Address of the Chairman of the Fields Medal Commitee
Professor Yuri I. Manin
The international community of mathematicians,
amply represented here, never bothered much about
self-definitions. If pressed, I would choose as such
Georg Cantor's famous motto:
Das Wesen der Mathematik liegt in ihrer Freiheit

As all the Committees before us, we t ried to
t he most daring, profound, and stimulating research
done by young mathematicians.
As all the Committees before us, we agreed, not without hesitations and doubts, to follow the established
t radition and to interpret the word "young" as "at
most forty in t he year of Congress" .

Fields Medal and Prize
Now we turn to t he award of Fields Medals and a
special tribute.
The history of Fields Prize goes back to 1924, when
the President of t he International Congress of Mathematicians in Toronto, Professor J ohn Charles Fields,
suggested to establish two gold medals, to be awarded
for outstanding discoveries in mathematics. His proposal was accepted by the Zürich Congress in 1932,
and the first medals were given at t he Oslo Congress
1936. Starting with the Harvard Congress in 1950,
two, and after 1966 two to four medals were awarded
at every successive ICM.
When Fields expounded his vision of the prize, he
brought up two important issues. He wanted it to
be "of a character as purely international and impersonal as possible" . And he wished it to be given "in
recognition of work already done" and also as "an
encouragement for further achievement on the part
of recipients and a stimulus to renewed efforts on the
part of others" .
The designer of the medal did his best in order
to express symbolically Professor Fields' first wish.
You can see the result of his efforts, complete wit h
Latin instriptions and their translation. In particular, Fields' name does not appear on the medal.
As for the second point, the words "encouragement
for further achievement" were taken to mean that t he
recipients must be reasonably young.

Committee '98
The Fields Medal Committee '98 appointed by the
Executive Committe of t he International Mathematical Union consisted of Professors J ohn Ball, John
Coates, J . J. Duistermaat , Michael Freedman , Jürgen
Fröhlich, Robert MacPherson, Kyoji Saito, Stephen
Smale, and myself as chairman. Since this was to
be t he last International Congress of Mathematicians
before the year 2000, we felt somewhat like a collective Santa Claus of t he swiftly expiring millennium.
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Prize Winners
The selection process involved long deliberations and
difficult choices. We acknowledge with gratitude the
assistance of many colleagues who helped us to reach
the unanimous decision to award four Fields Medals
to the following mathematicians (in t he alphabetical order) : RICHARD BORCHERDS, WILLIAM TIMOTHY GOWERS, MAXIM KONTSEVICH, CURTIS McMULLEN. A special tribute of t he Executive Committee of t he IMU is awarded to ANDREW WILES.
On behalf of the Committee, I offer to all of them
our warmest congratulations. The work of the Prize
winners which won the international recognition will
be described in more detail at the afternoon session.
Before we start the awarding ceremony, I would like
to invoke a personal recollection. Many years ago a
friend of mine was going abroad to receive his first
international prize. He was excited, delighted, and
worried about t he proper behavior on such occasion.
So we decided to consult the great book by t he great
wise Miss Manners, treating all sorts of good manners
in difficult situations.
With initial surprise turning to admiration, we
learned that Miss Manners reserved her most enlightening suggesting not for the award winners, but for
all of us pres~nt at the ceremony, who don't get any
prizes this time. Her advice was: "Take it easy, have
fun and enjoy your life!"
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RICHARD BORGHERDS

For his contributions to algebra, t heory of authomorphic forms, and mathematical physics, including the
introduction of vertex algebras and Borcherd's Lie algebras, proof of the Conway-Norton moonshine conjecture and discovery of the new dass of automorphic
infinite products.
WILLIAM TIMOTHY GOWERS

For his contribution of functional analysis and
combinatorics, developing a new vision of infinitedimensional geometry, including the solution of two
of Banach's problems and the discovery of the so
called Gowers' dichotomy: every infinite dimensional
Banach space eit her contains a subspace with many
symmetries (technically, with an unconditional basis)
or a subspace every operator on which is Fredholm
of index zero.
MAXIM KONTSEVICH

For his contributions to algebraic geometry, topology, and mathematical physics, including t he proof of

Witten's conjecture of intersection numbers in moduli spaces of stable curves, construction of the universal Vassiliev invariant of knots, and formal quantization of Poisson manifolds.
CuRTIS McMuLLEN

For his contributions to the theory of holomorphic
dynamics and geometrization of three-manifolds, including proofs of Bers' conjecture on the density of
cusp points in the boundary of the Teichmüller space,
and Kra's theta-function conjecture.
ANDREW WILES

I am happy to announce that the Executive Committee of the IMU decided to produce a commemorat ive
silver plaque as a special tribute given to Andrew
Wiles on the occasion of his sensational achievement.
Everybody knows what Andrew Wiles proved. I will
say it in Pierre Fermat's own words:
"[. . .] nullam in infinitium ultra quadratum
potestatem in duas ejusdem nominis Jas est
dividere."

Unfortunately t his plaque is too small to write Wiles'
proof down.

Internationaler Mathematiker-Kongress
1998 Berlin

Deutschland
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The Work of
Richard Ewen Boreherds
Laudatio by Peter Goddard

Born:
Nationality:
Marital Status:

1978- 1981
1981- 1983
1983- 1987
1987-1988
1988- 1992
1992- 1993
1993-1996
1996
Fields:

November 29, 1959, Cape Town, South Africa
British
married
Undergraduate at Cambridge
Ph.D. at Cambridge under J. H. Conway
Research Fellow of Trinity College, Cambridge
Morrey Assistant Professor at University of California, Berkeley
Royal Society Uni versity Research Fellow, Cambridge
Lecturer at D.P.M.M.S., Cambridge University
Professor at the University of California, Berkeley
Royal Society Research Professor at D.P.M.M.S., Cambridge University
Algebra and Number Theory

Richard Boreherds has used the study of certain exceptional and exotic algebraic structures to motivate the introduction of important new algebraic concepts: vertex algerbas and generalized Kac-Moody
algebras, and he has demonstrated their power by
using them to prove the "moonshine conjectures" of
Conway and Norton about the Monster Group and
to find whole new families of automorphic forms.
A central thread in his research has been a particular
Lie algebra, now known as the Fake Monster Lie algebra, which is, in a certain sense, the simplest known
example of a generalized Kac-Moody algebra which
is not finite-dimensional or affine (or a sum of such
algebras). As the name might suggest, this algebra
appears to have something to do with the Monster
group, i.e. the largest sporadic finite simple group.
The story starts with the observation that the Leech
lattice can be interpreted as the Dynkin diagram for
a Kac-Moody algebra, .C00 • But .C 00 is difficult to
handle; its root multiplicities are not known explicitly. Boreherds showed how to enlarge it to obtain
the more amenable Fake Monster Lie algebra. In or-
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der to construct t his algebra, Boreherds introduced
the concept of a vertex algebra, in the process establishing a comprehensive algebraic approach to (twodimensional) conformal field theory, a subject of major importance in theoretical physics in the last thirty
years.

To provide a general context for the Fake Monster
Lie algebra, Boreherds has developed the theory of
generalized Kac-Moody algebras, proving, in particular, generalizations of the Kac-Weyl character and
denominator formulae. The denominator formula for
the Fake Monster Lie algebra motivated Boreherds
to construct a "real" Monster Lie algebra, which he
used to prove the moonshine conjectures. The results for the Fake Monster Lie algebraalso motivated
Boreherds to explore the properties of the denominator formula for other generalized Kac-Moody algebras, obtaining remarkable product expressions for
modular functions, results on t he moduli spaces of
certain complex surfaces, and much else besides.
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The Leech Lattice and
the Kac-Moody Algebra L 00
We start by recalling that a finite-dimensional simple complex Lie algebra, L, can be expressed in
terms of generators and relations as follows. There
is a non-singular invariant bilinear form (, ) on L
which induces such a form on the rank L dimensional space spanned by the roots of L. Suppose
{ ai : 1 ::; i ::; rank L} is a basis of simple roots for L.
Then the numbers aij = ( ai, a j) have the following
properties:
aii

> 0,

a;j
a;j
2a;j /a;;

aji,

< 0
E

ifi:f;j,

z.

(1)
(2)
(3)
(4)

The symmetric matrix A = (aij) obtained in this way
is positive definite.
The algebra L can be reconstructed from the matrix
A by the system of generators and relations used to
define L 00 ,

[ei, fJ] = 0 for i :f: j,
[hi,ej] = aijej,
[hi,fJ] = -aijfj,
Ad(ei)n;i (ej) = Ad(fi )n;i (fJ) = 0
for

nij

= 1 - 2aij / aii.

modulo displacements by p. We can take the representative points for the Leech lattice to have norm 2
and so obtain an isometric correspondence between
AL and {r E II2 5 , 1 : r · p = -1, 1·2 = 2}. Then, with
each point r of the Leech lattice, we can associate
a refiection x f-t ur(x) = x- (r · x)r which is an
automorphism of II 25 , 1 . Indeed these refl.ections CTr
generate a Weyl group, W, and the whole automorphism group of Ih5 , 1 is the semi-direct product of W
and the automorphism group of t he affine Leech lattice, which is t he Dynkin diagram of the Weyl group
W . To this Dynkin diagram can be associated an
infinite-dimensional Kac-Moody algebra, L 00 , generated by elements {er, fr, hr : r E AL} subject to the
relations (5-7). Dividing by the linear combinations
of the hr which are in the centre reduces its rank to
26.
The point about Kac-Moody algebras is that they
share many of the properties enjoyed by semi-simple
Lie algebras. In particular, we can define a Weyl
group, W, and for suitable (i. e. lowest weight) representations, there is a Straightforward generalization
of the Weyl character formula. For a representation
with lowest weight .A, this generalization, the WeylKac character formula, states

(5)
(6)
(7)

These relations can be used to define a Lie algebra,
LA, for any matrix A satisfying the conditions (1-4).
LA is called a (symmetrizable) Kac-Moody algebra.
If A is positive definite, LA is semi-simple, and if A
is positive semi-definite, LA is a sum of affine and
finite-dimensional algebras.

:Z:::wEW

X>-. =

e

P

det(w)w(eP+A)
e a)m"'

IJ a>O (1 -

(8)

where p is the Weyl vector, with p · r = - r 2 / 2 for
all simple roots r, m a is the multiplicity of the root
a, t he sum isover the elements w of the Weyl group
W, and the product isover positive roots a, that is
roots which can be expressed as the sum of a subset
of the simple roots with positive integral coefficients.
Considering even just the trivial representation, for
which .A = 0 and xo = 1, yields a potentially interesting relation from (8),

Although Kac and Moody only explicitly considered
the situation in which the number of simple roots
was finite, the theory of Kac-Moody algebras applies
to algebras which have an infinite number of simple
roots. Boreherds and others [1] showed how to construct such an algebra wit h simple roots labelled by
t he points of the Leech lattice, AL. We can conveniently describe AL as a subset of the unique even
self-dual lattice, II2 5 , 1 , in 26-dimensional Lorentzian
space, JR25 •1 . II2s,1 is t he set of points whose COordinates are all either integers or half odd integers
and which have integral inner product with the vector (~, ... , ~; ~) E JR25 •1 , where t he norm of x =
( Xt, x2, . . . , X25; xo) is x 2 = xi + x~ + ... + x~ 5 - x6.

Kac showed that this denominator identity produces
the Macdonald identities in t he affine case. KacMoody algebras, other t han the finite-dimensional
and affine ones, would seem to offer the prospect of
new identities generalizing these, but the problern is
that in other cases of Kac-Moody algebras, although
the simple roots are known (as for L 00 ), which effectively enables the sum over the Weyl group to be
evaluated, the root multiplicities, ma, arenot known,
so t hat the product over positive roots can not be
evaluated.

