80  ¢/S80 87980 /8980 0S/80 SISV0  €8880 ¥SES 0 100

945 = uidreip 11joid
L0760 O¥I60 €160 9060 IvI60 94760 J1€60 BrERQ G860  €Cvr6 0  ¢Ir6C 100

%0T = WEiRiA 1J0sd
T S6'0 60 s8°0 20 SL0 L0 590 9'0 S50 S0 Y

eileqQ

('94 DOI9ART UOHBAGUL] SAISN]IXT AJIENINIA 1n0YUIM |apon daig Ag deis T ejael Z xapuaddy

28



04870
94100
9750
81600
90Eg£’0

9€TT0
18520
L8620
rOEE'D
L69E°0

0687’0
£ETBCO
98ZE0
169E°0
6801’0

18670
E6ZED
¥98E'0
SL0F'0
[STAg At

8'0
80
20
g'0
g0
BIEEC 048¢0C {1010 I9EY0 80L¥0 €E05°0 9eE5C  ¥O0
85980 eloro SLEVD 9LLY O 40970 TIPS0 PrLSO £0
LEQV'O 4y 63.LF°0 L7150 8LV5°0 27850 65190 o
SS¥P0 TE8BYO T0IS°0 ¥955'0 0ees’0 89¢5°C 8099°C 10
59810 9r¢s’o 17850 83650 8¥E9’0 66990 Tv0L0 100

%001 = WiBlen 1yoid
o

L1050 ¥I8E0 g0
£SEE0  ZI9E0  ¥98E0  vITPFO 0
0/9€0 ZESEQ  I6IFO  L¥PEO 0
6TOY'0  /BTF0  7SSFO  EI8PO  T/05C  9ZES0 B/SS50 9TBS0  0/090 TIEYC  I¥S90  £OQ
90FF' 0 BL9F0  6YEF0  SIZS0  BIYSO  LEL80  I6650  Z¥ZSO  6BY90  TE/90 69690 TO
TE8%'0 60TS0 £8ES0  £S950 OZ6SO  78I90  bHEYS'D 76990 OV690  €8IL0  TIWLO 1O
9yZS'0 87550 S08S0 6090 SYESC 1990 14890  SCILO  WLELO 81940 [S8/°C 100

9%SL = Ui JJo4d
19§50  €2550 £8950  ¢¥8S0 vo
¥P/S0 80650  0L090 IE€C90 06£9C  ZIFS90  £0L90  [SR90 £0
6519°0 SZE90  68r90 15990 1IB90 69690  STIL0 64340 IERL0 18SL°0 B0 TO
8099°0 S§//9°'0  O0¥69°0  €0TZ'0  £9TL0  TIWLO 8IS0 TELLD £88/°0 €080 6180 TG
IPOL'0  60TL'0  PLELD /€540 86940 /S840 €I080 99180  /LIER0  99¥R0  ZI9¥C 100

%04 = W31eiA Hjoid
6/18°0 TSIE0  ¥ZERO  SEEE0 99¥80  OES80 90880 S/98°0  vW80  TISS0 64880 10
7I98'0 $898'0 9S/80 /78RO /68980 /9680 9E060  SOIGO €160  I¥Ze0  B0EA0 100

%6 T = WdIen Hjoid
OFP6'0  99Y6'0  ¢6W60  8IS60  FrS60 0/S6'0 96560 950 LV9e0 €/96'C 86950  10°0

%01 = WaleA Jjoid
1 S6'0 60 <80 80 SL°0 £'0 590 9°p S50 S0 y

e}j2qa

(G'9H PfRAR|U UOIIBACGUU| BAISN]INT A||enin|A} 1n0YLMm jepopy dols Ag deis "7 9iqe] 7 xipuaddy

29



