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Fields Medaillen und N evanlinna Preis
Jean Bourgain wurde für seine außerordentlichen Beiträge zu mehreren zentralen Gebieten der Analysis
geehrt. Dazu gehören die Geometrie der Banachräume, Konvexität in hochdimensionalen Räumen, harmonische
Analysis, Ergodentheorie und die Theorie der nichtlinearen Evolutionsgleichungen. Er hat diese Gebiete nicht
nur stimuliert, indem er eine Reihe von Problemen löste, die für lange Zeit offen standen, sondern auch, indem
er neue Wege zu Fragen aufzeigte, bei denen Fortschritte seit vielen Jahren blockiert schienen. Er gelangte zu
seinen Ergebnissen durch die Entwicklung neuartiger Techniken und indem er auf bislang unbekannte Weise
verschiedene andere Bereiche der Mathematik, wie Zahlentheorie, Kombinatorik und Stochastik, ins Spiel
brachte. Er entdeckte delikate Beziehungen zwischen Geometrie und Fourier-Analysis und hat so fundam entale
Entwicklungen in der reellen Analysis und der Theorie partieller Differentialgleichungen eingeleitet. Seine
Beiträge werden die Analysis der Zukunft für lange Zeit prägen.
Auszug aus der Laudation von Luis A. Caffarelli.
1. The boundedness of the spherical maximal func-

tion

Mf(x)

J

=s~p A(~r)

f(y-x)dA(y)

(A(Sr) the area of the sphere of radius r) in
LP(R2 ) , p > 2 closing the gap of Stein's theory.
2. The boundedness of the "solid" maximal function
-M f(x) = s~p vol(tK)
1

J

f(y- x) dy

in LP(lin) with bounds independent of dimension n. (Generalizing Stein's theorem for balls.)
3. The fact that, for any domain n, harmonic measure in lin is supported on a set of Hausdorff
measure n- c:(n).
4. His results on the restrietion of Fourier transform to ]in .

Let me try to give a flavour of his work through a few
remarks on selected aspects of his work. This seletion
is of course very limited and strongly influenced by
my taste and knowledge. I thus apologize, both to
him and his coolaborators for this choice being poor
and incomplete.
From his contributions to functional analysis ,
let me just mention his solution, in collaboration with
Milman of Santalo's conjecture: Let K and K* be dual unit balls for some norm , then
Vol(K) Vol(K*) ~ cn vol(Bn) 2
This result depends in a delicate, sharp refinement,
by Bourgain, of Dvoretzky's Theorem.
Let me jump now to harmonie analysis. Here
Bourgain contributions include:
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Ergodie theory. The work of Bourgain in ergodie
theory deals with rather subtle problems associated
with pointwise convergence. One may wonder whether the questions asked are too specialized, since the
companion information about convergenee in mean is
much easier to prove and quite often sufficient for applications. On the other hand, pointwise convergence
is not an artificial notion, and maximal inequalities,
the tool used to prove pointwise convergence, appear
so often in harmonic analysis that there is no question that they are of fundamental importance.
Let (X, J..L, T) be a dynamical system where T is
a measure preserving transformation of X. The celebration ergodie theorem of Birkhoff asserts that if
f E Ll(X) then
1

N

N

{

L

f(Tnx)-+ }J f(x) dJ..L(X)

n= l

X
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almost surely for x E X. Some generalisations were
known, but none replaeing n by a "thin" sequenee kn.
Convergenee in mean, in the ease f E L 2 , for a thin
sequenee like n 2 was known from the work of Bellow
and Fürstenberg, but the question remained about
the generalisation of Birkhoff's theorem to thin sequenees. In 1987, Bourgain answered in the affirmative the question, showing that if f E L 2 ('ll') is periodie
with period 1 and p(n) is a polynomial with integer
eoeffieients then
1

N

LN

f(Tp(n)x)-+

11
°

n=1

f(x) dx

almost surely for x E 'll'. The method of proof is eompletely new, and is a real tour de force . Bourgain
quiekly reduees the problern to proving a maximal
inequality for funetions in L 2 (Z): If M f is the maximal operator

M f(k) =

s~p I~

t.

f(k

+

p(n))l,

then IIM fll2 ::; Cllfll2· Bourgain's entirely new idea
in this eontext is to pass to the Fourier transform on
the shift by p( n), and then use a teehnique inspired by
the Hardy and Littlewood eircle method to bring home the result. This is very hard to do and, besides the
Hardy and Littlewood division into major and minor
ares, requires the theory of martingales in probability
theory, the Poisson semigroup, several hard maximal
inequalities and estimates of exponential sums.
More reeently, Bourgain was able to establish,
with f E L 2 ('ll') periodie with period 1, the almost
sure eonvergenee of
1

