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            In this work, a cost-efficient space-time adaptive algorithm based on the Dual Weighted Residual (DWR) method is developed and studied for a coupled model problem of flow and convection-dominated transport.
Key ingredients are a multirate approach adapted to varying dynamics in time of the subproblems, weighted and non-weighted error indicators for the transport and flow problem, respectively, and the concept of space-time slabs based on tensor product spaces for the data structure.
In numerical examples, the performance of the underlying algorithm is studied for benchmark problems and applications of practical interest.
Moreover, the interaction of stabilization and goal-oriented adaptivity is investigated for strongly convection-dominated transport.

         
Keywords: Cost-Efficiency; Multirate; Coupled Problems; Goal-Oriented A Posteriori Error Control; Dual Weighted Residual Method; Space-Time Adaptivity; Space-Time Slabs
MSC 2010: 65M60; 65M12


      
         
            
            A Appendix

            In the appendix, we give some detailed definitions and remarks regarding the main results derived in Section 3.

            
               Galerkin Orthogonality for Temporal and Spatial Error of Transport Problem
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with a non-vanishing right-hand side term depending on the temporal error in the approximation of the flow field.
For the spatial error 
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with a non-vanishing right-hand side term depending on the stabilization and the spatial error in the approximation of the flow field.

            
            
               Transport: Dual Problems and Residuals

               Within the context of the DWR philosophy, the dual problems are generally given as optimality or stationary conditions regarding the underlying Lagrangian functionals.
More precisely, considering the directional derivatives of the Lagrangian functionals (3.3), also known as Gâteaux derivatives (cf., e.g., [11]), with respect to their first argument, i.e.,
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leads to the following dual transport problems: find the continuous dual solution 
                     
                        
                           
                              z
                              ∈
                              X
                           
                        
                        
                        
                     
                  , the semi-discrete dual solution 
                     
                        
                           
                              
                                 z
                                 τ
                              
                              ∈
                              
                                 X
                                 τ
                                 r
                              
                           
                        
                        
                        
                     
                   and the fully discrete dual solution 
                     
                        
                           
                              
                                 z
                                 
                                    τ
                                    
                                    h
                                 
                              
                              ∈
                              
                                 X
                                 
                                    τ
                                    
                                    h
                                 
                                 
                                    r
                                    ,
                                    p
                                 
                              
                           
                        
                        
                        
                     
                  , respectively, such that

                     (A.1)
                     
                        
                           
                              
                                 
                                    
                                       
                                          A
                                          ′
                                       
                                       
                                       
                                          (
                                          u
                                          ;
                                          v
                                          )
                                       
                                       
                                       
                                          (
                                          φ
                                          ,
                                          z
                                          )
                                       
                                    
                                 
                                 
                                    
                                       
                                       =
                                       
                                          
                                             J
                                             ′
                                          
                                          
                                          
                                             (
                                             u
                                             )
                                          
                                          
                                          
                                             (
                                             φ
                                             )
                                          
                                       
                                    
                                 
                                 
                                 
                                    
                                       
                                          
                                             for all
                                             
                                             φ
                                          
                                          ∈
                                          X
                                       
                                       ,
                                    
                                 
                              
                              
                                 
                                    
                                       
                                          A
                                          τ
                                          ′
                                       
                                       
                                       
                                          (
                                          
                                             u
                                             τ
                                          
                                          ;
                                          
                                             v
                                             σ
                                          
                                          )
                                       
                                       
                                       
                                          (
                                          
                                             φ
                                             τ
                                          
                                          ,
                                          
                                             z
                                             τ
                                          
                                          )
                                       
                                    
                                 
                                 
                                    
                                       
                                       =
                                       
                                          
                                             J
                                             ′
                                          
                                          
                                          
                                             (
                                             
                                                u
                                                τ
                                             
                                             )
                                          
                                          
                                          
                                             (
                                             
                                                φ
                                                τ
                                             
                                             )
                                          
                                       
                                    
                                 
                                 
                                 
                                    
                                       
                                          
                                             for all
                                             
                                             
                                                φ
                                                τ
                                             
                                          
                                          ∈
                                          
                                             X
                                             τ
                                             r
                                          
                                       
                                       ,
                                    
                                 
                              
                              
                                 
                                    
                                       
                                          A
                                          S
                                          ′
                                       
                                       
                                       
