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1 Introduction

A holomorphic chain on a complex manifold is a formal finite linear combination of some irreducible holo-
morphic subvarieties with integer coefficients. Since every holomorphic variety V of dimension k naturally
defines a d-closed integral current [V] of type (k, k), it is a natural question to ask if the three properties:
d-closed, integral and type (k, k) suffice to characterize holomorphic chains. For d-closed positive integral
currents, the problem was solved by King ([13]). For general d-closed integral currents of type (k, k), the prob-
lem was solved by Harvey and Shiffman ([12]) but with a hypothesis on the support of currents. Harvey and
Shiffman conjectured that this hypothesis was not needed, but they were unable to overcome it. This problem
was finally solved by Alexander ([2]) after more than 20 years later. The case for holomorphic chains with real
coefficients is quite different from the integral case. Being d-closed, type (k, k) and real rectifiable may not be
holomorphic chains with real coefficients. In this case, we really need restriction on the support of currents.
We solved this problem for positive d-closed real rectifiable currents in [18], and in this paper, we solve this
problem completely without the positivity condition. The following is our main result.

Theorem 1.1. Let X be a complex manifold. A 2k-current T is a real holomorphic chain on X if and only if
Tc RRf(‘ji(X) is d-closed and spt(T) is H**-locally finite.

From this result, we are able to generalize the structure theorem of Harvey and King (Theorem 4.5) and some
results about stable currents of Harvey and Shiffman. We are interested in this problem not only because it
is a natural question to ask, but it also has some applications in our study of algebraic cycles, tightly related
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to the Hodge conjecture. For example in Proposition 4.1, we prove that on a complex projective manifold, if a
d-closed smooth form e considered as a current can be written as

e=P+da

where P is a Lipschitz 2k-chain with rational coefficients which is d“-closed, then e is homologous to some
algebraic cycle with rational coefficients. Application of methods from geometric measure theory to study
algebraic cycles is very fruitful, some papers that are especially inspiring us are [3, 4, 8-11, 13-15].

This paper is organized as follows. We follow Alexander’s strategy to prove our main result by induction.
Section 2 contains some preliminary results that are needed to prove the case k = 1, and Section 3 completes
the induction. Our new key idea is an observation made by the second author that the positive current T’
associated to a d-closed real rectifiable current T of type (k, k) with F(?*-locally finite support is actually
d-closed for k > 2. Therefore by our result for the positive case in [18], T’ and hence T are holomorphic
chains with real coefficients. This in some sense simplifies half of Alexander’s proof, but since we use Siu’s
semicontinuity theorem in an essential way for the positive case, this does not mean our proof is easier, but
probably easier conceptually. In Section 4, we use our main result to generalize some results that we proved
in [18] and some results in [12]. These include some results about homologically volume minimizing currents,
stable currents and stationary currents.

Acknowledgement: We would like to thank the reviewer for his/her valuable comments on the paper and
Professor Harvey for his encouragement.

2 Preliminary results

We fix some notations that will be used throughout this paper. Let M be an oriented smooth manifold. Let
AT(M) be the space of complex-valued smooth r-forms on M and let AL(M) be the space of complex-valued
r-forms with compact support on M. Dually, 2;(M) is the space of currents of dimension r and &/ (M) is the
space of currents of dimension r with compact support.

Definition 2.1. An r-current T € &,(M) with support in a compact set K C M is said to be a real rectifiable
current in K if for any € > 0, there is an open subset U of some R", a Lipschitz map f : U — M and a finite real
polyhedral r-chain P (in this article, we assume that simplices are nonoverlapping) with f(sptP) C K and

M(T - f+x(P)) < €

where M denotes the mass norm. The group of real rectifiable r-currents in K is denoted by RR, x(M) and ele-
ments of the union
RR(M):= | RRx(M)
KCM,
K compact
are called real rectifiable r-currents in M. The group RR'°°(M) of locally real rectifiable r-currents in M is the
collection of all T € 2;(M) such that for each x € M, there is S € RR,(M) such that x ¢ spt(T - S).

We recall the definition of real holomorphic chains.