N

L
N

j(>.nx)-+

n=1
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f(x) dx

0

where ).. > 1 is algebraic. Again, he reduees the problern to a maximal inequality, but the proof is far
from being routine. Even if ).. = 3/2, the result is
new. In this ease, nothing is known ab out the assoeiated exponential sum, so that he has to introduee
new number theoretie teehniques to get around this
diffieulty.
Non-linear partial differential equations. Bourgain's work in this field deals with dispersive equations in the periodie setting. Here he has obtained
non-trivial well-posedness results for singular initial
data, eombining ideas from harmonie analysis, number theory together with the introduetion of some

new non-linear funtion spaees in whieh the non-linear
iteration is earried out. The program is remarkable
an dvery general, and these ideas are bound to have
many more applieations.
The first result, dating to 1992, deals with a nonlinear Sehrödinger equation

iut

+ 6.u + ulul"' =

0

with Cauehy data at time t = 0. In Iltn this problern
is well-posed loeally in time in the Sobolev spaee
of initial data H •(JLtn), provided s > n/2. Similar
results were known in the periodie ease 'll'n. However, in many problems in statistieal meehanies one
needs to start with mueh less regular data, for instanee Brownian paths, and the standard method
using the so-ealled Strichartz norm estimates fails
eompletely. Bourgain showed that, in the periodie
setting, the missing Striehartz norm estimates ean
be replaeed by a weaker version, whieh ean be established by means of analytic number theory teehniques, provided one performs the erucial iteration not
in mixed norm spaees, but in new funetion spaees
defined through eonditions on the Fourier transform.
As an example, if n = 1 this yields well-posedness in
L 2 ('ll') for 0 < a::; 2.
Even more striking are his results on the wellposedness of the initial value problern for the
Korteweg-De Vries equation
Ut

+ Uxxx + UUx

= 0

associated to solitary waves in a ehannel. In 1983,
Kato showed that there are weak solutions in L 2 (1Lt)
or in H 1 (Ilt), but the uniqueness of these solutions
remained an outstanding problem. In 1991, KenigPonee-Vega showed well-posedness in H•(Jlt), s >
3/4, settling the uniqueness question in H 1 (Ilt). however in the periodie ease 'll', nothing better than
well-posedness in H 5 ('ll'), s > 3/2 was known and
the uniqueness problern was still open. Using his new
method, Bourgain showed well-posedness in L 2 ('ll'),
thus solving the uniqueness problem. Moreover, by
eombining ideas of McKean und Trubowitz with his
new method, he went on to show that L 2 solutions
are quasi-periodie in time, solving a conjeeture of
Lax, and extended his method to the non-periodie
case, showing well-posedness in L 2 (Ilt) and establishing the uniqueness of Kato's solutions. All this is a
major step forward in the problem.

Pierre-Louis Lions wurde für seine glänzenden Beiträge zur Theorie der nichtlinearen partiellen Differentialgleichungen mit der Fields-Medaille ausgezeichnet. Eines der Hauptziele in diesem Gebiet ist Entwicklung von
Theorien, welche Existenz, Eindeutigkeit und Stabilität von Lösungen für möglichst umfassende Klassen von
Gleichungen sicherstellen. Pierre-Louis Lioll$ spielte die führende Rolle bei der Entstehung einer solchen Theo-
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rie, die heute als "Viskositätsmethode" bekannt ist. Sie zeichnet sich durch besondere Eleganz und umfassende
Einsetzbarkeit aus und erlaubt darüberhinaus die Behandlung zahlreicher Beispiele, die in den Anwendungen
von großer Bedeutung sind. Zusätzlich ist ihm in den letzten Jahren ein wichtiger Durchbruch in der Theorie
der Boltzmann-Gleichung und ähnlicher Transportgleichungen gelungen. Ohne Zweifel hat Lions die führende
Rolle bei der Entwicklung des Gebiets in den letzten fünfzehn Jahren eingenommen.
Auszug aus der Laudatio von Srinivasa S.R. Varadhan.
to define the notion of a weak solution. One has to
invent the appropriate notion of a generalized solution and hopefully this would cover a wide dass and
be sufficient to yield a complete theory of existence,
uniqueness and stability for the dass.
Due to the very limited time that is available, I
shall focus on three areas within nonlinear PDE where Lions has made major constributions. The first is
the so called viscosity method. This is a long story where, over many years, in partial collaboration
with others (mainly Evans, Crandall and Ishii) Lions
has developed the method which is applicable to the
!arge dass of nonlinear PD Es known as fully nonlinear second order degenerate elliptic PDEs. The dass
contains very many important subdasses that arise
in different contexts.
By a nonlinear PDE one is trying to solve an
equation involving an unknown function and its derivatives. Let u be a function in a region G and Iet
Du, D 2 u , ... , Dku be its derivatives of order up to k.
A non linear PDE is an equation of the form