The vector p = (0, 1, 2, . .. , 24; 70) E II2 5 , 1 has zero
norm, p2 = 0; the Leech lattice can be shown to
be isomorphic to the set {x E Ihs,t : x · p = - 1}

No general simple explicit formula is known for the
root multiplicities of L 00 but, using t he "no-ghost"
theorem of string theory, I. Frenkel established the
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det(w)w(eP) = eP

IT (1- ea)m"' .

(9)

a >O
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bound m"' ::::; p2 4 (1- ~o: 2 ), where Pk(n) is the number of partitions of n using k colours. This bound
is saturated for some of the roots of C= and, where
it is not, there is the impression that that is because
something is missing. What seems to be missing are
some simple roots of zero or negative norm. In KacMoody algebras all the simple roots are specified by
(1) to be of positive norm, even though some of the
other roots they generate may not be.

Vertex Alge bras
Motivated by Frenkel's work, Boreherds introduced
[3] the definition of a vertex algebra, which could
in turn be used to define Lie algebras with root
multiplicities which are explicitly calculable. A vertex algebra is a graded complex vector space, V =
EBna Vn, together with a "vertex operator", a(z),
for each a E V, which is a formal power series in the
complex variable z,

a(z) =

L

amz-m-n,

(10)

mE Z

where the operators am map Vn --+ Vn-m and satisfy
the following properties:
1. anb = 0 for n > N for some integer N dependent on a and b; there is an operator (derivation)
D :V--+ V suchthat [D, a(z)] = fza(z);
2. there is a vector 1 E V0 such that l(z) = 1,
Dl = 0;
3. a(O)l = a;
4. (z - ()N (a(z )b( () - b( ()a(z)) = 0 for some integer
N dependent on a and b.

[We may define vertex operators over other fields or
over the integers with more effort if we wish but
the essential features are brought out in the complex
case.]
The motivation for these axioms comes from string
theory, where the vertex Operators describe the interactions of "strings" (which are to be interpreted as
models for elementary particles). Condition () states
that a(z) and b(() commute apart from a possible
pole at z = (, i. e. they are local fields in the sense
of quantum field theory. A key result is that, in an
appropriate sense,

(a(z- ()b)(() = a(z )b(() = b(()a(z ).

()b)(()f =

fo dz fo d( a(z )b(()f- fo d( fo dz b(()a(z )f.
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We can associate a vertex algebra to any even lattice A, the space V then having the structure of the
tensor product of the complex group ring C(A) with
the symmetric algebra of a sum EBn>OAn of copies
An, n E Z, of A. In terms of string theory, this is the
Fock space describing the (chiral) states of astring
moving in a space-time compactified into a torus by
imposing perodicity under displacements by the lattice A. The first triumph of vertex algebras was
to provide a natural setting for t he Monster group,
M. M acts on a graded infinite-dimensional space
VQ, constructed by Frenkel, Lepowsky and Meurman,
where VQ = EBn> - 1 V~, and the dimensions of dim V~
is the coeffi.cent c( n) of qn in the elliptic modular
function,

= L~=- 1 c(n)qn =
q- 1 + 196884q + 21493760q 2 +...
j(T)- 744

q=

(13)

e21rir.

A first thought might have been that the Monster
group should be related to the space VAL, the vertex algebra directly associated with the Leech lattice,
but VAL has a grade 0 piece of dimension 24 and the
lowest non-trivial representation of the Monster is of
dimension 196883. VQ is related to VAL but is a sort
of twisted version of it; in string theory terms it corresponds to the string moving on an orbifold rather
t han a torus.
The Monster group is precisely the group of automorphisms of the vertex algebra VQ,

ga(z) g- 1 = (ga)(z ),

gE M.

(14)

(11)

More precisely

fo d( ~ dz (a(z -

where f is a polynomial in z, (, z - (
and their inverses, and the integral over
z is a circle about ( in the first integral, one about ( and the origin in the
second integral and a circle about the origin excluding the ( in the third integral. The axioms originally
proposed by Boreherds [2] were somewhat more complicated in form and follow from those given here
from the conditions generated by (12).

(12)

This characterizes M in a way similar to the way
that two other sporadic simple finite groups, Conway's group Co1 and the Mathieu group M 24 , can
be characterized as the automorphism groups of t he
Leeeh lattice (mod ulo - 1) and the Golay Code, respectively.
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Generalized
Kac-Moody Algebras
In t heir famous moonshine conjectures, Conway and
N01·ton went far beyond t he existence of t he graded
representation VQ wit h. dimension given by j. Their
main conjecture was t hat, for each element g E NI,
t he Thompson series
00

T 9 (q) =

L

Trace(gl 1~~)qn

(15)

n=-1

is a Hauptmodul for some genus zero subgroup, G,
of SL2(~), i.e., if H = {T: Im(T) > 0} denotes the
upper half complex plane, G is such t hat H I G is a
compact Riemann surface, H I G , of genus zero with
a finite number of points removed and T 9 (q) defines
an isomorphism of H I G onto the Riemann sphere.
To attack the moonshine conjectures it is necessary
to introduce some Lie algebraic structure. For any
vertex algebra, 11 , we can int roduce [2, 4] a Lie algebra of operators

L(a) =

2~i

f

a(z) dz = a-h+ 1 ,

a E V,, .

(16)

Closure [L (a), L (b)] = L (L (a)b) follows from (12),
but t his cloes not clefine a Lie algebra structure directly on V because L (a) b is not itself ant isymmetric
in a and b. However, DV is in t he kerne! of t he map
a r-t L(a) and L(a)b = -L(b)a in VIDV, so it does
define a Lie algebra .C0 (11) on t his quot ient [2], but
t his is not the most interesting Lie algebra associated
with V.
Vertex algebras of interest come with an adclitonal
structure, an action of t he Vir asoro algebra, a central extension of the Lie algebra of polynomial vector
fields on t he circle, spanned by Ln, n E Z ancl 1,

t hat the space of physical states P 1 (V) has lots of
null states and is positive semi-definite for VA, where
A is a Lorentzian lattice with clim A ~ 26. So we can
quotient P 1 (V) I L_ 1 P 0 (V) further by its null space
with the respect to t he contravariant form to obtain
a Lie algebra .C (V) .
The results of factaring by the null space are most
dramatic when c = 26. The vertex algebra VL
has a natural grading by the lattice L ancl the "noghost" theorem states t hat t he climension of the subspace of .C(V) of non-zero grade a is p 24 (1 - ~a 2 )
if A is a Lorentzian lattice of climension 26 ~ but
p,,_ 1 (1-a2 12) - Pk- 1 ( a 2 12) if dim A = k -::j:. 26, k > 2.
Thus the algebra .C~!/ = .C(Vir25 , 1 ) satura.tes Frenkel's
bouncl, and Boreherds initially named it the "Monster Lie algebra" because it appeared to be clirectly
connectecl to t he Monster; it is now known as the
"Fake Monster Lie algebra" .
Boreherds [4] had t he great insight not only to construct the Fake Monster Lie algebra, but also to see
how to generalize t he definition of a Kac-Moody algebra efl'ectively in orcler to bring .C~!/ within the fold.
What was required was to relax t he condition (1),
requiring roots to have positive norm, and to allow
them to be eit her zero or negative norm. The conclit ion (4) then needs modification to apply only in the
space-like case a -i i > 0 and the same applies to the
conclition (7) on the generators. The only conclition
which needs to be addecl is that
if Ctij

(m- n)Lm+n +

L wEW

1)bm-n

(17)

[Ln,c] = 0
with L _ 1 = D and L 0 a = ha for a E V,, . For VA,
c = dim A, and for VQ, c = 24. The Virasoro algebra plays a central role in string theory. The space
of "physical stat es" of the string is clefinecl by the
Virasoro conditions: Iet pk (V) = {a E V : L 0 a =
ka; Lna = 0, n > 0}, t he space of physical states is
P 1 (11) . T he space P 1 (V)IL _ 1 P 0 (V) has a Lie algebra structure definecl on it (because L_ 1 V n P 1 (V) c
L _ 1 P 0 (V)) . This can be recluced in size furt her using a contravariant form (which it possesses naturally
for lattice t heories) . The "no-ghost" t heorem states
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(18)

The closeness of these conditions to t hose for KacMoody algebras means t hat most of t he important
structural results carry over; in particular t here is a
generalization of the Weyl-Kac character formula for
representations with highest weight >.,

[Lm,Ln] =
2
1c2 m(m -

= 0.

X)., =

det(w)w

(eP 'L,, E).,(p,)e"+A)

. (1 - ea: )m"
eP TI a:>O

'

(19)

where the second sum in the clenominator isover vectors p, and E)., (p,) = ( - 1)n if p, can b e expressedas the
sum of n pairwise ort hogonal simple roots with nonpositive norm, all orthogonal to /\ , and 0 otherwise.
Of course, putting >. = 0 and x)., = 1 again gives a
denominator formula.
T he description of generalized Kac-Moody algebras
in terms of generators and relations enables the theory to be taken over rather simply from that of KacMoody algebras but it is not so convenient as a
method of recognising them in practice, e.g. from
amongst the algebras .C(V) previously constructecl
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by Borcherds. But Boreherds [3] gave an alternative
characterization of them as as graded algebras with
an "almost positive definite" contravariant bilinear
form. More precisely, he showed that a graded Lie
algebra, .C = EBnEZ .Cn, is a generalized Kac-Moody
algebra if the following conditions are satisfied:

·- I I 1·~

reads
p-1

rr

(1 _ pmqn) c'(mn)

I CMi..

=

m>O,nEZ

where c' (0) = 24, c' (n) = c(n) if n
q = e 2 rriT, and

1. .C0 is abelian and dim .Cn is finite if n -::j:. 0;

2. .C possesses an invariant bilinear form such that
(.Cm, .Cn) = 0 if m -::j:. n;

n >1

-::j:.

0, p = e 2 rri" ,

n ~O

(22)

3 . .C possesses an involution w which is -1 on .Co
and such that w(.Cm) C .C_m;
4. the contravariant bilinear form (L, M) = - (L,
w(M)) is positive definite on .Cm form -::j:. 0;
5 . .Co C [.C, .C].

This characterization shows that the Fake Monster
Lie algebra, .C~, is a generalised Kac-Moody algebra, and its root multiplicities are known tobe given
by p 24 (1- ~a 2 ), but Borcherds' theorem establishing
the equivalEmce of his two definitions does not give a
constructive method of finding the simple roots. As
we remarked in the context of Kac-Moody algebras,
if we knew both the root multiplicities and the simple
roots, the denominator formula

L
wEW

det(w)w ( eP

L t:f.L(a)e~-') = eP IT (1- e"')m"
f.L

a>O

(20)
might provide an interesting identity. Boreherds
solved [4] the problern of finding the simple roots,
or rather proving that the obvious ones were all that
there were, by inverting this argument. The positive
norm simple roots can be identified with the Leech
lattice as for .Coo . Writing Ilz5,1 = AL EB II1,1, which
follows by uniqueness or the earlier comments, the
'real' or space-like simple roots are {(A, 1, ~>. 2 - 1)} .
(Here we are using we are writing II 1 , 1 = { (m, n) :
m,n E Z} with (m,n) having norm -2mn.) Lightlike simple roots are quite easily seen to be np, where
n isapositive integer and p = (0, 0, 1). The denominator identity is then used to prove that there are no
other light-like and that there are no time-like simple
roots.