Definition 2.2. Let X be a complex manifold. A current T € %,,(X) is said to be a real holomorphic k-chain
on X if T can be written in the form T = Z}’:l ri[V;] whererj € Rand V = U}’jl V; is a purely k-dimensional
holomorphic subvariety of X with irreducible components { V;};2,. The vector space of real holomorphic k-chains
on X is denoted by % % 1(X). Also let # % ;(X) denote the set of positive real holomorphic k-chains on X, i.e.,
those real holomorphic k-chains with nonnegative coefficients.
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We denote the Hausdorff k-measure by H*.

Definition 2.3. A H*-measurable subset A C M is called H*-locally finite if for all a € M, there is an open
neighborhood V C M of a such that HK(V N A) < oo.

We refer the reader to [13, Theorem 2.4.4] for the following result.

Lemma 2.4. Let A be a subset of C" and let € > 0. If H2X*¢(A) = 0, then for almost all complex (n - k) planes
L through 0, HE(AN L) = 0. When A is closed in a neighborhood of O and m; is a linear map from C" to C¥ with
kernel L, 31(A N L) = 0 implies that there is a neighborhood V of O such that the restriction 1| sy is a proper
map.

Since Theorem 1.1 is a local result, we may assume that T ¢ Rngi(U) for some openset U ¢ C", dT =0
and the support spt(T) of T is of H?*-locally finite. Furthermore, by making a translation, we may assume
0 ¢ spt(T). This T is fixed through section 2 and 3.

ForI = {i1, ..., iy} € {1,2,...,n} where iy <--- <i}, weletm(z, ..., zn) = (2, ..., 2;,) be the projection
from C" to Ck. It follows from the above Lemma that, after a possible linear change of coordinates, each of
the planes {z : 71;(z) = 0} meets X in a discrete set at 0. Fix Iy = {1, 2, ..., k} and write 7 for r1j,. There exist
r > 0 and 6 > 0 such that spt(T) is disjoint from A’(r) x 94" (6) where

AW ={Z =@, ...z) eCilzf| < 1<j<k}
and
A" ={2" =, ., Zi ) eCF 2| <8, 1<j<sn-k}
Set
A=A(r)xA"(6)

and X, = spt(T) N A. Then 71|, is a proper map from X, onto A’ and, writing z = (z’, z”), the projection 7 to
Ck is given by 71(z) = z'. Also, let m; : A — C where mj(z) = z; be the projection to the j-th coordinate.

We will prove our main result by induction. First, we use the method in [2] to prove the case k = 1 . Now
let k = 1 and p(2) = |z1|. Let T(r) = T|yna:()«ar(s) be the restriction of T to U N (4’(r) x A”(8)). Shrinking r,
we may assume the slice (T|yncxar(s))» P> ) €Xists as a real rectifiable 1-current supported in

K := spt(T) N (04’ (r) x A”(6))
and note that, in this case, the slice
(Tlyncxar @y P> 1) = bT(r)
by [5, 4.2.1].

From [5, 2.10.25], we have a bound on the measure of slices cut by a Lipschitz map.

Theorem 2.5. Iff : RF & Ris a Lipschitzmap , A C ]Rk, 0<m<oo,and0 < n < oo, then

*

/ (A A FL AT < Lip()"

R!

0(m)Q(n)
Q(m+n)

Jemn (A)

By the above theorem, we have

/ HIX N p ()AL () < 433 (X)

By, (0)
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for any ry > 0. So we may assume F(*(K) < oo.

Since bT(r) is a closed real rectifiable current, the set
N:={zecC": 0 bT(r),2) > 0}

is countably 1-rectifiable. So there exist countably many C!-curves {7j}iZ1 such that for each j, there is a H L
integrable function 6; on ~; which satisfy

and bT(r) =>4 A 6;.

j=1

) e'bT(),2), ifzeN
6z) = { 0, otherwise

Hence

MOBTM) =3 My A 6) = / 16,/ < oo

j=1 j=1 Y

Also, [bT()|| = Y72, H* L|6,~|. Here, ; = image(c;), for some C'-embedding ¢; : (0,1) — U, and the
orientation of +; is induced from the natural orientation of (0, 1).

Definition 2.6. Let v : (0,1) — C™" be a C'-curve and f be a H'-integrable complex-valued function on
7((0, 1)). Write (¢) = (11(2), ..., m(t)). We define

1
/ flldz:| = / IF o107 (0)de.
ol (0]

By a simple computation, we have :

Proposition 2.7. Suppose ~ : (0,1) — C"is a C'-curve and f is a H'-integrable complex-valued function on

~((0, 1)). Then
|/fdzl|s/|f|\dz1\.
vy Yy

From [16, section 12], we have an area formula.