F[x , u(x), (Du)(x), (D 2 u)(x), ... , (Dk(u))(x)] = 0

Pierre Louis Lions has made unique constributions
over the last fifteen years to mathematics. His contributions cover a variety of areas, from probability theorey to partial different ial equations (PDEs).
With in PDE he has done several beautiful things
in nonlinear equations. The choice of his problems
has always been motivated by applications. Many of
the problems in Physics, Engineering and Economics
when formulated in mathematical terms Iead to nonlinear PDEs. They are often very hard problems. The
nonlinearity makes each equation different. The work
of Lions is important because he has developed techniques that, with variations, can be applied to dasses
of such problems. Saying something is nonlinear is
not saying much. In fact it could even be linear. The
entire dass of nonlinear PD Es is t herefore very extensive and one does not expect an all indusive theorey.
On the other hand one does not want to treat each
example differently and have a collection of unrelated
techniques. lt is thus extremely important to identify
!arge dasses that admit a unified treatment.
In dealing with nonlinear PDEs one has to allow
for nondassical or nonsmooth solutions. Unlike the
linear case one cannot use the theory of distributions
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in G with some boundary conditions on oG. Such
a PDE is said to be nonlinear and of order k . The
viscosity method applies in cases where k = 2 and
F(x, u, p, H) has certain monotonicity properties in
the arguments u and H .
More precisely it is nondecreasing in u and nonincreasing in H . Here u is a. scalar and H is a symmetric
matrix of size n x n with the natural partial ordering
for symmetric matrices.
There are many examples of such functions:
Linear elliptic equations:
"""

..

()2u

- L..,.at1 (x)~(x)
. .
t,J

+ f( x) =

0

UXtUXJ

where the matrix aij(x) is uniformly positive definite. In this case the function F is given by

F(x, u,p, H) = -trace(a(x)H)

+ f(x)

- First order equations:

f( x, u(x), (Du)(x)) = 0
These indude Hamilton-Jacobi equations where
it all started. One added a term of the form €Ä
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to the equation and constructed the solution in
the limit as t: went to zero. The theory owes its
name to its early origins.
If one has a family Fex of such functions one can
generate a new one by defining

F = supFcx
cx
If one has a two parameter family Fcxß of such functions one can generate a new one by defining

F = sup inf Fcxß
cx ß

Such examples arise naturally in control theory and
game theory and are referred to as Hamilton-JacobiBellman and Isaacs equations.
In order to understand the notion of a generalized
solution it is convenient to talk about supersolutions
and subsolutions. Suppose u is a subsolution i.e.
F(x, u(x), (Du)(x), (D 2 u)(x)):::; 0

and we have another function </J, which is smooth,
such that u - <P has a maximum at some point i
then by calculus Du(i) = D<P(i) and D 2 (u)(i) :::;
D 2 (<P)(i). From the monotonicity properties of F it
follows that
F(i , u(i), (Du)(i), (D 2 u)(i)) 2:
F(i, u(i), (D<P)(i), (D 2 </J)(i)) .

Therefore
F(i, u(i), (D</J)(i), (D 2 <jJ)(i)):::; 0.

The last inequality makes sense without smoothness
assumption on u. We can try to define a nonsmooth
subsolution as a u that satisfies the above for arbitrary smooth <P and i provided u - <P has a maximum
at i. The definition of a super solution is similar and
a solution is one that is simultaneously a super and
sub solution. Let us consider [first] a Dirichlet boundary value problern where we want to find a u that
solves our equation and has boundary value zero. A
key step is to establish the comparison theorem that
if u is a subsolution and if v is a Supersolution in a
bounded domain G and if u :::; V on the boundary ac
then u :::; V in G u ac. From this point on, the theory proceeds in way similar to the classical Perron's
method for solving the Dirichlet Problem.
The second body of work that I want to discuss
has to do with the Boltzmann equation and similar
equations. During the last six or seven years PierreLouis Lions has played the central role in new developments in the theory of the Boltzmann Equation
and similar transport equations. These are 'important
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in kinetic theory and arise in a wide variety of physical applications. We will for simplicity stay within the
context of the Boltzmann equation. In R 3 we have a
collection of particles moving along and interacting
through "collisions" among themselves. Since we do
not want to keep track of the position and velocities
of the particles individually we abstract the situation
by the density f(x, v) of particles that are at x with
velocity v. Even if there is no interaction, the density
f(x, v) will changeintime due to uniform motion of
the particles. The time dependent density f(t,x,v)
will satisfy the equation

The collisions will change this equation to

of +v.\lxf = Q(f,f) .
at
Here Q is a quadratic quantity that represents binary
collisions and its precise form depends on the nature
of the interaction. Generally it looks like

