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Abstract: Machine learning-based data-driven methods
are increasingly being used to extract structures and
essences from the ever-increasing pool of geosciencerelated big data, which are often used in relation to the
atmosphere, oceans, and land surfaces. This study focuses
on applying a data-driven forecast model to the classical
ensemble Kalman ﬁlter process to reconstruct, analyze,
and elucidate the model. In this study, a nonparametric
sampler from a catalog of historical datasets, namely, a
nearest neighbor or analog sampler, is given by numerical
simulations. Based on this catalog (sampler), the dynamics
physics model is reconstructed using the K-nearest neighbors algorithm. The optimal values of the surrogate model
are found, and the forecast step is performed using locally
weighted linear regression. Several numerical experiments
carried out using the Lorenz-63 and Lorenz-96 models
demonstrate that the proposed approach performs as good
as the ensemble Kalman ﬁlter for larger catalog sizes. This
approach is restricted to the ensemble Kalman ﬁlter form.
However, the basic strategy is not restricted to any particular
version of the Kalman ﬁlter. It is found that this combined
approach can outperform the generally used sequential data
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assimilation approach when the size of the catalog is substantially large.
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1 Introduction
Data assimilation (DA) is a fundamental approach for
combining numerical simulations and observational and
experimental big data [1]. Sequential DA is also called
ﬁltering algorithms [2,3]; it includes the forecast and analysis steps [4,5]. Some examples of such ﬁltering algorithms are the Kalman ﬁlter (KF) [6], ensemble KF [7,8],
particle ﬁlter (PF) [9], robust ﬁlter [10], and evolutionary
computation [11]. The choice of a DA algorithm depends
on the dynamic physical model of the system, the error of
the model, and the uncertainty of the problems that
directly aﬀect the assimilation results. Data from remote
sensing observations, archives of in situ measurements,
and numerical simulations provide novel ideas for
This work is licensed under the Creative Commons Attribution 4.0
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improving the understanding, modeling, and reconstruction of geophysical dynamics [12,13]. Indeed, in the last
two decades, in situ measurements and satellites have provided signiﬁcant amounts of data in high temporal and
spatial resolutions. However, noteworthy diﬃculties
remain, such as the complexity of physical models, the
high dimensionality of states, and the uncertainty of chaotic
behaviors.
Although the abundance of data, physical laws, or
governing equations remain elusive, this is true for problems in climate science, ﬁnance, and neuroscience [14].
Making full use of large amounts of data to solve relevant
problems has become a growing issue in geophysics
[15–19]. The classical approach reconstructs geophysical
systems from observational data. However, it frequently
depends on known nonlinear dynamic physical models.
Consequently, there are serious limitations with regard
to computational costs, model reliability, and error size.
Especially, when the model is uncertain or utterly
ignorant, classical DA schemes may not deal with
assimilation problems.
Only during the last few years, the DA strategies are
starting to approach machine learning (ML) models to
improve the eﬃciency of DA models. To achieve the accuracy of the DA solution and reduce the execution time,
various ML approaches have been applied to generate
simulation models of fully observed low-order chaotic
systems and then used for forecasting purposes. Examples
of successful approaches in analog forecast strategies are
as follows: the analog method to replace the numerical
forecast model [20–22], a model-free ﬁlter based on the
ensemble Kalman ﬁlter (EnKF) equations [23,24], a modelfree prediction of spatiotemporally chaotic systems of arbitrarily large spatial extents and attractor dimensions [25],
and an analog data assimilation [26]. Some scholars have
also tried to apply ML to deal with errors, such as embedded
residual neural network architecture and bilinear layers in
nonlinearity [27], combined DA and ML to emulate a dynamical model from sparse and noisy observations in Lorenz
96 model [28], dealing with model errors in DA [29,30], and
employing neural networks (NNs) to simulate the local
ensemble transform KF (LETKF) [31]. In contrast, there
are also some meaningful applications in remote sensing,
industry, wind speed prediction, and atmosphere aspects,
such as ensemble transform Kalman ﬁlter used in satellite
data assimilation [32], forecasting the production of gas
from mature gas wells [33], the prediction of severe weather
[34], the recurrent network used in time-series data prediction scheme [35,36], the global atmospheric forecast model
[37], and the combined power of NNs and high-performance
computing to assimilate meteorological data [38]. Essentially,