Theorem 2.8. (Area formula) Let A be a H"-measurable and countably n-rectifiable set in R™* and f be a
locally Lipschitz map on V into R™*t where V is an open set in R™** containing A. If g is a non-negative H"-
measurable function on A, then

/ g JafdoC" = / { / gdHOYdH(y).
A Rk ANf1(y)

Proposition 2.9. Let 0 be a H!-integrable real-valued function on y where ~ : (0, 1) — C" is a C!-curve and
consider the real rectifiable 1-current -y A 6 where the orientation of -y is induced from the natural orientation of
(0,1). We have

/ 6]/dz1| < M(y A 6).
J
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Proof.

1 1

/ 6]z | = / 160140 dt = / 180 7(0)]| (1 0 7Y (0] dt

v 0 )
= /{ / 16 0 | dH°} dH(y) (by Theorem 2.8)
R? (m107)71(y)
- [0 [ eenany asie)
m(y) (moy)(y)
= M(m1+(v, |6])) (Here (v, |8)) is a varifold, see [16, 15.6])

= /(]7711)|6\ dc? (by Theorem 2.8, see [16,15.7])
< / 18] dH* = M(y A 6).

O
We now consider the Cauchy transform of the 1-current bT(r) in the coordinate function z; (see [19, pg 8]).

Lemma 2.10. Define

dz \ 10;]dz1 |
pT((L9%L ) —}j j
er-a T &) -
=1

Then bT(r) < oo for L?-a.e. a in C.

Proof. Fix R > 0 with n(spt(bT(r))) c n(K) C Bg(0), by Fubini’s theorem,

LA dx A dy
[ Zhacnay- [101 [ Az

|z1|<R v |z1|<R

For a € ni(spt(bT(r))) and |z1| < R, |z1 — a| < 2R, then by making z] = z; — &, we have

/ dxAdyS dx’ /\dy /rdr/d — 47R
|z1 - a A

|z1|<R |z1|<2R

Hence by Proposition 2.9(see [19, Lemma 2.4]),

0;||d
/ { ||;1||_21||}dxdy5 47R - / ‘9]||d21| < 47R 'M(’yj /\Gj) o
|z1|<R Vi 5

O

For almost all a, it is a Federer’s result that the slice (T(r), i, a) exists and is a real rectifiable O-current, i.e.,
this slice is given by 2111 n;[w;] where w;’s are distinct points in A with 1(w;) = « and n;’s are non-zero real
numbers (see [5, 4.3.8]). Alexander proved a Cauchy formula in [2, pg 125] for bT(r) when T is an integral
current. We observe that his proof is actually valid for locally real rectifiable currents of type (1, 1). We state
his result in a more general form as follows.

Theorem 2.11. (Alexander’s Cauchy Formula) Let U C C" be anopensetand T ¢ RR"’C (U) be a closed locally
real rectifiable current of type (1,1) on U. Fixr, 6 > 0. Let T(r) := T|ynu(rxar(s) and m: C" — C be the
projection mn(z1, ..., zn) = z1. Fix a € C. Suppose that the slice bT(r) exists as a closed locally real rectifiable
1-current supported on 9(A’(r) x A" (6)),



98 —— Jyh-Haur Teh and Chin-Jui Yang DE GRUYTER

1. bTM(%) < oo and

|z1-af

2. theslice (T(r), m, a) exists and is equal to Z]‘Ll n;lw;] where all n;’s € R,

then for all holomorphic functions f in C",

bT(r)(Zfl‘%) = 2ti(T(r), 7, @)(F) = 271 > mf (wy).

j=1
Remark 2.12. The integral representing b T(r)(ff—f}x) converges (absolutely) by Proposition 2.7 and 1.

Lemma 2.13. Suppose that a satisfies the hypothesis of the Alexander’s Cauchy formula and the slice
(T(n), m, a) = Z;;l n;[w;] is non-zero. Set w = w;. Then there is a representing measure u for w for the uni-
form algebra A of functions holomorphic on A and continuous on A with supp(u) C 0A and p is concentrated
on N, i.e., u(N) = 1. In particular, supp(u) C K.