Q(f, f) =

j j{

R3 xS2

dv.cUJ.J B(v - v., w){f' J;

-

f /.}

The notation here is standard: v and v. are the incoming velocities and v' and v~ are the outgoing velocities. B is the collision kernel. For given incoming
velocities v and v., w on the sphere S 2 parametrizes
all the outgoing velocities compatible with the conservation of energy and momenta.
v' = v- (v- v.,w)w,

v: = v + (v- v.,w)w

and !', /., J; are f (t, x, v) with v replaced by the correspondingly changed v', v. and v~.
This problern of course has a long history. Smooth
and unique solutions had been obtained for small
time or globally for initial data close to equilibrium.
Carleman had studied spatially homogeneaus solutions. But a general global existence theorem had never
been proved. The work of Lions (in collaboration with
DiPerna) is a breakthrough for this and many other
related transport problems of great physical interest.
The third and final topic that I would like to
touch on is the contribution Lions has made to a
dass of variational problems. There are many nonlinear PDEs that are Euler equations for variational
problems. The first step in solving such equations by
the variational method it to show that the extremum
is attained. This requires some coercivity or compactness. If the quantity to be minimized has an "energy"
like term involving derivatives, then one has control
on local regularity along a minimizing sequence. This
usually works if the domain is compact. If the domain
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is noncompact the situation is far from clear. Take for
instance the problern of minimizing

lN l('v

f)(xWdx-

j j V(x- y)f (x)f (y) dxdy
2

2

over functions f with L 2 norm ,\ (fixed positive number). Here Visa reasonable function decaying at oo.
Because of translation invariance, the minimizing sequence must be centered properly in order to have
a chance of converging. The key idea is that, in some complicated but precise sense, if the minimizing

sequence cannot be centered, then any member of
the sequence can be thought of as two functions with
supports very far away from each other. If we denote the infimum by a(.X) then along such sequences
the infimum will be a(.Xl) + a(.-\ 2 ) with .-\1 + .-\2 = .X,
0 < .-\ 1 ,.-\ 2 < >. rather than a(.X). If independently
one can show that a(>.) is strictly subadditive then
one can prove the existence of a minimizer. This idea
has been developed fully and applied successfully by
Lions to many important and interesting problems.

Jean-Christophe Yoccoz gilt als der hervorragendste Vertreter der Theorie der dynamischen Systeme und
erhielt die Fields-Medaille für seine großartigen Leistungen auf diesem Gebiet. Die Theorie hat eine lange
Vorgeschichte, welche zurückreicht zu den Arbeiten von H. Poincare über Himmelsmechanik von vor über 100
Jahren. Die Frage nach der Stabilität des Planetensystems führte hier zum (immer noch offenen) sog. Problem
der ,,kleinen Nenner". Vor etwa fünfzig Jahren wurden die zugehörigen mathematischen Schwierigkeiten von
C.L. Siegel isoliert; dies führte zu einem bestimmten Stabilitätsproblem. Siegel selbst hatte bereits ein überraschendes Stabilitätskriterium angegeben. Eine der hervorragenden Leistungen von Yoccoz ist es, durch Angabe
optimaler Bedingungen für diese Theorie das Stabilitätsproblem abschließend beantwortet zu haben. Besonders bemerkenswert sind dabei seine Beweismethoden, die auf höchst originelle Weise Ideen und Konzepte
aus Analysis und Geometrie mit Techniken kombinieren , welche an Renormalisierung in der mathematischen
Physik erinnern.
Auszug aus der Laudatio von Adrien Douady.