Moonshine, the Monster Lie Algebra and A utomorphic Forms
The presence of j (O") in (21) suggests a relationship to
the moonshine conjectures and Boreherds [5, 6] used
this as motivation to construct the "real" Monster Lie
Algebra, .CM as one with denominator identity obtained by multiplying each side of (21 ) by 6.(0")6.(7) ,
to obtain the simpler formula
p-1

rr

(1 _ pmqn)c(mn) = j(O" ) _ j(T).

(23)

m > O,nE Z

This looks like the denominator formula for a generalised Kac-Moody algebra which is graded by II1 , 1
and is such that the dimension of the subspace of
grade (m, n) -::j:. (0, 0) is c(mn), the dimension of V!n ·
It is not difficult to see that this can be constructed
by using the vertex algebra which is the tensor product VQ 0 Vi:r 1 , 1 and defining LM tobe the generalised
Lie algebra, .C(VQ0Vi:r 1 1 ), constructed from the physical states.
·
Boreherds [5, 6] used twisted forms of the denominator identity for LM to prove the moonshine conjectures. The action of M on VQ provides an action on
V= VQ 0 Vi:r 1 , 1 induces an action on the physical state
space P 1 (V) and on its quotient, .CM = .C(V), by its
null space. The "no-ghost" theorem implies that the
part of LM of grade (m, n), (.CM )(m,n) , is isomorphic
to V!n as an M module. Boreherds adapted the argument he used to establish the denominator identity
to prove the twisted relation
p - 1 exp ( -

L L

Tr(gNIV!n )PmN qnN

/N)

N>Om>O,nE Z

The denominator identity provides a remarkable relation between modular functions (apparently already known to some of the experts in the subject)
which is the precursor of other even more remarkable identities. If we restriet attention to vectors
(0, O", T) E Ilz5,1 0 <C, with Im(O") > 0, Im(T) > 0, it
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mE Z

nEZ

These relatiohs on the Thompson series are sufficient
to determine them from their first few terms and to
establish that they aremodular functions of genus 0.
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Returning to t he Fake Monster Lie Algebra, the denominator formula given in (21) was restricted to vectors of t he form v = (0, a, T) but we consider it for
more general v E II2 5,1 0 <C, giving the denominator
function
1>(v) =

2..: det(w)e21Ti(w(p),v) II
wEW

(

1-

e21Tin(w(p),v) )

24

and brilliant originality, Richard Boreherds has used
the beautiful properties of some exceptional structures to motiviate new algebraic theories of great
power with profound Connections with other areas of
mathematics and physics. He has used them to establish outstanding conjectures and to find new deep results in classical areas of mathematics. This is surely
just the beginning of what we have to learn from what
he has created.

n> O

(25)
This expression converges for Im(v) inside a certain
cone (the positive light cone). Using the explicit form
for 1>(v) when v = (0, a, T), the known properties of
j ancl .6. ancl the fact that 1> (v) manifestly satisfies
the wave equation, Boreherds [6, 7, 9] establishes that
1> (v) satisfies the functional equation
1>(2vj(v, v))

=-

((v, v)/2) 12 1>(v).

(26)

It also has the properties that 1> (v + /\)
1> (v)
for 1\ E II25,1 and 1>(w(v)) = det(w)1>(v) for w E
Aut(II 25 ,1)+, t he group of automorphisms of the lattice II25,1 which preserve the time direction. These
transformations generate a discrete subgroup of the
group of conformal transformations on JR25 ,1 , which
is itself isomorphic to 0 26 ,2(JR); in fact the discrete
group is isomorphic to Aut(II 26 ,2)+ . The clenominator function for the Fake Monster Lie algebra defines
in this way an automorphic form of weight 12 for the
discrete subgroup Aut(II26,2)+ of 02 6 ,2(JR)+ . This
result once obtained is seen not t o clepencl essentially
on t he dimension 26 and Boreherds has developed
this approach of obtaining representations of modular functions as infinite products from denominator
formulae for generalized Kac-Moody algebras to obtain a plethora of beautiful formulae [7, 9, 11], e.g.

Selected Papers of R.E. Boreherds
[1] A monster Lie algebm ? (with J .H. Conway, L.
Queen and N.J.A. Sloane) Adv. Math. 53 (1984)
75-79.

[2] Vertex algebms, Kac-Moody algebms and the
monst er, Proc. Nat. Acad. Sei. U.S.A. 83 (1986)
3068-3071.

[3] Gen emlized Kac-Moody algebras, J. Alg. 115
(1988) 501-512.
[4] The monster Lie algebm, Aclv. Math. 83 (1990)
30-47.

[5] Monstmus moonshine and monstmus Lie algebms, Invent. Math. 109 (1992) 405-444.

[6] Spomdic groups and string theory, in Pmceedings of the First European Cong1'ess of Mathematics, Paris July 1992, ed . A. J oseph et al.,
Vol. 1, Birlchauser (1994) pp. 411-421.

[7] Automorphic jo1'ms on Os+2,2(R) and infinite
pmducts, Invent. Math. 120 (1995) 161-213.

[8] The moduli space of Enriques sttrfaces and the
fake monster Lie supemlgebm, Topology 35

n>O

where fo(T) = L n co(n)qn is the unique modular
form of weight ~ for for t he group f 0 ( 4) which is such
t hat fo(T) = 3q- 1 + O(q) at q = 0 and co(n) = 0 if
n
2 or 3 mod 4. He has also used t hese clenominator functions to establish results about the moduli
spaces of Enriques surfaces and and families of K3
surfaces [8, 10] .
Displaying penetrating insight, formidable technique

=
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(1996) 699-710.
[9] Automorphic jo1'ms and Lie algebms, in Current developments in mathematics, International Press (1996).
[10] Families of !{3 sU1jaces, (with L. Katzarkov, T.
Pantev, N.I. Shepherd-Barron) J. Algebraic Geometry 7 (1998) 183-193.
[11] A utomorphic forms with singularities on Gmssmannians, Invent . Math. 132 (1998) 491-562.
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The Work of Timothy Gowers
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Laudatio by Bela Bollobcis

Born:
Nationality:
Marital Status:
1982-1985
1985-1986
1986- 1990
1989-1993
1991- 1994
1994-1995
1995
Fields:
It gives me great pleasure to report on the beautiful
mathematics of William Timothy Gowers that earned
him a Fields Medal at ICM '98.

Gowers has made spectacular contributions to the
theory of Banach spaces, pure combinatorics, and
combinatorial number theory. His hallmark is his exceptional ability to attack difficult and fundamental
problems the right way: a way that with hindsight
is very natural but a priori is novel and extremely
daring.
In functional analysis Gowers has solved many of the
best-known and most important problems, several of
which originated with Banach in the early 1930s. The
shock-waves from these results will reverberate for
many years to come, and will dramatically change
the theory of Banach spaces. The great success of
Gowers is due to his exceptional talent for combining
techniques of analysis with involved and ingenious
combinatorial arguments.
In combinatorics, Gowers has madefundamental contributions to the study of randomness: histowertype
lower bound for Szemeredi's lemma is a tour de force.
In combinatorial number theory, he has worked on
the notoriously difficult problern of finding arithmetic
progressions in sparse sets of integers. The ultimate
aim is to prove Szemeredi's theorem with the optimal bound on the density that suffices to ensure long
arithmetic progressions. Gowers proved a deep result
for progressions of length four, thereby hugely improving the previous bound. The difficult and beautiful proof, which greatly extends Roth's argument,
and makes clever use of Freiman's theorem, amply
demonstrates Gowers' amazing mathematical power.

DMV-Mitteilungen 3/98

I~

November 20, 1963, Marlborough, England
British
married, three children
Undergraduate at Cambridge
Postgraduate at Cambridge
Ph.D. at Cambridge under B. Bollobas
Research Fellow at Trinity College, Cambridge
Lecturer in Mathematics at University College London
Reader in Mathematics at University College London
Lecturer at D.P.M.M.S., University of Cambridge, and
Teaching Fellow at Trinity College
Analysis and Combinatorics

Banach Spaces
A major aim of functional analysis is to understand
the connection between the geometry of a Banach
space X and the algebra L:(X) of bounded linear operators from the space X into itself. In particular,
what conditions imply that a space X contains 'nice'
subspaces, and that L:(X) has a rich structure?
In order to start this global project, over the past
sixty years numerous major concrete questions had
to be answered. As Hilbert said almost one hundred years ago, "Wie überhaupt jedes menschliche
Unternehmen Ziele verfolgt, so braucht die mathematische Forschung Probleme. Durch die Lösung
von Problemen stählt sich die Kraft des Forschers;
er findet neue Methoden und Ausblicke, er gewinnt
einen weiteren und freieren Horizont."
In this spirit, the theory of Banach spaces has been
driven by a handful of fundamental problems, like
the basis problem, the unconditional basic sequence
problem, Banach's hyperplane problem, the invariant
subspace problem, the distortion problem, and the
Schröder-Bernstein problem. For over half a century,
progress with these major problems had been very
slow: it is due to Gowers more than to anybody else
that a few years ago the floodgates opened, and with
the solutions of many of these problems the subject
now has a 'spacious, free horizon'.
If a space (infinite-dimensional separable Banch
space) X can be represented as a sequence space
then an operator T E L:(X) is simply given by an
infinite matrix, so it is desirable to find a basis of
the space. A Schauder basis or simply basis of a
space X is a sequence (en) ~=l C X suchthat every
vector x E X has a unique representation as a norm-
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convergent sum x = :Z::~= l anen. In 1973, solving a
forty year old problem , Enfl.o proved that not every
separable Banach space has a basis, so our operators cannot always be given in this simple way. On
t he other hand , it is almosttrivial t hat every Banach
space contains a basic sequence: a sequence (xn)~= l
t hat is a basis of its closed linear span.
The relationship between an operator T E .C(X) and
closed subspaces of X can also be very involved. In
the 1980s Enfl.o and Read solved in the negative the
invariant subspace problem for Banach spaces, and a
little later Read showed that this phenomenon can
arise on a 'nice' space as well: he constructed a
bounded linear Operator 0 11 f1 that has only trivial
invariant subspaces.
Although a basis (en)~= l of a space X leads to
a representation of the operators on X as matrices, it does not guarantee that .C(X) has a rich
structure. For example, it does not guarantee that
.C(X) contains many non-trivial projections. Thus,
if X = L~=l anen and En = 0, 1, then L~= l Enanen
need not even converge. Similarly, a permutation
of a basis need not be a basis, and if :z=~= l anen is
convergent and 1r : N -+ N is a permutation t hen
:Z::~= l a1r(n)e1r(n) need not converge. A basis is said
to be unconditional if it does have these very pleasant properties; equivalently, a basis (en)~=l is unconditional if there is a constant C > 0 such that,
if (an);~ 1 and (/\n);~~ 1 are scalar sequences with
I.An l ::::: 1 for all n , then
m