Proof. Choose a polynomial g such that g(w;) = 1 and g(w;) = 0 for j > 1. Then for every polynomial f, by
the Alexander’s Cauchy formula, we have

bT(r)(%) — 2 mif(wy)gwy) = 2ming f(w).
-1

Hence f(w) = [, fdo where

oo

1 6,gdzy
do = 2ming Z -« b+

Forany h ¢ Aandn ¢ N, the function hn(z) := h((1- %)z) is holomorphic on a neighborhood of A foralln € N.
So each hy can be approximated uniformly by polynomials on A. Since {h» }32; converges to h uniformly on 4,
by diagonal process and triangle inequality, h can be approximated uniformly by polynomials on A. Thus, o is
a complex representing measure for w concentrated on N. By [7, Theorem I1.2.2], there exists a non-negative
representing measure u for w which is absolutely continuous with respect to . Also, u(N) = 1 (see [2, Lemma

6]).
O

Let A(a, A) be the open polydisc in C" with center a € C" and radius A > 0, and let w be the standard Kihler
form on C".

Lemma 2.14. For a non-zero R ¢ RR}f,C((U) with O € spt(R), there exists a j satisfying 1 < j < n and a measur-
able set E C C of positive £2-measure such that the slice (R| 200,8)> Tlj» @) exists and is non-zero for all a € E.
4

Proof. See [2, Lemma 7, Lemma 11]. The proof mainly applies [5, 4.3.8] and [5, 4.3.2 (1)] which are also true for
locally real rectifiable currents. O

Let A denote the polynomial convex hull of a set A ¢ CV. The following result is from [1, Lemma 2].

Lemma 2.15. Let D be a closed Jordan domain in C with rectifiable boundary, K a compact subset of 0D of
positive IW Q a polynomial convex set in C", f a polynomial in C", and s a positive integer. Assume
that Q = (f"1(0D) N Q) and f|q is at most s - to — 1 over points of K (i.e., if A € K, then f~1(A) N Q has at most
s points). Then f1(int(D)) N Q is a (possibly empty) pure 1-dimensional holomorphic subvariety of f 1 (int(D)).

Lemma 2.16. For coordinates and the polydisc A chosen as in section 1 for k = 1, there exists an 1-dimensional
subvariety V of A such that for L2-ge.ac {A € C: |A| <1}, theslice (T(r), 1, a) exists, and is a real holomor-
phic 0-chain in A with support in V.
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Proof. This lemma is a generalization of [2, Lemma 12] for k = 1 and the proof is similar to Alexander’s.
Assuming that (T(r), 71, a) exists. It follows from the Alexander’s Cauchy formula that there is a representing
measure supported in K for each z € spt({T(r), @1, a)). Suppose that y is a representing measure for z. If there
is some polynomial P such that |P(z)| > supg|P|, then

[P(2)] = | [ Pdp|< [ |Pldu< [ |P(2)|du = |P(2)]
Jronreve]

which is a contradiction. Hence z € K.

Since H'(K) < oo, by Theorem 2.5 with f replaced by m, there exist a set Q of positive measure in 0A’(r)
and a positive integer s such that 7 maps exactly s points of K to each point of Q. We can assume that Q is
compact. Since

K= {(Im @aMINK} c (' @AMInK) c K=K,

we have

K= {[m 104’ (MINkK}.

Note that 771(z) N K = 771(z) N K for every z € Q because K is compact, K ¢ 7 2(04'(r)) and 771(z) N K
is discrete for every z € Q. By Lemma 2.15, Kn (' (r)) is an analytic cover with s-sheets of 771(A’(r)).
Hence, V = KN (A'(r)xA”(8)) is also an analytic cover with at most s-sheets of A. Thus, V is an 1-dimensional
subvariety of A such that z € V for each z € spt(T(r), @, a). This completes the proof of this lemma.

O

Finally, we can apply the argument in the first and second paragraph of [2, pg 135] to conclude our main
theorem for k = 1 since Lemma 2.16 and Lemma 2.14 that Alexander applied have their counterparts for
locally real rectifiable currents.

