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ON PLURIHARMONIC MORPHISMS 

Abstract . In this paper we first remind some results regarding pluriharmonic mor-
phisms. We define similar concepts between Kahler or Sasaki manifolds, i.e. maps which 
pull back local pluriharmonic or ^-pluriharmonic functions to local pluriharmonic or <j>-
pluriharmonic functions. 

1. Introduction 
Harmonic morphisms between Riemannian manifolds are maps which 

pull back local harmonic functions to local harmonic functions. In his work, 
[7] E. Loubeau generalises the idea of harmonic morphisms on complex man-
ifolds to maps which pull back pluriharmonic functions to pluriharmonic 
functions. These mappings are called pluriharmonic morphisms and are ex-
actly iholomorphic maps. We find similar results on Kahler or Sasaki man-
ifolds, considering maps which pull back local pluriharmonic or plurihar-
monic functions to local pluriharmonic or ^-pluriharmonic functions. The 
main results of this paper are pointed in the following table: 

M N f : M N f : M N Remark 

complex complex 
pluri-

harmonic 
morphism 

± holomorphic 

If M, N are Hermitian, 
the following condit ions 

are equivalent: 
(1) all f i h o l o m o r p h i c 

are pluriharmonic 
(2) N is Kahler 

Sasaki Kahler 
(<f>, ̂ - p l u r i -

harmonic 
morphism 

constant 

If a (0 , J) -hoio-
morphic map is 

pluriharmonic 
then it is constant 

Kahler Sasaki 
(J, (/^-pluri-

harmonic 
morphism 

± ( J , ^ - h o l o -
morphic 

±( Jy </>)-holomorphic 
pluriharmonic 

Sasaki Sasaki 
pluri-

harmonic 
morphism 

O ± 4>- holo morp h i c 
</>-pluri harmonic 

If / is 
holomorphic, then: 

pluriharmonic ^ 
isometric immersion 
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DEFINITION 1.1. Let / : M —> N be a smooth map between the almost 
Hermitian manifold ( M , J , g ) and the Riemannian manifold (N,h) . We say 
that f is (1, l)-geodesic if its second fundamental form Vdf satisfies: 

(1.1) (V4f)(X,Y) + {Vdf)(JX,JY) = 0, 

for any X and Y vector fields in M. 

REMARK 1.1. Any (1, l)-geodesic map is harmonic [4], 
Indeed, consider {ei, J(ei),..., e n , J(en)} a local orthonormal frame of 

TM adapted to the almost Hermitian structure of M. We have then the 
tension field of / : 

r ( f ) = E ( V t f X e i , ei) + ¿ ( V # ) ( J fa), J fa)) = 0 
i=l i=1 

since f is (1, l)-geodesic. 
If we suppose that M is a Hermitian manifold with complex coordinates 

{yl,yl, • • • ,yn,yn}, then if / is (l,l)-geodesic it satisfies locally: 

d 2 f A
 M v K d f A

 N A d f B d f c _ 
{ } d^dyj i-iW B C W d y J ~ 

with A, B, C — 1 , . . . , dimiV, i, j = 1 , . . . , n and K — 1 , 1 , . . . ,n,n. 
If we suppose M to be a Kahler manifold, then (1.2) becomes: 

(1 .3 ) = O 
' ch/dyi dif dyi 

with A,B,C = 1 , . . . , dimN, i,j = l,...,n. Let d'f = and d" f = 

dy} y 

But (1.3) is equivalent with [10]: 

( V ^ d ' f ) ( Z , W) = 0 

for any Z,W € T ^ M , where: 

( V ^ d ' f ) ( Z , W) = Vz(d'f(W)) - d'f(VjW) 

which means that f is a pluriharmonic map. 
Hence, when M is Kahler, the notions of (1, l)-geodesic map and pluri-

harmonic map coincide. 