Jean-Christophe Yoccoz, ancien eleve de l'Ecole Normale Superieure ou il a ete rec;u premier en 1975,
(egalement rec;u premier a l'Ecole Polytechnique Ia
meme annee), premier ex-aequo a l'agregation de
Mathematiques en 1977, est aujourd'hui a 38 ans Professeur a l'Universite de Paris-Sud (Orsay), 'Membre
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de !'Institut Universitaire de France, membre de l'URA "Topologie et Dynamique" du CNRS a Orsay.
On peut Je considerer comme Je plus brillant
specialiste de Ia theorie des Systemes Dynamiques.
Cette theorie consiste a etudier l'evolution a long terme d'un systeme dont on connait Ia loi d'evolution
elementaire: celle qui decrit comment se modifie l'etat
du systeme d'un instant donne a l'instant suivant.
I! s'agit donc de reiterer un grand nombre de fois
l'operation qui decrit l'evolution elementaire.
C'est pour etudier Ia stabilite du Systeme SoJaire
pour Henri Poincare a fonde cette theorie au tournant
du siede. Les lois de Kepler, qui prevoient que !es
planetes decrivent des orbites elliptiques autour du
Solei!, negligent !es perturbation dues a l'attraction
des planetes !es unes sur !es autres. Ces perturbations font deriver lentement des parametres des orbites,
et Ia question etait-est toujours- de savoir si cette
derive a un effet Iimite, ou si elle pourrait amener en
queJques milliards d'annees Je Systeme a ejecter une
planete ou a Ia faire tomher dans Je Solei!.
Poincare a decouvert des phenomenes fort compliques qui interviennent meme pour des lois
elementaires tres simples. Ceci a une portee tr'es
generale, et Ia theorie peut s'appliquer aux domaines
!es plus varies: Mecanique, Chimie, Biologie, Ecologie
. . . tous !es domaines ou il y a un systeme qui evolue.
Depuis Poincare, de nombreux Mathematiciens
ont developpe Ia theorie, degageant des proprietes
permanentes dans des situations tres generales. Ils
ont aussi fait des etudes tres fines sur des exemp-
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Yoccoz, un eleve de Herman, s'est vite impose
comme un Ieader dans ce domaine, dernontraut entre
autres des criteres qui donnent !es limites precises de
validite des certains theoremes de stabilite. Il allie
une vision geometrique extremenent fine, une puissance de calcul impressionnante en Analyse et un sens
penetrant de Ia combinatoire qui lui vient peut-etre
du jeu d'echecs ou il excelle. Il passe parfois des demijournees a faire des "experiences" mathematiques-a
Ia main plutöt que sur ordinateur: Quand je fais une
experience, dit-il, ce n'est pas tellement Je resultat qui
m'interesse, c'est plutöt la fa~on clontellese deroule,
qui jette souvent un eclairage sur ce qui se passe
vraiment. I! a mis au point une methode d'etude
combinatoire des ensembles de Julia et de l'ensemble de Mandelbrot-ce qu'on appelle !es "puzzles de
Yoccoz"- qui en permet une etude approfondie.

les a la fois simples et typiques, ou les phenomenes
generaux se produisent mais ou les descriptions explicites peuvent etre poussees tres loin. C'est Je cas
de l'iteration des Polynomes Complexes, qui donne des objects fractals-Ensembles de Julia et de
Mandelbrot-dont on peut voir les tres helles images
un peu partout.
Fatou, Julia, Kolmogoroff, Siegel, Arnold, Smale, Herman, Palis, Yoccoz et bien d'autres ont participe a ce gigantesque effort, passant comme toujours
dans la recherche beaucoup de temps a explorer des
impasses avant d'obtenir des resultats remarquables.
Ils ont par exemple etabli des proprietes de stabilite-Stabilite Dynamique comme celle qu'on essaye
d'etablir pour le Systeme Solaire, ou Stabilite Structurelle, c'est-a-dire permanence des proprietes globales de l'ensemble des mouvements du systeme quand
on fait varier !es conditions.
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Efim Zelmanov erhielt die Fields-Medaille für seine brilliante Lösung des lange Zeit offenen BurnsideProblems. Dabei handelt es sich um ein tiefliegendes Problem der Gruppentheorie, der Basis für das mathematische Studium von Symmetrien. Gefragt ist nach einer Schranke für die Anzahl der Symmetrien eines
Objektes, wenn jede einzelne Symmetrie beschränkte Ordnung hat. Wie alle bedeutenden mathematischen
Resultate haben auch jene von Zelmanov zahlreiche Konsequenzen. Darunter sind Antworten auf Fragen, bei
denen ein Zusammenhang mit dem Burnside-Problem bis dahin nicht einmal vermutet worden war. Vor der
Lösung des Burnside-Problems hatte Zelmanov bereits wichtige B eiträge zur Theorie der Lie-Algebren und zu
jener der Jordan-Algebren geliefert; diese Theorien haben ihre Ursprünge in Geometrie bzw. in Quantenmechanik. Einige seiner dort erzielten Ergebnisse waren für seine gruppentheoritischen Arbeiten von ausschlaggebender Bedeutung. Auf diese Weise wird einmal mehr die Einheit der Mathematik dokumentiert, und es

zeigt sich, wie sehr scheinbar weit auseinanderliegende Teilgebiete miteinander verbunden sind und einander
beeinflussen.
Auszug aus der Laudatio von Walter Feit.
butions to Jordanalgebrasand was an expert in this
area, thus he was uniquely qualified to attack the restricted Burnside problem.
In the sequel, the background from the theory of
Jordan algebras and some of Zelmanov's contributions to this theory are first discussed. Then the Burnside problems are described and some of the things
that were earlier known about t hem are listed. Section 4 contains some consequences of the restricted
Burnside problem. Finally, some relevant results from
Lie and Jordan algebras are mentioned.
1. JORDAN ALGEBRAS