3 Proof of the main theorem

Now suppose that Theorem 1.11is true for k- 1 where k > 2. We will apply Lemma 3.1 and Theorem 2.8 to reduce
the condition of Theorem 1.1 to the condition that T is positive, and complete the proof by [8, Theorem 3.9].
The same argument can be applied in [2] with [8, Theorem 3.9] replaced by [9, Theorem 5.2.1], but our method
is simpler. So this simplifies the proof of Alexander. The main formula that enables us to do induction is the
following result which is from [5, 4.3.2 (1)].

Lemma3.1. Let W be anopensetinR™ and letR € F f"c (W). Suppose that f : W — R" is a smooth map. Then
(R, f, a) exists for L"-a.e. a € R", and

/ (R, f, @)(@)dL" = R A f w0n)(@)

Rn

forall o € AT""(W) where wn = dx1 A ... A dxn.

Now we can complete the induction of the proof of our main result Theorem 1.1.

Proof. Consider k > 2. Recall that T ¢ RR}fi(U), T is d-closed and spt(T) is H?*-locally finite. Choose r > 0
such that A(0, r) C U, and restrict T to A(O, r). We only need to show that T}, ,) € RR%(A(O, r)) is a real
holomorphic k-chain. So we may assume U = A(0, r). Associate T the oriented real 2k-rectifold (W, 6, T) (see
[18, Definition 2.8]). Let T € RR;gi(U) be the current given by T'(¢) = [, (¢, &)dH?* for 2k-forms @, where
&(z) = £0(2)T is a simple 2k-vector which represents the naturally oriented complex tangent plane to W at z
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for 3(?K-a.e. z € W, the sign + being chosen so that T’ is a positive current. We will show that T’ is d-closed,
then the result follows by [18, Theorem 3.9].

First, foreach j, 1 <j < n, by [5, pg 437],
d(T, nij,a) = (dT, 71j,a) = 0 and spt(T, ;, @) C spt(T) N 7i; ' (a)

for almost all a € B,(0) c C. By Theorem 2.5,

/ T 2spt(T) N 71, (@) dH2(a) <
B,(0)

2k -2)Q(2)

k
9613 HH(spt(T)) < oo.

Hence spt(T) N nj’l(a) is H?k-2-1ocally finite for almost all a € B,(0). By the induction hypothesis, (T, mj, a)
is a real holomorphic (k - 1)-chain for almost all a € B(0). Let (T, m;, a)’ be the positive (k - 1, k- 1)-current
associated to (T, m;, a). By [5, 4.3.8], (T, mj, a)’ = (T', m;, a) for almost all a. This implies that (T’, 71;, a) is a
positive real holomorphic (k — 1)-chain for almost all a.

Second, to check that dT'(¢) = 0 forall ¢ € AZK"1(U), it suffices to consider those forms of types (k- 1, k)
and (k, k - 1) because T’ is of bidimension (k, k). We prove the case (k — 1, k) since the other case is similar.
Let ¢ = 4fdz; A--- Adz;  AdZj A--- A dZj, . Observe that

4dZi A dZJ = (dZi + dZ)) N (dZi + dZ]) - (dZi - dZ]) A (dZi - dZ])
+i(dz; + idzj) A (dz; +idz;) - i(dz; - idz)) A (dz; - idz;).

By the above observation, we can factor ¢ into four components :

(-2 = f(dz;, +dz;) A (dz;, +dzj,) Adzi, A+ Adzi A dZj, A+ AdZj,
- fldz;, - dzj,) N (dz, - dzj,) ANdzi, A--- Ndz;,  AdZj, A+ A dZj,
+ if(dZil + idzh) A (dZ,'1 + idel) A dZi2 JARERIAN dZik,l A dZ]'z JAERIAN dek

—if(dz;, - idzj,) A (dz;, - idzj,) Adzi, A+ Adzi, AdZj, A+ A dZj,.
Therefore, by change of variables, we can further assume that
Q= %f(dzi1 Adzi) Adzi, ANdzy | ANdzj, A AN dZG = wi AP,
where Y = fdz;, A--- Adz;,  AdZj, A--- A dZ;,. Then
dT'(9) = (-1)** T'(dg) = ~T'(w;, A dp) = ~(T' A 71}, w;,)(dY)

By Lemma 3.1, we have

dT'(p) = / ~(T', m,, a)(dp)dL?(a) = / AT, mi,, a)(P)dL?(a) = 0

B,(0) B,(0)

since (T’, 7, , a) is a positive real holomorphic (k - 1)-chain and hence d-closed for almost all a. Therefore
by our result in [18], T’ and hence T are real holomorphic k-chains. O