                                          (
                                          
                                             u
                                             
                                                τ
                                                
                                                h
                                             
                                          
                                          ;
                                          
                                             v
                                             
                                                σ
                                                
                                                h
                                             
                                          
                                          )
                                       
                                       
                                       
                                          (
                                          
                                             φ
                                             
                                                τ
                                                
                                                h
                                             
                                          
                                          ,
                                          
                                             z
                                             
                                                τ
                                                
                                                h
                                             
                                          
                                          )
                                       
                                    
                                 
                                 
                                    
                                       
                                       =
                                       
                                          
                                             J
                                             ′
                                          
                                          
                                          
                                             (
                                             
                                                u
                                                
                                                   τ
                                                   
                                                   h
                                                
                                             
                                             )
                                          
                                          
                                          
                                             (
                                             
                                                φ
                                                
                                                   τ
                                                   
                                                   h
                                                
                                             
                                             )
                                          
                                       
                                    
                                 
                                 
                                 
                                    
                                       
                                          
                                             for all
                                             
                                             
                                                φ
                                                
                                                   τ
                                                   
                                                   h
                                                
                                             
                                          
                                          ∈
                                          
                                             X
                                             
                                                τ
                                                
                                                h
                                             
                                             
                                                r
                                                ,
                                                p
                                             
                                          
                                       
                                       ,
                                    
                                 
                              
                           
                        
                        
                        
                     
                  
where we refer to our works [9, 14] for a detailed description of the adjoint bilinear forms 
                     
                        
                           
                              
                                 A
                                 ′
                              
                              ,
                              
                                 A
                                 τ
                                 ′
                              
                              ,
                              
                                 A
                                 S
                                 ′
                              
                           
                        
                        
                        
                     
                   as well as the dual right-hand side term 
                     
                        
                           
                              J
                              ′
                           
                        
                        
                        
                     
                  .

               The primal and dual residuals based on the continuous and semi-discrete-in-time schemes are defined by means of the Gâteaux derivatives of the Lagrangian functionals in the following way:

                     
                        
                           
                              
                                 
                                    
                                       ρ
                                       
                                       
                                          (
                                          u
                                          ;
                                          v
                                          )
                                       
                                       
                                       
                                          (
                                          φ
                                          )
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                                                z
                                                ′
                                             
                                             
                                             
                                                (
                                                u
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                                                z
                                                ;
                                                v
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                                                (
                                                φ
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                                          =
                                          
                                             
                                                G
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                                                   φ
                                                   )
                                                
                                             
                                             −
                                             
                                                A
                                                
                                                
                                                   (
                                                   u
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                                                   φ
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                                       ,
                                    
                                 
                              
                              
                                 
                                    
                                       
                                          ρ
                                          ∗
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                                          (
                                          φ
                                          )
                                       
                                    
                                 
                                 
                                    
                                       
                                          
                                          :=
                                          
                                             
                                                L
                                                u
                                                ′
                                             
                                             
                                             
                                                (
                                                u
                                                ,
                                                z
                                                ;
                                                v
                                                )
                                             
                                             
                                             
                                                (
                                                φ
                                                )
                                             
                                          
                                          =
                                          
                                             
                                                
                                                   J
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                                                   (
                                                   u
                                                   )
                                                
                                                
                                                
                                                   (
                                                   φ
                                                   )
                                                
                                             
                                             −
                                             
                                                
                                                   A
                                                   ′
                                                
                                                
                                                
                                                   (
                                                   u
                                                   ;
                                                   v
                                                   )
                                                
                                                
                                                
                                                   (
                                                   φ
                                                   ,
                                                   z
                                                   )
                                                
                                             
                                          
                                       
                                       ,
                                    
                                 
                              
                              
                                 
                                    
                                       
                                          ρ
                                          τ
                                       
                                       
                                       
                                          (
                                          u
                                          ;
                                          
                                             v
                                             σ
                                          
                                          )
                                       
                                       
                                       
                                          (
                                          φ
                                          )
                                       
                                    
                                 
                                 
                                    
                                       
                                          
                                          :=
                                          
                                             
                                                L
                                                
                                                   τ
                                                   ,
                                                   z
                                                
                                                ′
                                             
                                             
                                             
                                                (
                                                u
                                                ,
                                                z
                                                ;
                                                
                                                   v
                                                   σ
                                                
                                                )
                                             