m

n=l

n=l

Also, a sequence (xn) ~= l is an unconditional basie sequence if it is an unconditional basis of its
closed linear span . The standard bases of c0 and f p,
1 ::::: p < oo, are all unconditional (and symmetric).
An uncondit ional basis guarantees much more structure than a basis, so it is not surprising t hat even
classical spaces like C([O, 1]) and L 1 fail to have unconditional bases. However, t he fundamental quest ion of whether every space has a subspace with an
unconditional basis (or, equivalently, whether every
space contains an uncondit ional basic sequence) was
open for many years, even after Enfl.o's result .
The search for a subspace with an unconditional basis is closely related to the search for other 'nice'
subspaces. For example, it is trivial that not every space contains a Hilbert space, but it is far from
clear whether every space contains c0 or fp for some
1 ::::: p < oo. Indeed, this question was answered only
in 1974, when Tsirelson constructed a counterexample by a clever inductive procedure. This development greatly enhanced t he prominence of t he unconditional basic sequence problem.
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The breakthrough came in the summer of 1991, when
Gowers and Maurey [9] independently construct ed
spaces without unconclit ional basic sequences. As
the constructions ancl proofs were almost identical,
they joined forces to simplify the proofs and to exploit t he consequences of the result. The GowersMaurey space X GM is basecl on a construction of
Schlumprecht that event ua.lly enablecl Oclell and
Schlumprecht to solve the fa.mous distoTtion problem.
Odell and Schlumprecht constructecl a space isomorphic to e2 that contains no subspace almost isometric
to f2 . The main clifficulty Gowers ancl IVIamey hacl
to overcome in order to make use of Schlumprecht's
space Xs was that Xs itself had an unconclitional
basis.
Johnson observecl that t he proofs coulcl be moclifiecl to show that the Gowers-Maurey space not only
has no uncondit ional ba.sic sequence, but it cloes not
even have a decomposable sttbspace either: no subspace of XaM can be written as a topological direct
sum of two (infinite-dimensional) subspaces. Thus
the space X a M is not only the first example of a
non-decomposable infinite-dimensional space, but it
is also heTeditaTily indecomposable. Equivalently, every closecl subspace Y of X G!vi is such that every
projection in .C(Y) is essent ially trivial: either its
rank or its corank is finite. To appreciate how exotic
a hereclitarily indecomposable space is, note that a
space X is hereclitarily indecomposable if and only
if the distance between the unit spheres of any two
infinite-dimensional subspaces is 0: if Y and Z are
infinite-dimensional subspaces then
inf{ IIY - zl l : Y E Y, z E Z, IIYI I = llzll = 1} = 0.
In fact, Gowers ancl Maurey [16] showecl that if Xis a
complex hereditarily indecomposable space then the
algebra .C(X) is rather small. An opera.tor S E .C(X)
is saicl to be st1'ictly singulaT if t here is no subspace
Y C X such that t he restriction of S to Y is an
isomorphism. Equivalently, S E .C(.X) is strictly
singular if for every (infinite-dimensional) subspace
Y C X ancl every E > 0 there is a vector y E Y with
IISYII < EIIY II·
Theorem. Let X be a complex heTeditaTily inde-

composable space. Then eveTy opemtoT T E .C(X)
is a lineaT combination of the identity and a stTictly
singulaT opem toT.
Gowers [1] was the first to solve Banach 's hypeTplane
problem when he constructed a space with an unconclitional basis that is not isomorphic to any of
its hyperplanes or even proper subspaces. The theorem above implies t hat every complex hereclitarily
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indecomposable space answers Banach's hyperplane
problern since it is not isomorphic to any of its proper
subspaces. In fact, Ferenczi showed that a complex
Banach space X is hereditarily indecomposable if and
only if for every subspace Y C X, every bounded linear operator from Y into X is a linear combination
of the inclusion map and a strictly singular operator.
Recently, Argyros and Felouzis showed that every Banach space contains either .e1 or a subspace that is a
quotient of a hereditarily indecomposable space.

winning strategy for the (u, Y) game if
u is big when measured by Y. The
combinatorial foundation of Gowers' dichotomy theorem is then the following
result [12].

It was not by chance that in order to construct a
space without an unconditional basis, Gowers and
Maurey constructed a hereditarily indecomposable
space. As shown by the following stunning dichotomy
theorem of Gowers [12], having an unconditional basis or being hereditarily indecomposable are the only
two 'pure states' for a space.

The beautiful proof of this result bears some resemblence to arguments of Galvin and Prikry and Ellentuck concerning Ramsey-type results for sequences.

Theorem. Every infinite-dimensional Banach space
contains an infinite-dimensional subspace that either
has an unconditional basis or is hereditarily indecomposable.

Gowers based his proof of the dichotomy theorem on
a combinatorial game played on sequences and subspaces. In order to describe this game, we need some
definitions. Given a space X with a basis (en)~= 1 ,
the support of a vector a = 2::::~= 1 anen E X is
supp(a) = {n : an =j:. 0}. A vector a = 2::::~= 1 anen
precedes a vector b = 2::::~= 1 bnen if n < m for all
n E supp(a) and m E supp(b) . A block basis is a
sequence x1 < x2 < . . . of non-zero vectors, and a
block subspace is the closed linear span of a block basis. For a subspace Y C X, write u(Y) for the set
of all sequences (xi)~' of non-zero vectors of norm at
most 1 in Y with x 1 < · · · < Xn· Call a set u C u(X)
Zarge if u n u(Y) =j:. 0 for every (infinite-dimensional)
block subspace Y. Foraset u C u(X) and a sequence
.6. = (5i)i= 1 of positive reals, the enlargement of u
by .6. is
O"t:,.

= {(xi)? E u(X) :

llxi - Yill < bi,

1:::; i:::; n, for some (Yi)? Eu}.

And now for the two-player game (u, Y) defined by a
set u C u(X) and a block subspace Y c X. The first
player, Hider, chooses a block subspace Y1 c Y; the
second player, Seeker, replies by picking a finitely
supported vector Y1 E Y1. Then Hider chooses a
block subspace Y2 C Y, and Seeker picks a finitely
supported vector Y2 E Y2. Proceeding in this way,
Seeker wins the (u, Y)-game if, at any stage, the sequence (yi)~' is in u. Hider wins if he manages to
make the game go on for ever. Clearly, Seeker has a
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Theorem. Let X be a Banach space with a basis
and let u C u(X) be Zarge. Then for every positive
sequence .6. there is a block subspace Y C X such that
Seeker has a winning strategy for the (o-t:.., Y)-game.

Gowers' dichotomy theorem has been the starting
point of much new research on Banach spaces. For
example, it can be used to taclde the still open problern of classifying minimal Banach spaces. A Banach
space is minimal if it embeds into all of its infinitedimensional subspaces. Casazza et al. used the dichotomy theorem to show that every minimal Banach
space embeds into a minimal Banach space with an
unconditional basis. Hence, a minimal space is either
reflexive or embeds into c0 or .e1.
The Schröder-Bernstein problern asks whether two
Banach spaces are necessarily isomorphic if each is a
complemented subspace of the other. In [13] Gowers
gave the first counterexample, and later with Maurey
[16] constucted the following further examples with
even stronger paradoxical properties.
Theorem. For every n ;:::: 1 there is a Banach space
Xn such that two finite-codimensional subspaces of
Xn are isomorphic if and only if they have the same
codimension modulo n. Also, there is a Banach space
Zn such that two product spaces Z~ and Z~ are isomorphic if and only if r and s are equal modulo n .
For n ;:::: 2, the space Zn can be used to solve the
Schröder-Bernstein problem; even more, with X =
Z3 and Y = Z3 EB Z 3 we have Y EB Y = Zi ~ Z3 = X.
Thus not only are X and Y complemented subspaces
of each other, but X ~ Y EB Y and Y ~ X EB X.
However, X = Z 3 and Y = Zj are not isomorphic.

The last result we shall discuss here is Gowers' solution of Banach's homogeneaus spaces problem. A
space is homogeneaus if it is isomorphic to all of its
subspaces. Banach asked whether there were any examples other than .e2. Gowers proved t he striking result that homogeneity, in fact, characterizes Hilbert
space [12] .
Theorem. The Hilbert space
neaus space.

.e2

is the only homoge-

To prove this, Gowers could make use of results of Szankowski, and Komorowski and TomczakJaegermann that imply that a homogeneaus space
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wit h an unconditional basis is isomorphic to f 2 .
' iVhat happens if X is homogeneaus but does not have
an unconditional basis? By t he dichotomy t heorem,
X has a subspace Y t hat eit her has an unconditional
basis or is hereditarily indecomposable. Since X =:: Y
and X does not have an unconditional basis, Y is
hereditarily indecomposable. But this is impossible,
since a hereditarily indecomposable space is not isomorphic to any of its proper subspaces, let alone all
of t hem!

Arith1netic progressions
In 1936 Erdös and Turan conjectured that, for every
positive integer k and 6 > 0, t here is an integer N
such that every subset of {1 , . .. , N} of size at least
JN numbers contains an arit hmetic progression of
length k. In 1953 Roth used exponential sums to
prove the conject ure in t he special case k = 3: this
was one of t he results Davenport highlightecl in 1958
when Rot h was awarcled a Fielcis Medal. In 1969
Szemeredi found an ent irely combinatorial proof for
t he case k = 4, and six years later he proved t he full
Erdös-Turan conjecture. Szemerecli's t heorem trivially implies van der Waerclen 's theorem.
In 1977 Fürstenberg used techniques of ergodie t heory to prove not only t he full t heorem of Szemerecli,
but also a number of substantial extensions of it .
This proof revolutionizecl ergodie t heory.
In spite of t hese beaut iful results, t here is still much
work to be clone on the Erclös-Turan problem. Write
f (k, J) for the minimal value of N t hat will clo in
Szemeredi 's t heorem. The proofs of Szemeredi and
Fürst enberg give extremely weak bouncls for f (k, J),
even in the case k = 4. In orcler to improve t hese
bounds, ancl to make it possible to attack some considerable extensions of Szemerecli's theorem, it woulcl
be desirable to use exponential sums to prove t he general case.
Recently, Gowers [7] set out to clo exactly this. He introclucecl a new notion of pseudorandomness, called
quadratic uniformity and, using techniques of harmonic analysis, showecl that a quadratically uniform
set contains about the expected number of arit hmetic
progressions of length four. In orcler t o find arithmetic progressions in a set that is not quaclratically
uniform , Gowers avoicled t he use of Szemerecli's uniformity Iemma or van der Waerden's t heorem, ancl
instead made use of Weyl's inequality and, more importantly, Freiman's t heorem. T his t heorem states
t hat if for some finite set A c Z t he sum A + A =
{a + b : a, b E A} is not much !arger t han A t hen A
is not far from a generalizecl arithmetic progression.
By ingenious and involved arguments Gowers proved
the following result [14].
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The ore m. The?'e is an absolute con stant C such that
f (4,6)-::; exp expexp((1/Jf).
In other words, if A C {1, . . . , N} has size at least
lAI = JN > 0 and N::::: expexpexp((1/6) 0 ), then A
con tains an a7'ithmetic pmg?'ession of length 4.

T he bouncl in this t heorem is imcomparably better
t han t he previous best bounds.
T he entirely new approach of Gowers ra.ises the hope
t hat one coulcl prove t he full theorem of Szemerecli
wit h good bounds on f (k, J). In fact, t here is even
hope t hat Gowers' methocl coulcl Iead to a proof of
t he Erdös conjecture that if A c N is such that
L aEA 1/a = oo t hen A contains arbitrarily long
arit hmetic progressions. The most famous special
case of t his conjecture is t hat the primes contain arbitrarily long arithmetic progressions.