Jordan algebras were introduced in the 1930's by the
physicist P . Jordan in an attempt to find an algebraic
setting for quantum mechanics. Hermitian matrices
or operators are not closed under the associative product xy, but are closed under the symmetric products
xy + yx, xyx, xn. An empirical investigation indicated that the basic Operation was the Jordan product
x·y =

Efim Zelmanov has received a Fields Medal for the
solution of the restricted Burnside problem. This problern in group theory is to a large extent a problern
in Lie algebras.
In proving the necessary properties of Lie algebras, Zelmanov built on the work of many others,
though he went far beyond what had previously been
done. For instance, he greatly simplified Kostrikin's
results which settled the case of prime exponent and
then extended these methods to handle the prime
power case.
The results from Lie algebras which work for exponent pk with p an odd prime are not adequate for
the case of the exponent 2k . Zelmanov was the first to
realize that in this case the theory of Jordan algebras
is of great significance.
Zelmanov had earlier made fundamental contri-
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1

2(xy +

yx),

and that all other properties flowed from the commutative law x · y = y · x and the Jordan identity
(x 2 · y) · x = x 2 · (y · x). Jordan took these as axioms
for the variety of Jordan algebras. Algebras resulting from the Jordan product in an associative algebra were called special. In a fundamental paper Jordan, von Neumann, and Wigner classified all finitedimensional formally-real Jordan algebras. Theseare
direct sums of 5 types of simple algebras: algebras determined by a quadratic form on a vector space and
algebras of hermitian n x n matrices over the reals
complexes, quaternions, and octonions. The algebr~
of hermitian matrices over the octonions is Jordan
only for n :::; 3, and is exceptional (= non-special) if
n = 3, so there was only one exceptional simple algebra in their list (now known as the Albert algebra
of dimension 27).
Algebraists developed a rich structure theory of
Jordan algebras over fields of characteristic ::p 2.
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First, the analogue of Wedderburn's theory of finite
dimensional associative algebras was obtained by Albert. Next this was extended by Jacobson to an analogue of the Wedderburn-Artin theory of semisimple
rings with minimum condition. The role of the onesided ideals was played by inner ideals, defined as
subspaces B of the algebra A such that U8 A c B
where Uxy = 2x · (x · y) - (x · x) · y . If Ais sp;cial:
then Ubx = bxb in the associative product. Jacobson showed that every non-degenerate Jordan algebra (Uz = 0 implies z = 0) with d.c.c. on inner
ideals is the direct sum of simple algebras which are
of classical type.
Up to this point, the structure theory treated only
algebras with finiteness conditions because the primary tool was the use of primitive idempotents to
introduce coordinates. In 1975 Alfsen, Schultz, and
Strömer obtained a Gelfand-Neumark Theorem for
Jordan
-algebras, and once again the basic structure theorem, but here again it was crucial that the
hypoteses guaranteed a rich supply of idempotents.
In three papers (1979- 1983), Zelmanov revolutionized the structure theory of Jordan algebras. These
deal with prime Jordan algebras, where A is called
prime if U sC = 0 for ideals B and C in A, implies
that either B or C = 0. He proved the remarkable
result that a prime non-degenerate Jordanalgebra is
either special of hermitian type or of clifford type or
is a form of the 27-dimensional exceptional algebra.
The proofs required the introduction of a host of novel concepts and techniques as well as sharpening of
earlier methods e.g. the coordinatization theorem of
Jacobson and analogues of the results on radicals due
to Amitsur.
One of the consequences of Zelmanov's theory
is that the only exceptional simple Jordan algebras, even including infinite dimensional ones, are the
forms of the 27-dimensional Albert algebras. Another
consequence is that the free Jordan algebra in three
or more generators has zero divisors (elements a so
that Ua is not injective) . This is in sharp cantrast to
the theorem of Malcev and Neumann that any free
associative algebra can be imbedded in a division algebra.
Motivated by applications to analysis and differential geometry, Koecher, Loos, and Meyberg extended the structure theory of Jordan algebras to triple
systems and Jordan pairs. Zelmanov applied his methods to obtain new results on these.
To encompass characteristic 2 (which is essential
for applications to the restricted burnside problem)
it is necessary to deal with quadratic Jordan algebras. These were introduced by McCrimmon and based on the axiomatized properties of the quadraticlinear product Uab.
In a joint paper with McCrimmon, the results on

c·
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prime algebras were extended to quadratic Jordan
algebras.
2 . BURNSIDE PROBLEMS