                                             
                                             
                                                (
                                                φ
                                                )
                                             
                                          
                                          =
                                          
                                             
                                                
                                                   G
                                                   τ
                                                
                                                
                                                
                                                   (
                                                   φ
                                                   )
                                                
                                             
                                             −
                                             
                                                
                                                   A
                                                   τ
                                                
                                                
                                                
                                                   (
                                                   u
                                                   ;
                                                   
                                                      v
                                                      σ
                                                   
                                                   )
                                                
                                                
                                                
                                                   (
                                                   φ
                                                   )
                                                
                                             
                                          
                                       
                                       ,
                                    
                                 
                              
                              
                                 
                                    
                                       
                                          ρ
                                          τ
                                          ∗
                                       
                                       
                                       
                                          (
                                          u
                                          ,
                                          z
                                          ;
                                          
                                             v
                                             σ
                                          
                                          )
                                       
                                       
                                       
                                          (
                                          φ
                                          )
                                       
                                    
                                 
                                 
                                    
                                       
                                          
                                          :=
                                          
                                             
                                                L
                                                
                                                   τ
                                                   ,
                                                   u
                                                
                                                ′
                                             
                                             
                                             
                                                (
                                                u
                                                ,
                                                z
                                                ;
                                                
                                                   v
                                                   σ
                                                
                                                )
                                             
                                             
                                             
                                                (
                                                φ
                                                )
                                             
                                          
                                          =
                                          
                                             
                                                
                                                   J
                                                   ′
                                                
                                                
                                                
                                                   (
                                                   u
                                                   )
                                                
                                                
                                                
                                                   (
                                                   φ
                                                   )
                                                
                                             
                                             −
                                             
                                                
                                                   A
                                                   τ
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                                                   (
                                                   u
                                                   ;
                                                   
                                                      v
                                                      σ
                                                   
                                                   )
                                                
                                                
                                                
                                                   (
                                                   φ
                                                   ,
                                                   z
                                                   )
                                                
                                             
                                          
                                       
                                       .
                                    
                                 
                              
                           
                        
                        
                        
                     
                  

               

            
            
               Flow: Dual Problems and Residuals

               For the sake of completeness, considering the directional derivatives of the Lagrangian functionals (3.1), also known as Gâteaux derivatives (cf., e.g., [11]), with respect to their first argument, i.e.,

                     
                        
                           
                              
                                 
                                    
                                       
                                          L
                                          u
                                          ′
                                       
                                       
                                       
                                          (
                                          u
                                          ,
                                          z
                                          )
                                       
                                       
                                       
                                          (
                                          φ
                                          )
                                       
                                    
                                    :=
                                    
                                       
                                          lim
                                          
                                             
                                                t
                                                ≠
                                                0
                                             
                                             ,
                                             
                                                t
                                                →
                                                0
                                             
                                          
                                       
                                       
                                          
                                             t
                                             
                                                −
                                                1
                                             
                                          
                                          
                                          
                                             {
                                             
                                                
                                                   L
                                                   
                                                   
                                                      (
                                                      
                                                         u
                                                         +
                                                         
                                                            t
                                                            
                                                            φ
                                                         
                                                      
                                                      ,
                                                      z
                                                      )
                                                   
                                                
                                                −
                                                
                                                   L
                                                   
                                                   
                                                      (
                                                      u
                                                      ,
                                                      z
                                                      )
                                                   
                                                
                                             
                                             }
                                          
                                       
                                    
                                 
                                 ,
                                 
                                    φ
                                    ∈
                                    Y
                                 
                              
                              ,
                           
                        
                        
                        
                     
                  
leads to the following dual flow problems, although these problems were not used within the underlying cost reduced approach here: find the continuous dual flow solution 
                     
                        
                           
                              z
                              =
                              
                                 {
                                 w
                                 ,
                                 q
                                 }
                              
                              ∈
                              Y
                           
                        
                        
                        
                     
                  , the semi-discrete dual flow solution 
                     
                        
                           
                              
                                 z
                                 σ
                              
                              =
                              
                                 {
                                 
                                    w
                                    σ
                                 
                                 ,
                                 
                                    q
                                    σ
                                 
                                 }
                              
                              ∈
                              
                                 Y
                                 σ
                                 r
                              
                           
                        
                        
                        