DEFINITION 1.2. Let / : M —> N be a smooth map between complex mani-
folds M and N. Then f is called pluriharmonic morphism if it pulls back local 
pluriharmonic functions to local pluriharmonic functions, i.e. for any open 
set U C N, such that / - 1 ( i 7 ) not empty, and any a : U —> C pluriharmonic 
function, we have that a o f is a pluriharmonic function. 
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We have [7]: 

THEOREM 1.1. Let f : M —> N be a smooth map between complex mani-
folds M and N. Then f is a pluriharmonic morphism if and only if f is 
^.holomorphic. 

Ail immediate proof of this theorem yields from the following three lem-
mas (due to some discussions with Radu Pantilie). Consider D be a simply 
connected domain in Cn. 

LEMMA 1 .1 . / : £ ) — > C is pluriharmonic if and only if it is the sum of a 
holomorphic function g and an antiholomorphic function h. 

P r o o f . We have: 

d{d'f) = {d! + d")(d'f) = (<i'ff + d"d'f = 0. 

Hence there exists g : D —> C such that d'f = dg. Moreover: 

d'(f -g) = d"g = 0 , 

which means that g is holomorphic and / — g = h is antiholomorphic. • 

LEMMA 1 .2 . If f : D —> C is holomorphic, g : D —> C is antiholomorphic, 
and f • g is pluriharmonic, then f is constant or g is constant. 

P r o o f . We have 

0 = (d'd")(f • g) = d'(fd"g) = d'f A d"g + / A d'cTg = 
= d'f A dTg - f A dTd!g = d'f A dTg. 

It follows that D = {Z\(df)z = 0}U{Z\(dg)z = 0} and hence at least one 
of the two sets has the interior not empty. Since / and g are iholomorphic, 
at least one of them is constant. • 

LEMMA 1.3 . Let f : D —> C n be a pluriharmonic morphism. Then f is 
±holomorphic. 

P r o o f . Induction by n: 
Suppose first n = 1. If / is a pluriharmonic morphism, then / is a 

pluriharmonic map and, by Lemma 1.1, / = g + h, with g holomorphic and 
h antiholomorphic. Moreover, since / is a pluriharmonic morphism, then 
f2 = g2 + 2g • h + h2 is pluriharmonic, and then g • h is pluriharmonic. It 
follows, by Lemma 1.2 that g is constant or h is constant, and hence / is 
iholomorphic. 

If (f\...Jn+1) is a pluriharmonic morphism, then (Z1, •••,/") and 
/ n + 1 are ± holomorphic. Since f l -fn+1 is pluriharmonic and iholomorphic, 
it yields, by Lemma 1.2, that either both are holomorphic or both are anti-
holomorphic. It yields that Z1, / 2 , . . . , / n + 1 are all holomorphic or all anti-
holomorphic. • 
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REMARK 1 .2 . Any pluriharmonic morphism between Kahler manifolds is 
a pluriharmonic map. Indeed, we know [7] that any iholomorphic map 
between the Hermitian manifolds M and N is pluriharmonic if and only if 
the target N is a Kahler manifold. Then, using Theorem 1.1, the statement 
is proved. 

2. Similar results on Kahler or Sasaki manifolds 

DEFINITION 2.1. Let (M, ip, r), g) be an almost contact manifold and (N, h) 
a Riemannian manifold. A smooth map / : M —> N is said to be ip — (1,1)-
geodesic if its second fundamental form Vdf satisfies: 

for X, Y vector fields on M. 
If M is Sasaki, then we also call f satisfying (2.1) a (^-pluriharmonic 

map. This second terminology is used to emphasize the analogy with (1,1)-
geodesic maps / : M —> N (M almost Hermitian manifold), which are 
pluriharmonic when M is Kahler. 

DEFINITION 2.2. Let / : M —> N be a smooth map between the Sasaki 
manifold (M, 77, g) and the Kahler manifold (N, J,h). Then / is called 
(ip, J)-pluriharmonic morphism if it pulls back local pluriharmonic functions 
on N to local ^-pluriharmonic functions on M. It means that, if a is a 
pluriharmonic function defined on the open set V C N, with / - 1 ( F ) not 
empty, then a o f is a (^-pluriharmonic function on / - 1 ( F ) . 