A group is locally finite if every finite subset generates
a finite group. In 1902 W. Burnside studied torsion
groups and asked when such groups are locally finite.
The most general form is the Generalized Burnside
Problem.
(GPB) Is a torsion group necessarily locally finite?
A group G has a finite exponent e if xe = 1 for all x
in G and e is the smallest natural number with this
property. A more restricted version of GPB is the ordinary Burnside Problem.
(BP) Is every group which has a finite exponent locally finite?
There is a universal object B(r, e), (the Burnside
group of exponent e on r generators) which is the
quotient of the free group on r generators by the subgroup generated by all eth powers. BP is equivalent
to
(BP)' Is B (r,e ) finite for allnatural numbers e and
r?
Burnside proved that groups of exponent 2 (trivial)
and exponent 3 are locally finite. In 1905 Burnside
showed that a subgroup of GL(n, C) of finite exponent is finite . I. Schur in 1911 proved that a torsion
subgroup of GL(n, C) is locally finite. This showed
that the answers to BP or GBP would necessarily involve groups not discribable in terms of linear transformations over C. Other methods were required.
During the 30's people began to study finite quotients of B(r, e) and considered the following statement.
(RBP) B(r, e) has a unique maximal finite quotient
RB(r,e) .
W. Magnus called the question of the truth or the falsity of RBP the restricted Burnside problem. If sUch
a unique maximal finite quotient RB(r, e) exists for
some r and e, then necessarily every finite group on
r generators and exponent e is a homomorphic image
of RB(r, e). If RB(r, e) exists for some e and all r we
say that RBP is true for e.
3 . R ESULTS

In 1964 E. Golod constructed infinite groups for every prime p, which are generated by 2 elements and
in which every element has order a power of p, thus
giving a negative answer to GBP. In 1968 S.l. Adian
and P.S. Novikov showed that B (2, e) is infinite for e
odd and e > 4380, thus giving a negative answer to
BP.

In a seminal paper P. Hall and G . Higman in
1956 proved a series of results on finite simple groups
which , tagether with the classification of such groups,
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showed that the truth of RBP will follow once it is
proved that RB(r,pm) exists for all primes p and all
natural numbers m and r.
In 1959 I. Kostrikin announced that RB (r, p)
exists for a prime p and any natural number r. Kostrikin's argument had some difficulties. He published a corrected and updated version of his proof in
his book Araund Burnside (Russian, MR89d, 20032)
which contains numerous references to Zelmanov.
In 1989 Zelmanov announced that RBP is true for
all exponents pm with p any prime, and hence for all
exponents by the remarks above. The proof appeared
in 1990-91 in Russian. English translations appeared
in Math USSR, Izvestia 36(1991) 41-60, and Math
USSR Sbornik 72(1992) 543-564.
4 . SOME CONSEQUENCES

This section contains some consequences of RBP. The
ideas used in the proof, in addition to the actual result, have also been applied widely.
The next 3 results were proved by Zelmanov as
direct consequences of RBP.
Theorem 1. Every periodic pro-p-group is locally finite.
Corollary 2. Every infinite compact {Hausdorff)
group contains an infinite abelian subgroup.
Theorem 3. Every periodic compact {Hausdorff)
group is locally finite.
Since then, Zelmanov and others, have made several further contributions to the study of pro-pgroups.

5.

LIE ALGEBRAS

Let G be a finite group of exponent pk, p a prime.
Let G = G 0 and Gi+l = [G, Gi] for all i. Choose s
with G s -:/= < 1 >, Gs+l = < 1 >. Define

A Lie algebra L satisfies the Engel identity (En)
if ad(x)n = 0 for all x in L. An element x in L is
nilpotent if ad(x)n = 0 for some n. If G has exponent
p then L(G) is a Lie algebra over Z p which satisfies
(Ep_l). Kostrikin proved
Theorem 1. If L is a Lie algebra over Z p which satisfies (Ep-d then L is locally nilpotent.
Theorem 1 implies the Existence of RB(r,p), and

so yields RBP for prime exponent. Observe that for
prime exponent e = p , the case p = 2 is trivial, so
that it may be assumed p > 2. This is in sharp cantrast to prime power exponents e = pk, where p = 2
is the most complicated case.
Kostrikin called an element a of L a sandwich if
[[L, a], a] = 0 and [[[L, a], L], a] = 0. L is a sandwich
algebra if it is generated by finitely many Sandwiches.
A first critical result by Kostrikin and Zelmanov is
Theorem 2. Every sandwich Lie algebra is locally
nilpotent.