Comb inat orics
The basis of Szemerecli's original proof of his t heorem on arithmetic progressions was a deep Iemma
t hat has become an extremely important tool in the
study of t he structure of graphs. This result, S zem eredi 's uniformity lem ma, states t hat t he vertex
set of every graph can be partitionecl into bouncleclly many pieces v l ) . . . ) v;, such t hat 'most' pairs
(Vi, Vj) are 'uniform '. In order to state t his Iemma
precisely, recall t hat, for a graph G = (V, E), and
sets U, W C V, t he density d(U, W ) is t he proportion of t he elements (u, w) of U x W such t hat uw
is an eclge of G. For E, J > 0 a pair (U, W) is called
(E, 6) - uniform if for any U' C U ancl W ' C W wit h
lU' I ::::: JIUI and lW ' I ::::: 6IWI, t he clensit ies d(U', W' )
ancl d(U, W) cliffer by at most E/2.
Szemeredi 's uniformity Iemma claims that for all
E, 6, 1J > 0 there is a K = K (E, J, 17) such that the
vertex set of any graph G can be partit ioned into at
most K sets U1 , ... , Uk of sizes cliffering by at most
1, such t hat at least (1 - 17) k 2 of t he pairs (U;, Uj )
are (E, 6)-uniform.
Loosely speaking, a 'Szemerecli partit ion' V(G) =
1 U; is one such t hat for most pairs (U;, Uj) t here
are constants CY.ij such t hat if U{ C U; and Uj c Uj
are not too small t hen G contains ab out CY.ij IU{ IIUj I
eclges from U{ to Uj . In some sense, Szemeredi 's
uniformity Iemma gives a classification of all graphs.
The main drawback of t he Iemma is that t he bouncl
K(E, 6, 17) is extremely !arge: in t he case E = J = ry,
all we know about K(E, E, E) is t hat it is at most a
tower of 2s of height proportional to c 5 . This is an
enormous bound, and in many applications a smaller
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bound, say of the type ee- 100 would be significantly
more useful. As the lemma is rather easy to prove, it
was not unreasonable to expect a bound like this.
It was a great surprise when Gowers [6] proved the
deep result that K(c , 8, ry) is of tower type in 1/8,
even if E and 'TJ are kept large.
Theorem. There are constants Co, 8o > 0 such that
for 0 < 8 < 80 there is a graph G that does not have
a (1/2, 8, 1/2)-uniform partition into K sets, where
K is a tower of 2s of height at most c0 8- 1116 .
It is well known that even exponential lower bounds
are hard to come by, let alone tower type lower
bounds, so this is a stunning result indeed! The
proof, which makes use of clever random choices to
construct graphs whose small sets of vertices do not
behave like subsets of random graphs, goes some
way towards clarifying the nature of randomness. It
also indicates that any proof of an upper bound for
K(c, 8, ry) must involve a long sequence ofrefinements
of partitions, each exponentially larger than the previous one.
This sketch has been all too brief, and a deeper study
of Gowers' work would be needed to properly appreciate his clarity of thought and mastery of elaborate
structures. However, I hope that enough has been
said to give some taste of his remarkable mathematical achievements. In the theory of Banach spaces,
not only has he solved many of the main classical
problems of the century, but he has also operred up
exciting new directions. In combinatorics, too, he
has tackled some of the most notorious questions,
bringing about their solution with the same exceptional blend of combinatorial power and technical
skill. Hilbert would surely agree that Gowers has
given us wider and freer horizons.
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Maxim Kontsevich is known principally for his work
on four major problems in geometry. In each case, it
is fair to say t hat Kontsevich's work and his view of
the issues has been tremendously influential to subsequent developments. These four problems are:
• Kontsevich presented a proof of a conjecture of
Witten to the effect that a certain, natural formal power series whose coefficients are intersection
numbers of moduli spaces of complex curves satisfies the Korteweg-de Vries hierarchy of ordinary,
differential equations.
• Kontsevich gave a construction for the universal
Vassiliev invariant for knots in 3-space, and generalized this construction to give a definition of
pertubative Chern-Simons invariants for three di-
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mensional manifolds. In so doing, he introduced
the notion of Graph Cohomology which succinctly
summarizes the algebraic side of the invariants. His
constructions also vastly simplified the analytic aspects of the definitions.
• Kontsevich used the notion of stable maps of complex curves with marked points to compute the
number of rational, algebraic curves of a given degree in various complex projective varieties. Moreover, Kontsevich's techniques here have greatly affected this branch of algebraic geometry. Kontsevich's formulation with Manin of the related Mirror Conjecture about Calabi-Yau 3-folds has also
proved to be highly influential.
• Kontsevich proved that every Poisson structure can
be formally quantized by exhibiting an explicit formula for the quantization.
What follows is a brief introduction for the nonexpert to these four areas of Kontsevich's work. Here,
I focus almost solely on the contributions of Kontsevich to the essential exclusion of many others; and I
ask to be pardonned for my many and glaring omissions.

lntersection Theory on the
Moduli Space of Curves and
the Matrix Airy Function [1]
To start the story, fix integers g 2: 0 and n > 0 which
are constrained so 2g + n 2: 2. That is, the compact surface of genus g with n punctures has negative Euler characteristic. Introduce the moduli space
Mg ,n of smooth , compact, complex curves of genus
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g with n distinct marked points. This is to say that
a point in M 9 ,n consists of an equivalence dass of
tuples consisting of a complex structure j on a compact surface C of genus g, tagether with an ordered
set A = {x1, . . . ,xn} C C of n points. The equivalence is under the action of the diffeomorphism group
of the surface. This M 9 ,n has a natural compactification (known as the Deligne-Mumford compactification) which will not be notationally distinguished.
Suffice it to say that the compactification has a natural fundamental dass, as well as an n-tuple of distinguished, complex line bundles. Here, the i'th such
line bundle, Li, at the point (j, A) E M 9 ,n is the
holomorphic cotangent space at Xi E A.

With the preceding understood, note that when
{d1, . .. , dn} are non-negative integers which sum to
the dimension of M 9 ,n (which is 3g- 3 + n), then, a
number is obtained by pairing the cohomology dass

rr

Ci(Li)di

l:Si:Sn

with the afore-mentioned fundamental dass of Mg ,n·
(Think of representing these Chern dasses by dosed
2-forms and t hen integrating t he appropriate wedge
product over the smooth part of Mg,n·) Using
Poincare duality, such numbers can be viewed as intersection numbers of varieties on M 9 ,n and hence the
use of this term in the title of Kontsevich's artide.
As g, n and the integers {d1, ... , dn} vary, one obtains in this way a slew of intersection numbers from
the set of spaces {M9 ,n}· In this regard, it proved
convenient to keep track of all these numbers with a
generating functional. The latter is a formal power
series in indeterminants to, h, ... which is written
schematically as

rr k:J,
ki

F( t0 , t 1 , .. . ) -- "'""'(
L.." T0ko T 1kl

· · ·)

(k)

ti

i::O:O

(28)

+ k2 + . . . , and
g = ; (2(kl + 2k2 + 3kg + ... )- n) + 1.
n = k1

(T;0Tf1·· ·)

= 0. If
g is a positive integer, construct on Mg ,n t he prod-

uct of c1 (Lj) for 1 :::; j :::; k1 times the product of
c1(Lj) 2 for k1 + 1:::; j:::; k1 + k2 times ... etc.; and
thus construct a form whose dimension is 3g - 3 + n,
which is that of Mg,n · Finally, pair this dass on
the fundamental dass of M 9 ,n to obtain (7; 0 7~ 1 · • • ).
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=

(29)
(As U is a formal power series, this last formula can
be viewed as a conjectural set of relations among the
intersection numbers which appear in the definition
of F in (1).)
Kontsevich gave the proof that U obeys this KdV
equation. His proof of Equation (2) is remarkable if
nothing else then for the fact that he gives what is
essentially an explicit calculation of the intersection
numbers { (7; 0 7~ 1 • • · ) }. Tothis end, Kontsevich first
introduces a model for M 9 ,n based on what he calls
ribbon graphs with metrics. (A ribbon graph is obtained from a 3-valent graph by more or less thickening t he edges to bands. They are related to Riemann
surfaces through the dassical theory of quadratic differentials.) With an explicit, almost combinatorial
model for M 9 ,n in hand, Kontsevich proceeds to identify the dasses c1(Lj) directly in terms of his model.
Moreover, this identification is sufficiently direct to
allow for the explicit computation of the integrals for
{ ( T;o T~ 1 · · · ) } . It should be stressed here that this
last step involves some extremely high powered combinatorics. Indeed, many of the steps in this proof
exhibit Kontsevich's unique talent for combinatorial
calculations. In any event, once the coefficients of U
are obtained, the proof ends with an identification of
the expression for U with a novel expansion for certain functions which arises in the KdV story. (These
are the matrix Airy functions referred to at the very
start of this section.)

,.

where (k) signifies the multi-index (k0 , k1, .. . ) consisting of non-negative integers where only finitely
many are non-zero. Here the expression (T;0Tf 1 • • · )
is the number which is obtained as follows: Let

If g is not a positive integer, set

By comparing formal properties of two
hypothetical quantum field theories, E.
Witten was led to conjecture that the
formal series u
[]2 F I ot6 obeys the
dassical KdV equation,

Feynman diagrams and
low dimensional topology [2]
From formal quantum field theory arguments, E.
Witten suggested that there should exist a family of
knot invariants and three manifolds invariants which
can be computed via multiple integrals over configuration spaces. Kontsevich gave an essentially complete mathematical definition of these invariants, and
his ideas have profoundly affected subsequent developments.
In order to explain, it proves useful to first digress
to introduce some basic terminology. First of all, the
three dimensional manifolds here will be all taken to
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be smooth, compact anel orienteel, or else Euclielean
space. A knot in a t hree manifolel is a connecteel,
1-elimensional submanifolel, which is to say, t he embeeleleel image of the circle. A link is a finit e, disjoint
collection of knots. A knot or link invariant is an assignment of some algebraic data to each knot or link
(for example, a real number), where t he assignments
to a pair of knots (or links) agree when one member
of the pair is t he image of the other under a diffeomorphism of t he ambient manifold. (One might also
restriet to eliffeomorphisms which can be connected
by a path of diffeomorphisms to t he identity map.)
A simple example is provideel by the Gauss linking
number an invariant of links with two components
which can be computed as follows: Label the components as K 1 and /(2 . A point in K 1 tagether with
one in K 2 provieles the elirected vector from the former to t he latter , and thus a point in the 2-sphere.
Since both K 1 anel K 2 are copies of the circle, t his
construction provieles a map from the 2-torus (the
product of two circles) to t he 2-sphere. The Gauss
linking number is the degree of t his map. (The invariance of t he degree und er homotopies implies that t his
number is an invariant of t he link.) Alternately, one
can int roduce the standard, oriented volume form w
on t he 2-sphere, and then the Gauss linking mtmber
is the integral over the K 1 x K 2 of t he pull-back of
t he form w .
\iVitten conjectured the existence of a vast number
of knot, link and 3-manifold invariants of a form
which generalizes this last formula for the Gauss linking number. Inelependently of Kontsevich, significant
work towarels constructing these invariants for knots
and links hael been carried out by Bar-Natan, Birman, Garoufalidis, Lin, anel Guadagnini-MartinelliMintchev. Meanwhile, Axelrod and Singer had developed a formulation of the t hree-manifold invariants.
In any event, what follows is a t hree step sketch of
Kontsevich 's formulation for an invariant of a t hreemanifold M with vanishing first Betti number.
Step 1: The invariants in question willland in a certain gradeel, abelian group which is constructed from
graphs. Kontsevich calls these groups "graph cohomology groups" . To describe t he groups, introduce
the set Go of pairs consisting of a compact graph r
with only three-valent vertices anel a certain kinel of
orientation o for r. Tobe precise, o is an orientation
for

( EB

JR)

Q9

Hl (r) .

edges(r)

Note that isomorphisms between such graphs pull
back t he given o. T hus, one can think of Go as a
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set of isomorphism classes. Next , t hink of the elements of Go as defining a basis for a vector space
over Z where consistency forces t he identification of
(r , - o) with -(r, o) .
One can make a similar definition for graphs where
all vertices are three valent save for one four valent
vertex. The resulting Z-moelule is called G 1 . In fact,
for each n 2: 0 t here is a Z-module Gn which is constructeel from graphs with all vertices being at least
3-valent, and with the sum over t he vertices of (valence -3) equal to n.
With t he set {Gn}n::::o more or less unelerstood,
remark that t here are natural homomorphisms
8: G 11 --+ Gn+l which obey 8 2 = 0. Ineleed, 8 is
defined schematically as follows:

EJ(r, o)

=

L

(r I e, induced orientation from o) .

eEedges(r )

Here, r I e is t he graph which is obtained from r by
contracting e to a point. The induced orientation is
quite natural anel left to t he reader to work out. In
any event, wit h 8 in hand, the modules { G 11 } define
a differential complex, whose cohomology groups are
GC* =:
kernel(8: G* --+ G*+t)IImage(8 : G*_ 1 --+ G*) .