DEFINITION 2.3. A smooth map / : M —» N between the almost contact 
metric manifold (M,ip,r),£,g) and the almost Hermitian manifold ( N , J , h ) 
is called (<p, J)-holomorphic (or +{<p, J)-holomorphic) iidfcxp = Jodf, and it 
is called (<p, J)-antiholomorphic (or —(</?, J)-holomorphic) if dfoip = —Jodf. 

REMARK 2 .1 . If / is a ±(</?, J)-holomorphic map as before, then 

We prove now: 

THEOREM 2.1. Let f : M —> N be a smooth map between the Sasaki man-
ifold (M,<p,r],£, g) and the Kahler manifold (N,J,h). Then f is a (tp,J)-
pluriharmonic morphism if and only if it is constant. 

P r o o f . Consider on the manifold M x R the almost complex structure J' 
given by: 

(2.4) (Vdf)(X, Y) + (Vdf)(<pX, (pY) = 0 

df(0 = 0. 

(2.5) 
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where X is a tangent vector field on M, t is the coordinate on R and a a 
C°° function on R. Moreover, this is integrable, since we have assumed M 
to be Sasaki. 

Let H e a Riemannian metric o n M x E given by: 

(2.6) * ( ( * , . ! ) . ( * / » ! ) ) 

for X, Y vector fields on M and a, ¡3 smooth functions on R. 
This way, we obtain on M x R a Hermitian structure. Moreover, since 

M is Sasaki, then (M x R, J',k) is Kàhler. Denote by 7Ti : M x R —> M the 
canonical projection, and / ' : M x R —> iV the composition / ' = / o 7ri. 

Now, if / : M —> N is a (<¿>, J)-pluriharmonic morphism, then for any lo-
cal pluriharmonic function a on N, the composition aof is (^-pluriharmonic. 
Let a' = o o / . 

We can see that since a' is (^-pluriharmonic, then a' 0 7Ti is pluriharmonic. 
Indeed, remind that [6] if a' is ^-pluriharmonic, then (X7da')(£, £) = 0 and 
(Vda')(X,£) = 0, for any X vector field on M. Hence, for X , Y vector 
fields on M and a , /3 smooth functions on R we have 

W o « » ( ( * a ! ) , ( y , 4 ) ) + 

+ i a ' ( V d n ) ( ( > f X - a l „ „ I X , ^ , ( ' f Y ¿ ¡ ( , r i ( Y , i j j + 

= (Vda')(X,Y) + (Vda')(fX - <:,(, VY - fit) = 
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= (Vda')(X, Y) + (Vda'){tpX,ipY) - a(Vda')(£,<pY) -
- (3(Vda')(ipX, Y) + a/3(Vda')(£, 0 = 0 

since a' is <p-pluriharmonic. Therefore </?-pluriharmonicity of a' implies pluri-
harmonicity of a! oni, for any local pluriharmonic function a on N. It means 
that / o 7ri = / ' is a pluriharmonic morphism on M x R, hence it is a 
±-holomorphic map (from Theorem 1.1). 

Since / ' is iholomorphic, we have df o J' = ±J o d f . Then, for any X 
vector field on M: 

(df o <p)(X) = {df O dTT! o J')(X, 0) = 
= (df'oj')(X, 0) = ±(Jodf')(X,0) = 
= ±(J odfo diri)(X, 0) = ± ( J o d f ) ( X ) 

and therefore / is J)-holomorphic. 
Since / is a pluriharmonic morphism, for any local pluriharmonic map 

a on N, a o / is (^-pluriharmonic, i.e. 