4 Applications

In this section, we are going to generalize some results in [18, Section 4] and [12]. We first give a generalization
of [18, Proposition 4.1] to get rid of the positivity condition on e.
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Proposition 4.1. Let X be a complex projective manifold of complex dimension n and e € A" " X(X) be a
d-closed form. If e considered as a current can be written as

e=R+ddb

where R is a current such that the (k, k)-part Ry i of R has finite mass and J—Cz"-locally finite support, then e is
homologous to some algebraic cycle with real coefficients.

Proof. This is a generalization of [18, Proposition 4.1]. In the original proof, we need to additionally assume
that R  is positive to assert that R is a real holomorphic chain. But by Theorem 1.1, we can directly con-
clude that R is a real holomorphic chain without the positivity on Ry j. O

Corollary 4.2. Let X be a complex projective manifold of dimension n. Given a smooth d-closed form e
AMRn-k(X). If e is homologous to a Lipschitz 2k-chain P with rational coefficients which is d-closed, then e is
homologous to an algebraic cycle with rational coefficients.

Proof. By assumption, we have
e=P+da
for some a € .@é(kﬂ)(X). Then de = 0 = d°P + dda = dda. So

e=P+ddb

for some b by the dd®-lemma. Clearly, spt(Py ;) C spt(P) and M(Py ;) < M(P) < oo where Py  is the (k, k)-part
of P. Hence by Proposition 4.1 and the rationality of e, e is homologous to an algebraic cycle with rational
coefficients. O

Recall that N ,’f’C(M ) denotes the group of locally normal k-currents on M.

Corollary 4.3. Let M be a smooth manifoldand T € N ,’j’C(M). Ifthereis a constant ¢ > O such that O%(||T||, a) >
c for H*-a.e. a € spt(T), then spt(T) is HX-locally finite.

Proof. LetE = {a € spt(T) : O(|T||, a) < c}. Then HX(E) = 0. Since T is locally flat, by [5, 4.2.14], || T||(E) = 0.
Let K ¢ M be any compact subset. Since T is locally normal, || T||(K) < es. By [5, 2.10.19(3)],

IT||(K) = c.#X(spt(T) N K - E) > cH*(spt(T) N K - E) = cH (spt(T) N K)
which implies that H*(spt(T) N K) < oo and hence T is H*-locally finite. O

Theorem 4.4. Let X be a complex manifold and T ¢ N,Ig,i(X) be d-closed.

1. Ifthereis a constant ¢ > 0 such that ©2(||T||, a) = c for H?*-a.e. a € spt(T), then T is a real holomorphic
k-chain.

2. IfN={aeX:0X(T|,a) > 0} is H**-locally finite and ©*(||T||, a) > O for H**-a.e. a € spt(T), then T
is a real holomorphic k-chain.

Proof. 1. By Corollary 43, T € RR;ZE(X) and spt(T) is H>*-locally finite. Then by Theorem 1.1, T is a real
holomorphic k-chain.

2. Note that N c spt(T) and H?*(spt(T) — N) = 0. For any compact set K C X,
H2K(spt(T) N K) = H* ((spt(T) = N) N K) + H**(spt(T) NN N K) < H (NN K) < o0

which implies that T has 32 -locally finite support. By [17, Theorem 32.1], T € RRf(‘fi(X) and by Theorem 1.1,
T is a real holomorphic k-chain.

O
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Harvey and King proved a structure theorem for positive currents in [10] :

Theorem 4.5. Let U C C" be an open set. Suppose that u € .@,’(, «(U) is positive and d-closed. Assume that for
each compact set K C U there exists a constant ¢ > 0 such that n(u, a) > c¢ for all a € spt(u) N K. Then there
exists a pure 2k-dimensional subvarieties V of U and positive real numbers a; for each irreducible component
V; of V such that u = 2;1 a;[v;l.

We give an analogous but more general result.

loc

Theorem 4.6. Suppose T € N +(U) and dT = 0. Assume that for each compact set K C U there exists a
constant ¢ > 0 such that ©"*(||T||, a) = c for all a € spt(T) N K. Then T is a real holomorphic k-chain.