(30)
This is 'graph cohomology'. For t he purpose of elefining 3-manifold invariants, only GC0 is required.
Step 2: Fix a point p E M anel introeluce in M x M
t he subvariety
I; =

(p

X

M) u (MX p) u ß ,

where ß elenotes t he diagonal. A simple MayerVietoris argument finds closed 2-forms on M x M - I:
which integrate to 1 on any linking 2-sphere of any of
the three components of I:. Moreover , there is such
a form w with w Aw = 0 near I:. In fact, near I:, this
w can be specifieel almost canonically with t he choice
of a framing for t he tangent bundle of M. (The tangent bunelle of an oriented 3-manifolel can always be
frameel. Furt hermore, Atiyah essent ially eletermineel
a canonical frame for T NI .) Away from I:, the precise eletails of w are immaterial. In any event , fix w
using the canonical framing for T NI .
With w chosen, consider a pair (r , o) from G0 . Associate to each vertex of r a copy of NI , anel to each
orienteel edge e of r, t he copy of M x M where t he
first factor of M is labeled by the staring vertex of
e, anel t he seconel factor by the eneling vertex. Associate to t his copy of NI x NI t he form w, anel in
t his way, t he edge e labels a (singular) 2-form We on
X vert ices(r ) J:Vf .
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Step 3: At least away from all versions of the subva-

riety ~' the forms {we}eEedges(r) can be wedged together to give a top dimensional form ITeEedges(r) We,
on XvEvertices(r)M. It is a non-trivial task to prove
that this form is integrable. In any event, the assignment of this integral to the pair (r, o) gives a
Z-linear map from Go to IR. The latter map does
not define an invariant of M from the pair (r, o) as
there are choices involved in the definition of w, and
these choices effect the value of the integral. However, Kontsevich found a Stokes theorem argument
which shows that this map from Go to IR descends to
the kernel of 8 as an invariant of M . That is, these
graph-parameterized integrals define a 3-manifold invariant with values in the dual space (GCo)*. (A
recent paper by Bott and Cattaneo has an exceptionally elegant discussion of these points.)
Kontsevich's construction of 3-manifold invariants
completely separates the analytic issues from the algebraic ones. Indeed, the module GCo encapsulates
all of the algebra; while the analysis, as it were, is
confined to issues which surround the integrals over
products of M. In particular, much is known about
GC0 ; for example, it is known to be highly nontrivial.
Kontsevich has a similar story for knots which involves integrals over configuration spaces that consist of points on the knot and points in the ambient
space. Here, there is a somewhat more complicated
analog of graph cohomology. In the case of knots in
3-sphere, Kontsevich's construction is now known to
give all Vassiliev invariant of knots.
In dosing this section, it should be said that Kontsevich has a deep understanding of these and related
graph cohomology in terms of certain infinite dimensional algebras [3].

Enumeration of rational curves
via torus actions [4]
The general problern here is as follows: Suppose X
is a compact, complex algebraic variety in some
complex projective space.
Fix a 2-dimensional
homology dass on X and 'count' the number of
holomorphic maps from the projective line IP' 1 into
X which represent the given homology dass. To
make this a well posed problem, maps should be
identified when they have the same image in X.
The use of quotes around the word count signifies that further restrictions are typically necessary in order to make the problern well posed.
For example, a common additional restriction fixes
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some finite number of points in X and
requires the maps in question to hit the
given points.

·- I

II ~

I CMi
"

These algebro-geometric enumeration problems were
considered very difficult. Indeed, for the case where
X = IP'2 , the answer was well understood prior to
Kontsevich's work only for the lowest multiples of
the generator of H2 (IP'2 ; Z). Kontsevich synthesized
an approach to this counting problern which has
been quickly adopted by algebraic geometers as the
method of choice. Of particular interest are the
counts made by Kontsevich for the simplest case of
X = IP' 2 and for the case where X is the zero locus
in IP'4 of a homogeneous, degree 5 polynomial. (The
latter has trivial canonical dass which is the characterization of a Calabi-Yau manifold.)
There are two parts to Kontsevich's approach to the
counting problem. The first is fairly general and is
roughly as follows: Let V be a compact, algebraic
variety and let ß denote a 2-dimensional homology
dass on V. Kontsevich introduces a certain space M
of triples (C, x, f) where C is a connected, compact,
reduced complex curve, while x = (x 1 , . . . , xk) is a ktuple of pairwise distinct points on C and f: C -+ V
is a holomorphic map which sends the fundamental
dass of C to ß. Moreover, the associated automorphism group of f is suitably constrained. (Here, k
could be zero.) This space M is designed so that
its compactification is a reasonable, complex algebraic space with a well defined fundamental dass.
(This compactification covers, in a sense, the oft used
Deligne-Mumford compactification of the space of
complex curves with marked points.) The utilization of this space M with its compactification is one
key to Kontsevich's approach. In particular, suppose
X C V is an algebraic subvariety. Under certain
circumstances, the problern of counting holomorphic
maps from C into X can be computed by translating
the latter problern into that of evaluating the pairing of M's fundamental dass with certain products
of Chern dasses on M. The point here is that the
condition that a map f: C -+ V lie in X can be
reinterpreted as the condition that the corresponding
points in M lie in the zero locus of a certain section
of a certain bundle over M.
With these last points understood, Part 2 of Kontsevich's approach exploits the observation that V = IP'n
has a non-trivial torus action. Such an action induces
one on M and its compactification. Then, in the
manner of Ellingsrud and Stromme, Kontsevich uses
one of Bott's fixed point formulas to obtain a formula for the appropriate Chern numbers in various
interesting examples.
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Deformation quantization
of Poisson manifolds

• Br,o: is abi-differential operator whose coefficients
are constructed from multiple order derivatives of
the given a. by a rules which come from the graph

This last subject comes from very recent work of
Kontsevich, so the discussion here will necessarily be
brief. A 'Poisson structure' on a manifold X can be
thought of as a bilinear map

• wr is a number which is obtained from r by integrating a certain r -dependent differential form over
the configuration space of n distinct points in the
upper half plane.

r.

The details can be found in [5].
which gives a Lie algebra structure to C 00 (X). In
particular, B 1 sends a pair (f, g) to (a., df /\ dg) where
a. is a non-degenerate section of A 2 T X which satisfies a certain quadratic differential constraint. The
problern of quantizing such a Poisson structure can
be phrased as follows: Let h be a formal parameter
(think Planck's constant). Find a set of bi-different ial
operators B2, B 3, . . . so that
f

* g = fg + h · B1(f,g) + h 2 · B2(f, g) + ...

defines an associative product taking pairs of functions on X and returning a formal power series with
C 00 (X) valued coefficients. (A bi-differential operator acts as a differential operator on each entry separately.) Kontsevich solves t his problern by providing
a formula for {B2 , B3, .. . } in terms of B 1 . The solution has the following remarkable form
f

*g =

L
o::;n::;oo

hn

L

wr Br,o: (f,g),

r EG[n]

where

• G[n] is a certain set of (n(n + l))n labeled graphs
with n

+ 2 vertices and n

edges.
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[1 J Intersection theory on the moduli space of
curves and the matrix Airy Function. Commun. Math. Phys. 147 (1992) 1-23.

[2] Feynman diagrams and low-dimensioanl topology, in: First European Congress of Mathematics (Paris 1992), Vol. II, Progress in Mathematics 120, Birkhauser (1994) 97-121.

[3] Formal, (non)-commutative symplectic geometry, in: Proceedings of the I. M. Gelfand Seminar, 1990-1992, edited by L. Corwin, I. Gelfand
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The Work of Curtis T. McMullen
Laudatio by Steve Smale

Born:
Nationality:
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1985-1986
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1990- 1998
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Fields:
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May 21, 1958, Berkeley, CA, USA
US Citizen
B.A. at Williams College, Williamstown
Herchel Smith Fellow, Garnbridge University
Ph.D. at Harvard University under Dennis P. Sullivan
Instructor at Massachusetts Institute of Technology
Assistant Professor at Princeton University
Professor at University of California, Berkeley
Professor at Harvard University
Riemann Surfaces, Hyperbolic 3-Manifolds, Complex Dynamics

DMV-Mitteilungen 3/98

Curtis T. McMullen has been awarded the Fields
Medal for his work in dynamics as well as for his
contributions to the theory of computation, complex
variables, geometry of three manifolds, and other areas of mathematics. I limit myself here to a brief
discussion of some of his results.

Dennis Sullivan, where he shows that
no such algorithm exists for polynomials of degree greater than 3, and for
polynomials of degree 3 he produces a
new algorithm which does converge to a solution for
almost all polynomials and initial points.

The search for understanding of solutions of a polynomial equation has had a central and glorious place
in the history of mathematics. Already the ancient
Greek mathematicians had approximated the square
root of two, i.e., the solution of x 2 = 2 by what is
now called Newton's Method. Providing a solution
for equations such as x 2 + 1 = 0 led to the introduction of complex numbers in mathematics. Group
theory was introduced to understand which polynomial equations could be solved in terms of radicals.
Earlier there had been such formulas for degrees 2
(the quadratic formula taught in high school) , 3 and
4. For degrees greater than 4 there are no such formulae.

Thus McMullen "finished the job" since this work
answers, in degree 3, "yes", and degree greater than
three, "no"; it is complete. This indicates his depth
of understanding of the situation and is characteristic
of his later work.
For the proof of his result McMullen establishes a
rigidity theorem for full families of rational maps of
C into C with no attracting cycles ot her than fixed
points. Members of such families are conjugate by
a linear fractional (Moebius) transformation. The
attracting cycles condition is implied by the general
convergence.
One obtains radicals by Newton's method applied to
the polynomial

Instead of formulae, algorithms have been developed
which produce (perhaps by complex routines) a sequence of better and better approximations to a SOlution of a general polynomial equation. In the most
satisfactory case, iteration of a single map, Newton's
Method converges to a zero for almost all quadratic
polynomials and initial points; it is a "generally convergent algorithm." But for degree 3 polynomials it
converges too infrequently.
Thus I was led to raise the question as to whether
there existed for each degree such a generally convergent algorithm which succeeds for all polynomial
equations of that degree.

f(x) = xd- a,
starting from any initial point. In this way solution
by radicals can be seen as a special case of solution by
generally convergent algorithms. This fact led Doyle
and McMullen to extend Galois Theory for finding zeros of polynomials. This extension uses McMullen's
thesis tagether with the composition of generally convergent algorithms (a "tower") and the introduction
of finite Moebius groups.
They showed that the zeros of a polynomial could
be found by a tower if and only if it s Galois group
is nearly solvable, extending the notion of solvable

McMullen answers this question in his thesis, under
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with the inclusion of the Moebius group A 5 (the alternating group). As a consequence, for polynomials
of degree bigger than 5 no tower will succeed.
For degree 5, Doyle and McMullen construct an algorithm following some ideas dating to Felix Klein's
famous lectures on the quintic and the icosahedron,
and using the classical theory of invariant polynomials. Thus the power of the tower of generally convergent algorit hms is found . Quite beautiful!
T. Y. Li and Jim Yorke introduced the word "chaos"
into dynamics in connection with the map of population biology,
Lr : [0, 1] -+ [0, 1] ,

L r(x) = r x(l - x).