Vd(a o f ) ( X , Y) + Vd(a o f)(ipX, ipY) = 
= (Vda)(dfX, d f Y ) + (Vda){df<pX, <pY) + 

+ da((Vdf)(X,Y) + (Vdf)(ipX, <pY)) = 0, 

for any vector fields X and Y on M. But: 

(Vda) ( d f X , d f Y ) + (Vda)(df<pX, ipY) = 
= (Vda){dfX, d f Y ) + (Vda)(J o d f X , J o d f Y ) = 0 

since / is J)-holomorphic and a is a pluriharmonic map. 
Hence for any (local) pluriharmonic map a on N, we have: 

da((Vdf)(X,Y) + (Vdf)(<pX, <pY)) = 0, 

for any vector fields X and Y on M. It yields [7] that 

(Vdf)(X, Y) + (Vdf)(<pX, <pY) = 0, 

for any vector fields X and Y on M and therefore / is ^-pluriharmonic. 
But if a (ip, J)-holomorphic map is ^-pluriharmonic then it is constant. 

Indeed, since / is (^-pluriharmonic, we have 

(Vdf)(X,Y) + (ydf)(ipX, <pY)) = 0, 

for any X, Y vector fields on M. Let's take I g D , and Y = £ where D is the 
distribution orthogonal to Then (Vdf)(X,£) = 0, i.e. Vxdf£ - dfVxt = 
0. But / is (ip, J)-holomorphic, which means J o df = df o tp, and hence 
J o df{£) = 0 and finally df(£) = 0. Therefore we get df{Vx0 = 0. 

On the other hand, M being Sasaki, we have Vx£ = —fX, hence 
df(<pX) = 0. 
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But / is (ip, J)-holomorphic, so it means J o df(X) = 0 or df(X) = 0, 
for any X 6 D. 

Also df{£) — 0, so we find that / must be constant. • 

REMARK 2.2. Let / be a smooth map from the Hermitian manifold M to 
the Hermitian manifold N, and P a normal almost contact metric manifold. 
Then M x P has a canonical normal almost contact metric structure [2], 
Denote by 7r : M x P —> M the natural projection and let /' : M x P —> N 
be the composition /' = / o 7r. If / is iholomorphic, then /' is ±(y>, J)-
holomorphic. Suppose that M is Kahler and P is Sasaki. Hence M x P has a 
Sasaki structure in a natural way. We have [2] that / is a pluriharmonic map 
if and only if /' is a (^-pluriharmonic map. Suppose N is Kahler. Hence, if / 
is a pluriharmonic morphism, then /' is constant (see Theorem 1.1, Remark 
1 . 2 ) . 

R E M A R K 2 . 3 . A smooth map / between the Sasaki manifold (M,<p,r],£,g) 
and a Kahler manifold (N, J, h) pulls back local pluriharmonic maps on N 
to local (p-pluriharmonic maps on M if and only if it is constant. 

DEFINITION 2.4. Let / : M —> N be a smooth map between the Kahler 
manifold ( M , g , J ) and the Sasaki manifold (N,tp,r],£,h). We say that / 
is a (J , (p)-pluriharmonic morphism if it pulls back local </?-pluriharmonic 
functions on N to local pluriharmonic functions on M. It means that / is a 
( J , (yc)-pluriharmonic morphism if and only if for any a real (/^-pluriharmonic 
function defined on the open set V C N, with f~l{V) not empty, we have 
a o f pluriharmonic function. 

Consider on N xR the Kahler structure given by (2.2) and (2.3), induced 
in the natural way by the Sasaki structure of (N, ip, 77, h). Let a : N —> P 
be a smooth map, P any Riemannian manifold, and b : N x R —> P given 
by b(x, y) = a(x). Hence b = a o -K, where 7r : N x R —> N is the canonical 
projection. 

L E M M A 2 . 1 . b is a pluriharmonic map if and only if a is a ip-pluri-harmonic 
map. 

