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        Abstract
This paper is the complementary work of [S. Cho,
Group schemes and local densities of ramified hermitian lattices in residue characteristic 2: Part I, Algebra Number Theory 10 2016, 3, 451–532].
Ramified quadratic extensions E/F, where F is a finite unramified field extension of ℚ2, fall into two cases that we call Case 1 and Case 2.
In our previous work, we obtained the local density formula for a ramified hermitian lattice in Case 1.
In this paper, we obtain the local density formula for the remaining Case 2, by constructing a smooth integral group scheme model for an appropriate unitary group.
Consequently, this paper, combined with [W. T. Gan and J.-K. Yu,
Group schemes and local densities,
Duke Math. J. 105 2000, 3, 497–524] and our previous work, allows the computation of the mass formula for any hermitian lattice (L,H), when a base field is unramified over ℚ at a prime (2).
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A Examples
In this appendix, we provide an example with a unimodular lattice (L,h) of rank 1.
The structure of this appendix is parallel to that of [3, Appendix B] and thus
many sentences therein are repeated without comment.
Let L be Be of rank 1 hermitian lattice with hermitian form h(le,l′e)=σ(l)l′.
With this lattice, we construct the smooth integral model and its special fiber and compute the local density.
A.1 Naive construction (without using our technique)
We first construct the smooth integral model and its special fiber, without using any technique introduced in this paper.
If we write an element of L as x+πy, where x,y∈A, then it is easy to see that a naive integral model G¯′ is SpecA[x,y]/(x2+(π+σ(π))xy+πσ(π)y2-1).
As mentioned in Section 2.1, we may assume that π+σ(π)=0 and πσ(π)=-2δ for a unit δ∈A
such that δ≡1mod 2.
We remark that G¯′ is smooth if p≠2, and in this case its special fiber is
Specκ[x,y]/(x2-1)=𝔸1×μ2 as a κ-variety.
However, if p=2, then its special fiber is no longer smooth, since κ[x,y]/(x2-1)=κ[x,y]/(x-1)2 is non-reduced.
Some of the difficulty in the case p=2 arises from this.
The associated smooth integral model is obtained by a finite sequence of dilatations (at least once) of G¯′ (cf. [1]).
On the other hand, the difficulty can also be explained in terms of quadratic forms.
Namely, the smoothness of any scheme over A should be closely related to the smoothness of its special fiber.
If we define a function q:L→A,l↦h(l,l),
then qmod 2 is a quadratic form over κ.
Therefore, the associated smooth integral model should contain information about this quadratic form, which is more subtle than quadratic forms over a field of characteristic not equal 2.

To construct the smooth integral model, we observe the characterization of G¯ such that G¯(R)=G¯′(R)
for an étale A-algebra R.
Thus, any element of G(R) is of the form x+πy such that x2-2δy2=1.
Therefore, (x-1)2 is contained in the ideal (2) of R so that we can rewrite x=1+2x′, since R is étale over A.
With this, any element of G(R) is of the form 1+2x′+πy such that
2(x′+(x′)2)-δy2=0.
This equation also yields that y2 is contained in the prime ideal (2) of R
so that we can rewrite y=2y′, since R is étale over A.
With this, any element of G(R) is of the form 1+2x′+π⋅2y′ such that
x′+(x′)2-2δ(y′)2=0.

We consider the affine scheme SpecA[x,y]/(x+x2-2δy2).
Its special fiber is then reduced and smooth.
Thus, this affine scheme is the desired smooth integral model G¯.
Also, its special fiber Specκ[x,y]/(x+x2) is isomorphic to 𝔸1×ℤ/2ℤ
as a κ-variety so that the number of rational points is 2f, where f is the cardinality of κ.
A.2 Construction following our technique
Let q be the function defined over L such that
q:L→A,l↦h(l,l).
If we write l=x+πy such that x,y∈A, then q(l)=h(x+πy,x+πy)=x2-2δy2.
Thus, qmod 2 is an additive polynomial over κ.
Let B(L) be the sublattice of L such that B(L)/πL is the kernel of the additive polynomial qmod 2 on L/πL.
In this case, B(L)=πL.
We define another sublattice Z(L) of L such that
Z(L)/πB(L) is the radical of the quadratic form 12qmod 2 on B(L)/πB(L).
In this case, Z(L)=πB(L)=2L.
For an étale A-algebra R with g∈AutB⊗AR(L⊗AR,h⊗AR),
it is easy to see that g induces the identity on L/B(L)=L/πL.
An element g also induces the identity on L/Z(L)=L/2L, since