                     
                   and the fully discrete dual flow solution 
                     
                        
                           
                              
                                 
                                    z
                                    
                                       σ
                                       
                                       h
                                    
                                 
                                 
                                 
                                    {
                                    
                                       w
                                       
                                          σ
                                          
                                          h
                                       
                                    
                                    ,
                                    
                                       q
                                       
                                          σ
                                          
                                          h
                                       
                                    
                                    }
                                 
                              
                              ∈
                              
                                 Y
                                 
                                    σ
                                    
                                    h
                                 
                                 
                                    r
                                    ,
                                    p
                                 
                              
                           
                        
                        
                        
                     
                  , respectively, such that
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                                          u
                                          )
                                       
                                       
                                       
                                          (
                                          φ
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                                          z
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                                             φ
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                                          σ
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                                          (
                                          
                                             u
                                             σ
                                          
                                          )
                                       
                                       
                                       
                                          (
                                          
                                             φ
                                             σ
                                          
                                          ,
                                          
                                             z
                                             σ
                                          
                                          )
                                       
                                    
                                 
                                 
                                    
                                       
                                       =
                                       
                                          
                                             J
                                             ′
                                          
                                          
                                          
                                             (
                                             
                                                u
                                                σ
                                             
                                             )
                                          
                                          
                                          
                                             (
                                             
                                                φ
                                                σ
                                             
                                             )
                                          
                                       
                                    
                                 
                                 
                                 
                                    
                                       
                                          
                                             for all
                                             
                                             
                                                φ
                                                σ
                                             
                                          
                                          =
                                          
                                             {
                                             
                                                ψ
                                                σ
                                             
                                             ,
                                             
                                                χ
                                                σ
                                             
                                             }
                                          
                                          ∈
                                          
                                             Y
                                             σ
                                             r
                                          
                                       
                                       ,
                                    
                                 
                              
                              
                                 
                                    
                                       
                                          B
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                                             h
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                                          (
                                          
                                             u
                                             
                                                σ
                                                
                                                h
                                             
                                          
                                          )
                                       
                                       
                                       
                                          (
                                          
                                             φ
                                             
                                                σ
                                                
                                                h
                                             
                                          
                                          ,
                                          
                                             z
                                             
                                                σ
                                                
                                                h
                                             
                                          
                                          )
                                       
                                    
                                 
                                 
                                    
                                       
                                       =
                                       
                                          
                                             J
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                                             (
                                             
                                                u
                                                
                                                   σ
                                                   
                                                   h
                                                
                                             
                                             )
                                          
                                          
                                          
                                             (
                                             
                                                φ
                                                
                                                   σ
                                                   
                                                   h
                                                
                                             
                                             )
                                          
                                       
                                    
                                 
                                 
                                 
                                    
                                       
                                          
                                             for all
                                             
                                             
                                                φ
                                                
                                                   σ
                                                   
                                                   h
                                                
                                             
                                          
                                          =
                                          
                                             {
                                             
                                                ψ
                                                
                                                   σ
                                                   
                                                   h
                                                
                                             
                                             ,
                                             
                                                χ
                                                
                                                   σ
                                                   
                                                   h
                                                
                                             
                                             }
                                          
                                          ∈
                                          
                                             Y
                                             
                                                σ
                                                
                                                h
                                             
                                             
                                                r
                                                ,
                                                p
                                             
                                          
                                       
                                       ,
                                    
                                 
                              
                           
                        
                        
                        
                     
                  
where we refer to [14] for a detailed description of the adjoint bilinear forms 
                     
                        
                           
                              
                                 B
                                 ′
                              
                              ,
                              
                                 B
                                 σ
                                 ′
                              
                              ,
                              
                                 B
                                 
                                    σ
                                    
                                    h
                                 
                                 ′
                              
                           
                        
                        
                        
                     
                   as well as the dual right-hand side term 
                     
                        
                           
                              J
                              ′
                           
                        
                        
                        
                     
                  .

               Finally, the primal and dual residuals based on the semi-discrete-in-time schemes are defined by means of the Gâteaux derivatives of the Lagrangian functionals in the following way:

                     
                        
                           
                              
                                 
                                    
                                       
                                          ρ
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                                          u
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                                          (
                                          φ
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                                          (
                                          φ
                                          )
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                                                L
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                                                u
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                                                z
                                                )
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                                                   z
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