P r o o f . We have, for any X and Y vector fields on N and a, ¡3 smooth 
functions on R: 

=•vda {d* 4)'•(r-«!))-I)'• 4)-
= Vda(X, Y). 
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Hence: 

= Vda{X, Y) + Vda(<pX - a£, yY - P£) = 
= Vda{X, Y) + Vda(ipX, <pY) -

- a (Vda) (£ , <pY) - /3(yda)(<pX, 0 + a/3(Vda)(£, 0 -

If a is </?-pluriharmonic, then (Vda)(X, Y) + (Vda)(<pX, <pY) = 0, (Vda)(£, £) 
= 0 and (Vda)(X,£) = 0 for any X and Y vector fields on M. Therefore b 
is pluriharmonic. 

If b is pluriharmonic, takink a — (3 — 0 above, we obtain that a is a 
(^-pluriharmonic map. • 

DEFINITION 2.5. A smooth map / : M —> N between the almost Hermitian 
manifold (M, J, g) and the almost contact metric manifold (N, <p, r], h) is 
called (J, y)-holomorphic ( or +(J , </?)-holomorphic) if df o J = ip o d f , and it 
is called (J, y?)-antiholomorphic (or —(J, <p)~ holomorphic) if d f o j = —ipodf. 

THEOREM 2.2. Let f : (M,J,g) —> (N,(p,r),£,h) be a smooth map between 
the Kahler manifold M and the Sasaki manifold N. Then f is a {J,<p)-
pluriharmonic morphism if and only if it is ±( J, <p)-holomorphic and pluri-
harmonic map. 

P r o o f . Suppose / is a (J,<p)-pluriharmonic morphism. Consider on N x R 
the canonical Kahler structure given by the almost complex structure J' and 
the metric k, as above. It yields that for any local pluriharmonic function a 
on N, the composition ao f is pluriharmonic. For any 6: i V x R - + K smooth 
function, we can consider a : N —> R given by a(x) = b(x, 0). Moreover b is 
a pluriharmonic function if and only if a is a (^-pluriharmonic function (see 
Lemma 2.1). 

On the other hand, let / ' : M —> N x R be the smooth function defined by 
/'(X) = (f(x), 0). Hence / = IT o / ' . We get that for any local pluriharmonic 
function b on N x R, the composition a o / = a o 7 r o / ' i s pluriharmonic. 
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Hence /' is a pluriharmonic morphism. Since M and JVxR are both Kahler 
manifolds, it means that /' is iholomorphic map. We have then 

(df o J ) ( X ) = (dn o df o J ) ( X ) = ±dn(J' o df'(X)) 

= ±dn o j ' { d f X , 0 ) = ±dTr{lpdf{X),r1{df{X))^:) = ±<pdf{X) 
dt 

hence / is (J, </?)-holomorphic. 
Now, since for any local (¿»-pluriharmonic function a on N, the composi-

tion a o / is pluriharmonic, we have 

0 = V d ( a o f ) ( X , Y) + V d ( a o f ) { J X , JY) = 

= (Vda)(dfX,dfY) + [V da){df J X, df JY) + 

+ da((Vdf)(X,Y) + ( V d f ) ( J X , JY)) = 

= (Vda)(dfX,dfY) + (S7da)(ipdfX, ipdfY) + 

+ da{(Vdf){X,Y) + ( V d f ) ( J X , JY)) = 

= da{{Vdf)(X,Y) + (Vdf){JX,JY)). 

It yields that / is pluriharmonic. 
The converse comes easily from: 

Vd(a o f ) ( X , Y) + V d ( a o f ) ( J X , JY) = 

= (Vda)(dfX,dfY) + (Vda){dfJX,dfJY) + 

+ d a ( ( V d / ) ( X , Y) + (Vdf){JX, JY)) 

which vanishes when / is pluriharmonic and ± ( J, </?)-holomorphic. • 

PROPOSITION 2.1. Let f : (M,J,g) —> (N,tp,ri,£,h) be a smooth map be-

tween the Kahler manifold M and the Sasaki manifold N. Then f is (J, ip)-

pluriharminic morphism if and only if it pulls back local tp-pluriharmonic 

maps on N to local pluriharmonic maps on M. 