Proof. Clearly, ©"2%(||T||,a) = 0 forall a € U - spt(T). Hence 8"2X(||T||, a) > O for ||T|-a.e. a € U. By [17,
Theorem 32.1], T is real rectifiable. Since for any fixed a € spt(T) and given any r > O, there is a ¢ > 0 such
that @2"(H T||, b) = c for H?k.a.e. b € spt(T) N By(a). Therefore

oo > || T||(Br(a) Nspt(T)) = CJ{Zk(spt(T) N By(a))
which implies that spt(T) is ?¥-locally finite. The result follows by Theorem 1.1. O

Let M be an oriented Riemannian manifold and V be a compactly supported vector field on M. Consider the
flow {h;} for V where {h;} is a 1-parameter group of diffeomorphisms of M with h¢(x) = x for x ¢ supp(V).
Let W be a relatively compact open subset of M such that supp(V) c W.For T ¢ RR}:’C(X), let

Jr,v(t) = ||heT|(W)

and
. )
89T, v)=J9,0)
the j™ derivative of J1 (£).

Note that 50)(T, V) does not depend on the choice of W since h¢(x) = x for x ¢ supp(V). 6®(T, V)is called
the j variation of T with respect to V.

Definition 4.7. 1. We say that a current T € RR};’C (M) is stationary if 8V(T, V) = 0 for all compactly sup-
ported vector fields V on M.
2. We say that a current T € RR;("C(M) is stable if J1,y(t) has a local minimum at t = O for all compactly

supported vector fields V on M.

Remark 4.8. If T is stable, then T is stationary and 5(2)(T, V)=0.

By [17, 16.1, 16.2, 16.3, 17.8], we have the following theorem :

Theorem 4.9. If T c RRL"C(M) is stationary, then the density @k(H T||,x) = lim,_,q % exists at every

point x € U, and (|| T|, ®) is an upper-semi-continuous function in U :
O (| T||, x) > limsup (| T||,y) VxeU.
y—X

Corollary 4.10. Let X be a complex manifold. Suppose that T ¢ Rngi(X) is stationary and dT = 0. If there is
a constant ¢ > 0 such that 6% (IIT], x) is either equal to O or larger than c, then T is a real holomorphic k-chain.

Proof. By Theorem 4.9, N={x € M : @"(HTH, x) > 0} is closed. By [18, Proposition 3.7], we have spt(T) = N.
By [17, Theorem 3.2(1)], for each compact subset K C U, cH2K(K nspt(T)) < IT||(KNspt(T)) < oo. This implies
that spt(T) is ¢ -locally finite. It then follows from Theorem 1.1 that T is a real holomorphic k-chain.
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O

For M a compact oriented Riemannian manifold, Federer and Fleming ([6]) showed that the integral homology
groups H«(M, Z) are naturally isomorphic to the homology groups of the chain complex I.(M) with bound-
ary map d. By a simple modification of their proof, we can show that the real homology groups H«(M, R) is
isomorphic to the homology groups of the chain complex of realistic currents RE«(M) which are defined as
follows.

Definition 4.11. Let M be a smooth manifold. We say that T € %;(M) is realistic(resp. locally realistic) if
T € RRi(M) and dT € RR;_(M) (resp. T € RRI°°(M) and dT € RRI, (M)).

We give real counterparts of homologically volume minimizing currents, stationary currents and stable cur-
rents that appeared in Section 3 of [12].

Definition 4.12. A current T ¢ RR%:’C(M) is said to be real homologically volume minimizing if
M(T) < M(T + dS)
forall S € RRS, (M).
For a complex manifold X, we denote by 227} (X), # % (X) the collections of positive and negative real holo-

morphic k-chains on X respectively. The main tool we are going to use is the Wirtinger’s inequality which says
that if X is a compact Kdhler manifold with Kahler form w, then for S ¢ Rngi(X),

S(w") < Mx(S)

with equality holding if and only if the tangent 2k-vectors to S are complex and positive ||S||-almost every-
where (see [5, 5.4.19]). The following result is a generalization of [12, Proposition 3.1].

Proposition 4.13. Let X be a compact Kdhler manifold.
1. IfS € 22 (X), then S is real homologically minimizing.
2. IfS e 2%(X), then S is stable.