Theorem 2 is essential for the proof of Theorem 1.
The main result in Zelmanov's paper on RBP
(Math USSR, Izvestia 1991) is rather technical but
it has the following consequences.
Theorem 3. Every Lie ring satisfying an Engel condition is locally nilpotent.
Theorem 4. RB(r,pk) exists for p an odd prime.
Once again an essential part of the proof requires
Theorem 2. Let L be a Lie algebra over an infinite
field of characteristic p which satisfies an Engel condition. The way to apply Theorem 2 is to construct a
polynomial f(x 1 , ... , xt) that is not identically zero,
such that every element in f(L) is a sandwich in L.
Actually such a polynomial is not constructed but its
existence for p > 2 follows only after a very complicated series of arguments. This of course settles RBP
for odd exponent.
6. THE CASE OF EXPONENT 2k

L(G) =

L Gi/Gi+l
i=O

as abelian groups. Then L (G) becomes a Lie ring with
[aiGi,ajGj] = [ai,aj]Gi+j+l, and L(G) has the same nilpotency dass as G. Furthermore L(G)fpL(G)
is a Lie algebra over Z p·
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The outline of the proof of RBP for exponent 2k is
very similar to that for exponent pk with p > 2 described in the previous section. However, the construction of the function f is vastly more complicated. It
is here t hat the quadratic Jordan algebras play an
essential role.
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Closing Ceremony

A vi Wigderso n erhielt den Nevanlinna-Preis für
seine hervorragenden Arbeiten auf dem Gebiet der
mathematischen Grundlagen der Informatik. Zu den
Forschungsgegenständen gehören dort z.B. das Auffinden von effizienten Methoden zur Lösung komplexer Aufgaben sowie von oberen und unteren Schranken für den Rechenaufwand bei bestimmten Problemen. Wigderson hat wesentlich beigetragen zum Verständnis des paradox erscheinenden Begriffs ,,zeroknowledge interactive proofs". Dadurch wird z.B. ein
Mathematiker in die Lage versetzt, einen anderen von
der Richtigkeit eines Theorems zu überzeugen, ohne auch nur einen Hinweis zu dessen Beweis zu geben. Anwendung finden derartige Dinge etwa in der
modernen Kryptographie und bei der Organisation
der Verteilung von Rechenarbeit in Computernetzwerken, wo man sicherstellen möchte, daß diese auch
bei Ausfall einzelner Komponenten noch zuverlässig
arbeiten. Dank Wigdersons Arbeiten kennt man dabei jetzt das maximal zulässige Verhältnis von ausfallenden zu funktionierenden Komponenten .

Closing Ceremony
Ansprache von Friedrich Hirzebruch
Herr Ehrenpräsident, lieber Beno; meine Herren
Präsidenten, meine Damen und Herren!
Just as Professor Lions did, I would like to express
thanks to the organizing committee, in particular its
Chairman Professor Carnal, for the wonderful work
they did from which we all profited so much. It will
be difficult to follow their example and to keep up
the high standards.
The third International Congress of Mathematicians took place in Heidelberg at the beginning of
our century in 1904. Since then the congress was not
held in Germany. After the terrible period of World
War II there were attempts to invite the Congress
to Germany, beginning in the sixties, these attempts
failed, always for understandable reasons. Let me say
a few words about ICM 1904, to illustrate how times
have changed. Who supported the congress? His Majesty Kaiser Wilhelm gave 5000 M. from his private
funds, his ministry "der geistlichen, Unterrichts- und
Medizinalangelegenheiten" another 5000 M. His Royal Highness, the Grandduke of Baden, the German
State to which Heidelberg belonged, gave 3000 M. ,
a well known publishing hause contributed 2000 M.
The registration fee for members was 20 M. I communicated this information to the Federal Ministry
of Research and Technology in Bonn and to the Governing Mayor of Berlin and asked them to be as
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generaus as the Kaiser and the Grandduke, and they
were. Some more information on the Heidelberg congress: In 1904 the number of participating mathematicians was 336, among them 30 from Russia (about
10% like in the Zürich congress now), 25 from the
Austrian-Hungarian empire, 24 from France, 15 from
the United States, 12 from Switzerland and 2 from
Japan. Felix Klein from Göttingen and Julius Molk
from Nanca presented the first volume of the Encyclopedia of Mathematical Seiences (German and French
edition). Lectures were given for example by Minkowski, Hilbert, Borel, Voronoi, Fricke, Mittag-Lefßer,
Hadamard, Sommerfeld, Weber, Prandtl, Cappelli,
Macaulay, Levi-Civita. Felix Klein lectures in the
ICM section, as we call it nowadays, on "Über eine
zeitgemäße Umgestaltung des mathematischen Unterrichts an den höheren Schulen", a title which can
be used without change at any congress.
For Berlin we expect 10 times as many mathematicians as in Heidelberg from all parts of the world.
We plan to provide fellowships for young mathematicians and for mathematicians- young and seniorwho come from countries with difficult financial conditions. We hope that the formerly devided city of
Berlin will be a symbol for improved worldwide Cooperation. The mathematicallandscape in the Berlin
area is highly developed with three Universities in
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