q(gw-w,gw-w)=2q(w)-(h(gw,w)+h(w,gw)
=2q(w)-(h(w+x,w)+h(w,w+x))
=-(h(x,w)+h(w,x)),
where w∈L and x∈B(L)=πL such that gw=w+x, and thus h(x,w)∈πB and (h(x,w)+h(w,x))∈4B.
Based on this, we construct the following functor from the category of commutative flat A-algebras to the category of monoids as follows. For any commutative flat A-algebra R, set
M¯(R)={m∈EndB⊗AR(L⊗AR):m induces the identity on L⊗AR/Z(L)⊗AR}.
This functor M¯ is then representable by a polynomial ring and has the structure of a scheme of monoids.
Let M¯∗(R) be the set of invertible elements in M¯(R) for any commutative A-algebra R.
Then M¯∗ is representable by a group scheme which is an open subscheme of M¯ (Section 3.2).
Thus, M¯∗ is smooth.
Indeed, in our case, M¯∗=M¯.
As a matrix, each element of M¯∗(R) for a flat A-algebra R can be written as (1+2z).
We define another functor from the category of commutative flat A-algebras to the category of sets as follows. For any commutative flat A-algebra R,
let H¯(R) be the set of hermitian forms f on L⊗AR (with values in B⊗AR)
such that
f(a,a)mod 4=h(a,a)mod 4, where a∈L⊗AR.
As a matrix, each element of H¯(R) for a flat A-algebra R is (1+4c).
Then for any flat A-algebra R, the group M¯∗(R) acts on the right of H¯(R)
by f∘m=σ(mt)⋅f⋅m and
this action is represented by an action morphism (Theorem 3.4)
H¯×M¯∗→H¯.
Let ρ be the morphism M¯∗→H¯ defined by ρ(m)=h∘m,
which is obtained from the above action morphism.
As a matrix, for a flat A-algebra R,
ρ(m)=ρ((1+2z))=(1+2z+σ(2z)+4⋅zσ(z)).
Then ρ is smooth of relative dimension 1 (Theorem 3.6).
Let G¯ be the stabilizer of h in M¯∗.
The group scheme G¯ is smooth, and G¯(R)=AutB⊗AR(L⊗AR,h⊗AR) for any étale A-algebra R (Theorem 3.8).
We now describe the structure of the special fiber G~ of G¯.
For a κ-algebra R,
each element of M¯(R) (resp. H¯(R)) can be written as a formal matrix m=(1+2z) (resp. f=(1+4c)).
Firstly, it is obvious that the morphism φ in Section 4.1 is trivial,
since the dimension of B(L)/Z(L)=πL/2L is 1 as a κ-vector space
so that the associated reduced orthogonal group is trivial.
For the component groups,
as explained in Theorem 4.10, there is a surjective morphism from G~ to ℤ/2ℤ.
Let us describe this morphism explicitly below.
It is easy to see that L0=M0=L and C(L0)=M0′=L.
Here, we follow the notation of Section 4.2.
Since M0=L is of type Io, there exists a morphism from the special fiber G~ (=G0) to the special fiber of the smooth integral model associated to
M0′⊕C(L0)=L⊕Lof type Ie, as explained in the argument (2) just before Remark 4.9.
Remark 4.9 tells us how to describe this morphism as formal matrices.
Let (e1,e2) be a basis for L⊕L so that the associated Gram matrix of the hermitian lattice L⊕L
with respect to this basis is (1001).
Then we consider the basis (e1,e1+e2), with respect to which the morphism described in Remark 4.9 is given as
(1+2z)→(1-2z01+2z).
We now construct a morphism from the special fiber of the smooth integral model associated to
M0′⊕C(L0)=L⊕L to ℤ/2ℤ
and describe the image of (1-2z01+2z) in ℤ/2ℤ.
Let R be a κ-algebra.
The Gram matrix for the hermitian lattice L⊕L with respect to the basis (e1,e1+e2) is (1112).
Since L⊕L is unimodular of type Ie,
an R-point of the special fiber associated to L⊕L with respect to this basis is expressed as the formal matrix
(1+πx′2z′u′1+πw′), as explained in Section 3.2.
Based on the argument (1) following Definition 4.8,
the morphism mapping to ℤ/2ℤ factors through the special fiber associated to Y(C(L⊕L)),
composed with the Dickson invariant associated to the corresponding orthogonal group.
Note that C(L⊕L) is generated by (πe1,e1+e2) and the corresponding Gram matrix is
(-2δπ-π2).
Then Y(C(L⊕L)) (in this case it is the same as B(C(L⊕L))) is generated by (2e1,πe1+e1+e2) and the corresponding Gram matrix is
(4δ22δ(π-1)2δ(-π-1)2(1-δ)).
Note that a method to choose the above basis is also explained in the argument (1) following Definition 4.8.
Since δ≡1mod 2, the lattice Y(C(L⊕L)) is π2-modular of type II.
Thus, there is no congruence condition on an element of the smooth integral model associated to Y(C(L⊕L)), as explained in Section 3.2.
We write x′=x1′+πx2′, y′=y1′+πy2′, and z′=z1′+πz2′.
The image of (1+πx′2z′u′1+πw′) in the special fiber associated to Y(C(L⊕L)), with respect to the above basis (2e1,πe1+e1+e2),
is
(1+π(x1′+u1′)x′+u′+z′+w′01+π(x1′+u1′)).
Since Y(C(L⊕L)) is π2-modular of type II with rank 2, there is a morphism from the special fiber
associated to Y(C(L⊕L)) to the orthogonal group associated to Y(C(L⊕L))/πY(C(L⊕L)),
as described in Theorem 4.1 or Remark 4.6.
Then the image of
(1+π(x1′+u1′)x′+u′+z′+w′01+π(x1′+u1′))
in this orthogonal group is
(1x1′+u1′+z1′+w1′01).
The Dickson invariant of the above matrix is x1′+u1′+z1′+w1′, as mentioned in step (1) of the proof of Theorem 4.10.

In conclusion, the image of (1+2z), which is an element of G~(R) for a κ-algebra R,
in ℤ/2ℤ is z1, where we write z=z1+πz2.
On the other hand, the equation defining G~ is z1+z12=0.
Thus, the morphism from G~ to ℤ/2ℤ is surjective.
Therefore, the maximal reductive quotient of G~ is ℤ/2ℤ and, using [3, Remark 5.3],
#(G~(κ))=#(ℤ/2ℤ)⋅#(𝔸1)=2f,
where f is the cardinality of κ.
Based on Theorem 5.2, the local density is
βL=f-1⋅2f=2.
Remark A.1 (Correction).
In the last line of [3, Appendix B],
βL=f0⋅2f=2f
should be replaced by
βL=f-1⋅2f=2.
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