Proof. (a) Forany R € RE}j’fl (Xx),
M(S + dR) = (S + dR)(%wk) = S(%wk) = M(S),

since Fl,wk is d-closed.

(b) Suppose S = Z;’l rj[V;] with r; € R. Then S can be expressed as S; — S, where S; and S, belong
to 2% (X). Let {h;} be a 1-parameter family of diffeomorphisms of X and A = spt(S;) N spt(S>). Since A is
a holomorphic subvariety of complex dimension (k — 1), A has ||S;|| and ||S; || measure zero. Hence h; is a
diffeomorphism implies that M(hS) = Mi(hS1) + M(heS,). Let H : hg ~ hy be the deformation from hg to
h¢. By the homotopy formula, we have

S; — hpS; = (-1)XdH«(I; x S;), i = 1, 2,
where I; = [0, t] or [t, 0]. Hence, by part (a), M(S;) < M(hS;), i = 1, 2. Therefore,
M(S) = M(Sy) + M(S3) < M(h«S1) + M(hxS,) = Mi(hgS).
This shows that M(hS) has a minimum at t = 0 and thus S is stable. O

The following is a generalization of [12, Theorem 3.2].
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Theorem 4.14. Let X be a compact Kdhler manifold. Suppose that v+ € H,; (X, R) has a representative S €
% (X). If v has a homologically volume minimizing representative T € RRy(X) such that N = {x € X :
02k(|T||, x) > 0} is H**-locally finite, then T € 22 7%(X).

Proof. Since both S and T belong to v, there exists a realistic current R € RE,;(X) such that S = T+dR. Hence
1 1 & 1 &
M(S) = S(Hw )=(T+ dR)(Hw )= T(Ha) ) < M(T).

By assumption, M(S) = M(T). Therefore M(T) = T(%wk) which implies T is positive. By [18, Theorem 3.9], T
is a positive real holomorphic k-chain. O

Corollary 4.15. Let X be a compact Kdhler manifold. Suppose that v € H,; (X, R) has a representative S ¢
#%2(X). If v has a homologically volume minimizing representative T € RR,(X) such that spt(T) is F2k.
locally finite, then T € 2% 1 (X).

If X = CP" (complex projective n-space with the usual Kdhler metric), then each 2k-dimensional integral
homology class has a representative either in 2;"(X) or 2 (X). So we also have each 2k-dimensional real
homology class has a representative either in 2.2 (X) or .2 (X). The integral case of the following result
was obtained by Harvey and Shiffman in [12, Corollary 3.3].

Corollary 4.16. Let T € RR,;(CP") with dT = 0. Suppose that H**(spt(T)) < oo or there is a constant ¢ > 0
such that ©%(||T||, x) = c for ||T||-almost all x. Then T is real homologically volume minimizing if and only if
either T € 2% (X) or #% ; (X).

Proof. For the case 2k (spt(T)) < oo, the result follows from Theorem 4.14. Now suppose there is a constant
¢ > 0such that ©%(||T||, x) = ¢ for || T||-almost all x. By the proof of [5, 7.1.7], we can show that every closed real
homologically minimizing current on a compact oriented Riemannian manifold is stable. Then the conclusion
follows by Corollary 4.10. The converse follows by Proposition 4.13. O

Theorem 4.17. Let {T;}j2; be a sequence of real holomorphic k-chains on X with locally uniformly bounded
mass (see [12, Theorem 3.9]). Suppose that U2, spt(T;) is H?*_locally finite. Then there exists a subsequence of
{T;}j2, that converges in the locally flat topology to a real holomorphic k-chain.

Proof. By [5, 4.2.17(1)], there exist T ¢ Né‘;f(X) and a subsequence {Tj, };; such that T;, — T in the locally
flat topology. Since each Tj; is of bidimension (k, k), T € N,l("’,i(X). By assumption and [18, Proposition 3.8],
UjZ;spt(T;) is closed in X. So we have spt(T) C Uj?:lspt(T,-) = U2 spt(T)). By [18, Corollary 2.14], T € Rngi(X).
Clearly, T is d-closed. Thus, by Theorem 1.1, T is a real holomorphic k-chain. O

Remark 4.18. The condition that U7, spt(T;) is H?*-locally finite is necessary. Take T; = Ll n%[%] and T =
oo %[%] in C. Then T; converges to T in mass norm, but T is not a holomorphic chain.
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