Proo f . Suppose / : ( M , J , g ) —> (N,tp,r],£,h) is a (J,y)-pluriharmonic 
morphism. Then / is ± (J, (^)-holomorphic and pluriharmonic. Let a be a 
local (^-pluriharmonic map from N to a Riemannian manifold (P, k). We 
have, for any X and Y vector fields on M: 

Vd(a o f ) ( X , Y) + Vd(a o f ) ( J X , JY) = 

= (Vda) (dfX, dfY) + (V da)(df J X, df JY) + 

+da({Vdf)(X,Y) + (Vdf){JX,JY)) = 

= (Vda)(dfX,dfY) + (Vda)(<pdfX,tpdfY) = 0 

since / is pluriharmonic and ± ( J, <£>)-holomorphic and a is (^-pluriharmonic. 
Therefore we get that a o / is pluriharmonic. 
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The converse comes directly by the definition of the (J, (^)-pluriharmonic 
morphism. • 

DEFINITION 2.6 . Let / : (M,<p,r],£,g) —> (N,<p',T)',£',h) be a smooth map 
between the Sasaki manifolds M and N. Then / is called <p-pluriharmonic 
morphism if it pulls back local ^/-pluriharmonic functions on N to local 
(/5-pluriharmonic functions on M. 

DEFINITION 2 .7 . Let / : (M,<p,rj ,£ ,g) (N,<p',r]',£',h) be a smooth map 
between almost contact metric manifolds M and N. Then / is called ip-
holomorphic (or +</?-holomorphic) if df o tp = ip' o df and it is called (p-
antiholomorphic (or — yj-holomorphic) if df o ip = — cp' o d f . 

THEOREM 2.3 . Let f : (M,<p,r),£,g) (N,ip',r)',£',h) be a smooth map 
between Sasaki manifolds M and N. Then f is a tp-pluriharmonic morphism 
if and only if it is ±(p-holomorphic and ip-pluriharmonic. 

P r o o f . Consider on M x R the Kahler structure given in a canonical way by 
the Sasaki structure of M, as above. Let / ' = / o 7r, where IT : M x R —> M 
is the canonical projection. 

Suppose / is a (^-pluriharmonic morphism. It means for any local <p'-
pluriharmonic function a on N, the composition a o / is ^-pluriharmonic. 
Then a o f o n = a o / ' i s a pluriharmonic map (see Lemma 2.1) , for 
any local (^'-pluriharmonic function a on N. It follows that / ' is a ( J ' , </?')-
pluriharmonic morphism. Using Theorem 2.2, it yields that / ' is a ± ( J ' , (p')-
pluriharmonic map which is pluriharmonic. Then [2] / is (^-pluriharmonic 
and it is easy to see that it is also </?-holomorphic. 

The converse comes easy from 

Vd{a o f ) { X , Y) + Vd(a o f){<pX, <pY) = {Vda){dfX, dfY)+ 

+{Vda){dftpX> dfipY) + da((Vdf)(X, Y) + (Vdf)(<pX, <pY)) 

which is zero since / is (/^-pluriharmonic and y-holomorphic map. 

It is easy to check the following: 
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PROPOSITION 2.2. A smooth map f : M —> N between the Sasaki manifolds 
(M, tp, rj, g) and (N, iprj', h) is a (p-pluriharmonic morphism if and only 
if it pulls back local tp' -pluriharmonic maps on N to local tp-pluriharmonic 
maps on M. 
REMARK 2.4. Let / be a zt^-holomorphic map between the almost contact 
metric manifolds M and N. Then / is a (¿»-pluriharmonic map [6] if and only 
if / is an isometric immersion. 

Acknowledgement. I would like to thank Prof. J. C. Wood for several 
stimulating discussions on the subject we had in February 1998. 
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