Bob May had been intrigued by this map because
there was an infinite sequence of period doubling parameters ri converging to s = 3.57 ....
Soon thereafter, Mitch Feigenbaum's work (with similar results due to Coullet-Tresser) demonstrating the
universality properties of this map, helped establish
the acceptance by physicists of the new discipline
of dynamical systems. The sequence (ri - ri-d I
h+l - ri) has a limit, a number which is independent of the period doubling map! Key to Feigenbaum's work was the concept of renormalization and
the convergence of the renormalizations of an iterate
of the Feigenbaum map L 5 to a fixed point F of t he
renormalization operator.
Let us see what renormalization means for the second iterate L 2 of L = Lr for some 2 < r < 4. So
L([O, 1]) C [0, 1] as above, and L has a second fixed
point q = (r - 1) Ir. Define p by the conditions
0 < p < q and L(p) = q. Thus L 2 acts on (p, q]
(with a sign reversal) something like L on [0, 1]. If
L 2 ([p, q]) c [p, q] the conditions for renormalization
are present. Let A be the map Ax = (x- q)I(P- q),
sending (p, q] onto [0, 1]. The renormalized L 2 is given
by RL(x) = AL2 A- 1 (x), where R is the renormalization operator acting on L.
For certain r one may be able to repeat this process.
If one can do it indefinitely then L is called infinitely
renormalizable. This is a very special situation but
occurs for the Feigenbaum map L 5 above.
Lanford found computer assisted proofs of the conjectures of Feigenbaum and subsequently Sullivan put
them into a broader, detailed, conceptual framework,
finding important relations between I-dimensional
dynamics and parts of classical function theory as
Kleinian groups.
Yet the proof of fast (exponential) convergence of
the renormalizations, a basic ingredient in this program, was missing until McMullen's beautiful work
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was published in the second of his two Annals of Math
Studies in 1996. The fast convergence was necessary
to yield the crucial rigidity of the theory ( "Cl+a conjugacy").
With the notation as above, McMullen's result for
the Feigenbaum map may be expressed by the estimate:

Camplex one dimensional dynamics is the study of
the iterates of a polynomial map P : C -+ C. This
has become t he most advanced and t he most technical part of dynamics. Yet one simple problern may
be singled out as giving some focus to this subject.
Among polynomial maps of a given degree d, are the
hyperbolic ones dense ?

A polynomial is called hyberbolic (sometimes axiom
A) , if t he orbits of its critical points tend und er t ime
to an attracting cycle ( "including infinity") .
I naively gave this as a thesis problern in the 1960's.
Today it is still unsolved even for d = 2, but there
are a number of partial results.
Quadratic dynamics may be studied for polynomials
in the normalized form

with parameter c E C. The unique critical point is
zero and if it tends to oo under iteration, t he dynamics is well understood in terms of symbolic dynamics.
The Mandelbrot set M is defined as the set of c E C
for which this is not the case. This often pictured set
can be thought of as a "tree with fruit", t he fruit being the components of its interior. McMullen proves
in the first of his Annals of Math Studies:
If c is in a component of the interior of the Mandelbrot set which m eets the real axis, then Pc is hyperbolic.

As McMullen writes, "if one runs the real axis
through M, t hen all the fruit which is skewered is
good".
Earlier Yoccoz had dorre an important special case,
and I am ignoring here much other earlier fundamental work in complex (and real) dynamics such as Fatau, Julia, Douady and Hubbard. I am also ignoring
the later work of Lyubich and Graczyk-Swiatek.
Agairr t he ideas of renormalization play a big role in
the proof but now in the context of complex maps.
To describe more precisely these ideas, the idea of a
quadratic-like map is useful. A quadratic polynomial
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map C ---* C is a proper map of degree 2. A holomorphic proper map f: U---* V of degree 2, with the closure of U a compact subset of V, and having a critical
point q in U, is called quadratic-like. Here U, V are
supposed simply connected open sets of the complex
numbers. For example, an iterate of a quadratic polynomial restricted to an appropriate neighborhood of
its critical point is often que.dratic like. If moreover,
the critical point of f doesn't escape (all the iterates
of q are well defined), then according to DouadyHubbard, this map is topologically conjugate to a
quadratic map of the form Pc(z) = z 2 + c, for some
c in t he Mandelbrot set M.
The map Pc(z) = z 2 + c with c E M is said to
be renormalizable if P:!' is quadratic-like, the critical point 0 E U and 0 doesn't escape. Pc is called
infinitely renormalizable if there are infinitely many
values of such n . For t he problern of density of hyperbolic polynomials in degree two, the case of finitely
renormalizable points had been dealt with earlier by
Yoccoz. McMullen's work is on the problern of infinitely renormalizable points in M. It contains an
intricate analysis of the dynamics of these maps.
Moreover in these two books McMullen establishes
new results in complex function theory and the geometry of 3-manifolds.
Another important result of McMullen is his proof of
Kra's "Theta conjecture". Let X be a compact Riemann surface with a finite number of points removed
and its associated Riemannian curvature constant at
- 1, in other words a hyperbolic surface. Its universal covering, .6. ---* X, has as its group of covering
transformation, G, the fundamental group of X . Let
Q(.6.) be the space of holomorphic quadratic differentials ifJ with finite norm given by 11!/JII = J 1!/JI and
similarly define Q(X) . To ifJ E Q(.6.) one may associate 0!/J E Q(X) by t he formula 0!/J = "'E.g*!jJ, t he
sum being over the elements g of G. This is well defined since the sum is G-invariant. The sum is the
Poincare series.

I have given a brief glimpse of what
Curt McMullen has accomplished, but
would like to emphasize t hat his work
has encompassed a large realm of the
kind of mathematics that lies at the cross-section of
many paths of our rich culture. McMullen is not a
dynamicist, not an analyst nor a geometer. He is a
mathematician.

Selected Papers of C.T. McMullen
P. Doyle and C. McMullen. Solving t he quintic by
iteration. Acta Math. 163(1989), 151- 180.
C. McMullen. Families of rational maps and iterative
root-finding algorithms. Annals of Math. 125(1987),
467- 493.
C. McMullen. Amenability, Poincare series and quasiconformal maps. Invent. math. 97(1989), 95-127.
C. McMullen. Iteration on Teichmüller space. Invent. math. 99(1990), 425- 454.
C. McMullen. Cusps are dense. Annals of Math.
133(1991), 217- 247.
C. McMullen.
Riemann surfaces and the geometrization of 3-manifolds. Bull. Amer. Math. Soc.
27(1992), 207- 216.
C. McMullen. Camplex Dynamics and Renormalization. Annals of Math Studies 135, Princeton University Press, 1994.
C. McMullen. Frontiers in complex dynamics. Bull.
Amer. Math. Soc. 31(1994), 155- 172.
C. McMullen. Renormalization and 3-Manifolds with
Fiber over the Circle. Annals of Math Studies 142,
Princeton University Press, 1996.

It is easily shown that the norm of this Operator 0 is
less than or equal to one. Kra's conjecture and McMullen's theorem asserts that in fact 11011 is strictly
less than one. But McMullen proves much more. For
a general dass of coverings Y ---* X of Riemann surfaces he characterizes those for which his conclusion
is true (in terms of "amenable" covers) .
Armed with this work on Kra's conjecture, he is able
to make a substantial contribut ion to Thurston's program of introducing hyperbolic structures for a large
dass of 3-manifolds.
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The Work of Peter W. Shor
Laudatio by Ronald Graham
Born:
Nationality:
Marital Status:

1977- 1981
1981- 1985
1985- 1986
1986- 1996
1996
Fields:
Much of t he work of Peter Shor has a strong geometrical flavor , typically coupled with deep ideas from
probability, complexity t heory or combinatorics, and
always woven together wit h brilliance and insight of
t he first magnit ude. Due to the space limitations of
t his note, I will restriet myself to brief descriptions
of just four of his remarkable achievements, (unfort unately) omitting discussions of his seminal work [5]
on randomized irreremental algorithms (of fundamental importance in computational geometry) and his
provocative results in computational biology on selfassembling virus shells.
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Two-dimensional discrepancy,
minimax grid matchings
and online bin packing
T he minimax grid matehing problern is a fundamental combinatorial problern arising t he t he average
case analysis of algorithms. To state it, we consider
a square S of area N in the plane, and a regularly
spaced VN x VN array G ( =grid) of points in S.
Let P be a set of N points selected independently
and uniformly in S. By a perfect matehing of P to G
we mean a 1-1 map .A : P -t G. For each selection
P , define L (P) = min.>- maxpcP d (p, .A(p)) , where .A
ranges over all perfect matchings of P to G, and d
derrotes Euclidean distance.
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Theorem [Shor [9] , Leighton/Shor [7]]
With very high probability,

E(L(P)) = 8((logN) 3 14 )

The proof is very intricate and ingenious, and contains a wealth in new ideas which have spawned a
variety of extensions and generalizations, notably in
the work of M. Talagrand on majorizing measures
and discrepancy.
A classical paradigm in the analysis of algorithms
is the so-called bin packing problem, in which a list
W = (w1, w2, ... , wn) of "weights" is given, and we
are to required to pack all the Wi into "bins" with
the constraint that no bin can contain a weight total of more than 1. Since it is NP-hard to determine
the minimum nurober of bins which W requires for a
successful packing (or even to decide if this minimum
nurober is 2!), extensive efforts have been made for
finding good approximation algorithms for producing
near-optimal packings.
In the Best Fit algorit hm, after the first i weights are
packed, the next weight wi+ 1 is placed into the bin
in which it fits best, i.e., so that the unused space
in that bin is less than it would be in any other bin.
(This is actually an online algorithm). In his thesis [8], Shor proved the very surprising (and deep)
result that when the wi are chosen uniformly at random from [0, 1], then with very high probability, the
amount of wasted space has size 8(n1 12 (logn) 3 14 ).
An "up-right" region R = R(f) of the square S is defined as the region in S lying above some continuous
monotonically non-increasing function f (e.g., S is

itself up-right) . If P is a set of N
points chosen uniformly and independently at random in S, we can define
the discrepancy 6. (R) =II Rn p I area(R) I· An old problern in mathematical statist ics (from the 1950's; see was the estimation of
supR 6.(R) over all up-right regions of S . This was
finally answered by Leighton and Shor in [9, 7], and
it is now known that
sup 6. (R )

= 8(N 112 (log N) 3 14 )) .

R

The preceding results give just a hint of the numerous applications these fertile techniques have found
to such diverse areas as pseudo-random nurober generation, dynamic storage allocation, wafer-scale integration and two-dimensional bin packing.

Davenport-Schinzel Sequences
A Davenport-Schinzel sequence DS (n, s) is a sequence U = (u 1,uz, ... ,um) composed of n distinct
symbols such that ui -::f. Ui+l for all i, and such that
U contains no alternating subsequence of length s+2,
(i.e., there do not exist indices i1 < i2 < .. . < is+2
such that Ui1 = Ui3 = Ui5 = . . . = a -::f. b =
Ui2 = Ui 4 = ... ). We define .As(n) = max{m :
(u 1 , ... , um) is a DS(n , s)-sequence}.
DavenportSchinzel sequences have turned out to be of cent ral importance in computational and combinatorial geometry, and have found many applications in such areas as motion planning, visibility,
Voronoi diagrams and shortest path algorithms.
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It is known that DS(n, s)-sequences proviele a combinatorial characterization of the lower envelope of n
continuous univariate funct ions, each pair of which
intersect in at most s points. Hence, /\ 8 ( n) is just
t he maximum number of connectecl components of
t he gra.phs of such functions, ancl accurate estimates
of As (n) can often be translatecl into sharp bouncls
for algorithms which clepencl on function minimizat ion. It is trivial to show t hat .AI(n) = n ancl
/\ 2 (n) = 2n - 1. The first surprise came when it
was shown that /\ 3 (n) = G(na(n)) where a(n) is clefinecl to be the functional inverse of t he Ackermann
function A(t), i.e., a(n) := min{t : A(t) 2: n}. Note
t hat a(n) is an extremely slowly growing funct ion of
n since A is clefinecl as follows: A1 ( t ) = 2t , t 2: 1,
ancl Ak(t) = A"_I(Ak(t - 1)), k 2: 2, t 2: 2.
Thus, A 2 ( t) = 2t, A 3 ( t ) is an exponential tower of
n 2's, ancl so on. Then A(t) is clefinecl tobe At(t).
The best bouncls for A5 (n), s > 3 in were rather
weak. This was remecliecl in [1] where Shor ancl
his coauthors managecl to show by extremely clelicate ancl clever techniques that .A 4 (n) = 0 (n2"'(nl) .
Thus, DS (n, 4)-sequences can be much longer than
DS(n, 3)-sequences (but are still only slightly nonlinear). In aclclition, t hey also obtainecl almost t ight
bouncls on all other A8 ( n) , s > 4.

Tiling ]Rn with cubes
In 1907, Minkowski macle the conjecture (in connection with his work on extremallattices) that in any
lattice tiling of m.n wit h unit n-cubes, t here must be
two cubes having a complete facet ( = (n - 1)-face)
in common. This was generalizecl by 0. Keller in
1930 to t he conjecture t hat any tiling of m.n by unit
n-cubes must have this property. This was confirmecl
by Perron in 1940 for n :::; 6, ancl shortly t hereafter,
Haj6s provecl Minkowski's original conjecture for all
n . However , in spite of repeatecl efforts, no further
progress was macle in proving Keller's conjecture for
the next 50 years. Then in 1992, Shor struck. He
showecl (with his colleague J. Lagarias) that in fact
Keller 's conjecture is fals e for all climensions n 2: 10.
They managecl to clo t his wit h an very ingenious argument showing t hat certain special graphs suggestecl
by Comicli ancl Szab6 of size 4n, must always have
cliques of size 2n (contrary to the prevailing opinions
t hen), from which it followecl t hat Keller 's conjecture
must fail for m.n. The reacler is referrecl to [6] for the
cletails of t his combinatorial gern. I might point out
t hat this is another example of an olcl conjecture in
geometry being shatterecl by a subtle combinatorial
construction, an earlier one being t he recent clisproof
of the Borsuk conjecture by Kahn ancl Kalai. It is still
not known what t he t rut h for Keller's conjecture is
when n = 7,8, or 9.
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Quantum computation
It has been generally believecl that a digital computer (or more abstractly, a Turing machine) can
simulate any physically realizable computational clevice. This, in fact is t he thrust of the celebratecl
Church-Turing t hesis. Moreover, it was also assumecl
that this coulcl always be clone in an efficient way,
i.e., involving at most a polynomial expansion in the
time required. However , it was first pointed out by
Feynman that certain quantum mechanical systems
seemed to be extremely clifficult (in fact, impossible) to simulate efficiently on a stanclarcl (von Neumann) computer. This led him to suggest t hat it
might be possible to take aclvantage of t he quant um mechanical behavior of nat ure itself in clesigning a computer which overcame t hese clifficulties. In
fact, in doing so, such a "quantum" computer might
be able to solve some of t he classical clifficult problems much more efficient ly as well. These icleas were
pursuecl by Benioff, Deutsch, Bennett, and others,
ancl slowly, a model of quant mn computation began
to evolve. However, the first bombshell in t his embryonic fiele! occurred when P eter Shor [10, 11] in
1994 announcecl the first significant algorithm for
such a hypothetical quantum computer , namely a
method for factaring an arbitrary composite integer N in c(log N) 2 log log N log log log N steps. This
should be contrastecl with t he best current algorithm
on (classical) digital computers whose best running
time estimates grow like exp (cN 113 (log N) 213 ) . Of
course, no one has yet ruled out t he possibility that
a polynomial-time factaring algorithm exists for classical computers (cf. the infamaus P vs. NP problern), but it is felt by most knowledgeable people that
this is extremely unlikely. In the same paper , Shor
also gives a polynomial-time algorit hm for a quantum
computer for computing discrete logarithms, another
(apparently) intractable problern for classical computers.

There is not space here to describe these algorithms
in any detail, but a few remarks may be in order.
In a classical computer, information is represented
by binary symbols 0 ancl 1 (bits) . An n-bit memory
can exist in any of 2n logical states. Such computers
also manipulate this binary clata using functions like
the Boolean AND and NOT. By contrast, a quantum
bit or "qubit" is typically a microscopic system such
as an electron (wit h its spin) or a polarizecl photon.
The Boolean states 0 and 1 are represented by (reliably) clistinguishable states of the qubit, e.g., JO) +-+
spin ~ ancl J1) t-t spin - ~ . However , according to
the laws of quantum mechanics, t he qubit can also
exist in a continuum of intermediate states, or "Superposit ions", a JO) + ßJ 1) where a and ß are complex
numbers satisfying JaJ 2 + lß l2 = 1.
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More generally, astring of n qubits can exist in any
state of the form
11...1

L

'l/J =

'l/Jx lx)

x=OO ... O

where the 'l/Jx are complex numbers such that
l.:x l'l/Jx 2 = 1. In other words, a quantum state of
n qubits is represented by a unit vector in a 2n_
dimensional complex Hilbert space, defined as the
tensor product of the n copies of the 2-dimensional
Hilbert space representing the state of a single qubit.
It is the exponentially large dimensionality of this
space which distinguishes quantum computers from
classical computers. Whereas the state of a classical system can be completely described by separately
specifying the state of each part, the overwhelming
majority of states in a quantum computer are "entangled", i.e. , not representable as a direct product
of the states of its individual qubits. As stated in
[2], "the ability to preserve and manipulate entangled states is the distinguishing feature of quantum
computers, responsible both for their power and for
the difficulty in building them" .
The crux of Shor's factoring algorithm (after reducing the problern of factoring N to that of determining for a random X coprime to N, the order of
X(modulo N), is a brilliant application of the discrete Fourier transform in such a way as to have
all the incorrect candidate orders (quantum mechanically) cancel out, leaving only (multiples) of the correct order of X appearing (with high probability)
when the output is finally measured. I heartily recommend that the reader consult the paper of Shor in
this Volume, or [11] for more details.
Of course, complicated quantum systems are delicate
creatures and any substantial interaction with the external environment can cause rapid "decoherence" ,
which then can result in the system collapsing to
some classical state, thereby prematurely terminating the ongoing computation. This was the basis for
the strong initial skepticism that any serious quantum computer could actually ever be built. However ,
Shor's subsequent contributions changed this situation substantially. His paper [12] in 1995 announced
the discovery of quantum error-correcting codes, cutting through some widely held misconceptions about
quantum information , and showing t hat suitable
measurements of a quantum system can acquire sufficient information for detecting and correcting errors without disturbing any of the encoded information. These ideas were further developed in [3, 4] to
produce a new t heory of quantum error-correcting
codes for protection agairrst multiple errors, using
clever ideas from orthogonal geometry and properties of the recently discovered ordinary (as opposed
1
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to quantum) codes over GF(4).
Finally, any quantum computer which
is actually built will be composed of
components which are not completely
reliable. Thus, it will be essential to create algorithms which are "fault-tolerant" on such computers.
In yet another path-breaking paper [13], Shor in 1996
showed how this indeed could be clone.
Not only does Peter Shor's work on quantum computation during the past four years represent scientific achievements of the first rank, but in my mind it
holds out the firstreal promise that non-trivial quantum computers may actually exist in our lifetimes.
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Terror and Exile
Fersecution and Expulsion of Mathematicians from Berlin between 1933 and 1945
Anlässlich des ICM'98 haben Jochen Brüning, Dirk Ferus und Reinhard Sigmund-Schulze im Auftrag der DMV
eine Ausstellung über Verfolgung und Vertreibung von deutschen und insbesondere B edin er Mathematikern
in den Jahren 1933 - 1945 zusammengestellt. Die DMV-Mitteilungen drucken hier neben einem Vorwort
von Jochen Brüning die R eden ab, die er und der DMV-Präsident Karl-Heinz Hoffmann zur Eröffnung der
Ausstellung gehalten haben.

Nachdem der Internationale Mathematikerkongreß
erst nach einer Pause von 94 Jahren wieder in
Deutschland stattfinden sollte, war das Präsidium
der DMV einhellig der Meinung, daß die Ereignisse der Nazizeit nicht schweigend übergangen werden
könnten. Auch wenn die historischen Tatsachen im
allgemeinen bekannt und hinreichend publiziert sind,
so fehlte doch gerade für den Bereich der Mathematik
eine umfassende Darstellung, die über die verdienstvolle Arbeit von M. Pinl und A. Dick hinausging; und
auch wenn unter den heutigen Mitgliedern der DMV
kaum noch Zeitzeugen, geschweige denn damals Verantwortliche vertreten sind, so ist es doch eine bleibende Aufgabe der deutschen Mathematiker, die Erinnerung an eine furchtbare Zeit zu bewahren und
auf die Mechanismen des täglichen Versagens hinzuweisen, die sie auch ermöglicht haben. Es kam hinzu,
daß eine Geste dieser Art ganz offensichtlich allenthalben im Ausland erwartet wurde und daß der ICM
dazu eigentlich die erste herausgehobene Gelgenheit
bot.
Deshalb beschloß das DMV-Präsidium im September 1997, dem Andenken der in der Nazizeit verfolgten Mathematiker eine Ausstellung zu widmen, die in
geeigneter Form die Biographien wenigstens der aus
Berlin vertriebenen Kolleginnen und Kollegen darstellen sollte; mit der Durchführung wurden Jochen
Brüning und Dirk Ferus beauftragt. Wesentlich für
das Gelingen des Projektes war die Mitarbeit des
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Mathematikhistorikers Reinhard Siegmund-Schultze,
der das Material zusammentrug.
Einen ganz besonderen Akzent verlieh der Austeilungseröffnung die Anwesenheit von heute noch lebenden Opfern des Naziterrors bzw. ihrer Angehörigen, die fast alle selbst Gegenstand der Ausstellung
waren. Mit der freundlichen Unterstützung des Senates von Berlin und der IAT Communication AG war
es der DMV möglich, Franz Alt und Ehefrau, Michael Golomb und Tochter sowie Walter Ledermann
und Bernhard Neumann, beide mit Ehefrau, zum
ICM nach Berlin einzuladen; Rache! Theilheimer,
die Tochter von Feodor Teilheimer, war ohne unser
Wissen aus eigenem Antrieb nach Berlin gekommen.
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