the development of ML, deep learning, and big data will
improve the forecast abilities of DA and complex time series.
Most analog models are trained on complete and noise-free
observations of a system. Many numerical results have
proven this perspective to be accurate. For simple problems, straightforward ML models may provide accurate
forecasts. However, owing to the nonstationary property of
the data, uncertainty in the timing and values of the observation data, and more nonlinear dynamics that often come
with increased resolution, the quality of ML forecasts can
be degraded. Such issues require increasing complexity in
ML model design. These hybrid approaches are also what
the Universal Approximation Theorem claims [39].
Combining sequential DA algorithms with ML has
notably been explored along with two potential directions we outline now. First, DA approaches can be seen
as an optimizer to train neural networks [27,39]. Second,
this combinative approach is used to emulate a dynamical model from small ensembles or sparse and noisy
observations [26,28,40]. The latter direction is deﬁnitely
closer to our study. The key features of this study are
threefold: First, a nonparametric sampler is obtained,
which directly reﬂects the dynamic model, from a representative catalog of historical datasets. Second, the model
forecast approach is replaced with the catalog and ML, and
then, we apply the new forecast values to the analysis step
of the EnKF. Finally, numerical experiments are performed
using the Lorenz-63 and Lorenz-96 models. Herein, this
approach is called data-driven data assimilation (DD-DA).
The structure of this article is as follows: In Section 2,
the principle of the ensemble KF and the core ideas of
DD-DA are introduced brieﬂy. This section includes the
generation methods of data catalog sets, in addition to
the application and implementation of the ML methods.
In Section 3, we present the experimental setup using the
Lorenz-63 and Lorenz-96 models chosen to illustrate the
approach. Section 4 summarizes the advantages and disadvantages of this approach and puts forward a new perspective and challenges for future work.

2 Methods
2.1 Ensemble Kalman ﬁlter
The EnKF is a sequential data assimilation algorithm
based on the theory of stochastic dynamic forecasting.
It was proposed by Evensen in 1994 [8]. This approach
combines ensemble forecasting with KF and incorporates
the ideas of Monte Carlo methods. It normally uses a
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group of random variables coming from a Gaussian distribution to represent the probability density function
in random dynamic forecasting. Then, it calculates the
population probability density function of the next state
using forward integration and obtains the statistical characteristics, such as mean and covariance. In the forecast
step, we give a group of random variables that conforms
to the Gaussian distribution (i = 1,⋯,N) at time t in initial
conditions. The forecasting values Xi,ft + 1 of each random
variable and the observation values yi, t + 1 at time t + 1 are
expressed in equations (1–2):

Xi,ft + 1 = Mt (Xia, t ) + wi, t , wi, t ∼ N (0, Qt ) ,

(1)

yi, t + 1 = Ht (Xi,ft ) + εi, t , εi, t ∼ N (0, Rt ) ,

(2)

where Xia, t stands for the analysis values of the random
variable at time t, Mt (⋅ ) is the nonlinear model operator,
Qt denotes the model error covariance matrix, and wi, t is
a random perturbation added to represent model uncertainty. We choose it to be the Gaussian white noise with
the expectation values and variances equal to 0 and Qt ,
respectively. Rt is the covariance matrix of the observation errors. εi, t is the Gaussian white noise with the
expectation values and variances equal to 0 and Rt ,
respectively. The Kalman gain matrix Kt + 1 at time t + 1
is calculated using equations (3–6):

Kt + 1 = Ptf+ 1H T (HPtf+ 1H T + Rt +1)−1 ,

(3)

N

Ptf+ 1H T =

1
∑(X f − Xtf+1)
N − 1 i = 1 i, t + 1
⋅

(H (Xi,ft + 1)

− H(

(4)

Xtf+ 1))T ,

N

HPtf+ 1H T =

1
∑(H (Xi,ft +1) − H ( Xtf+1))
N − 1 i=1
⋅

(H (Xi,ft + 1)

− H(

(5)

Xtf+ 1))T ,

N

Xtf+ 1 =

1
∑X f ,
N i = 1 i, t + 1

(6)

where N is the size of the ensemble, Xtf+ 1 is the mean of
the forecast values at time t + 1, and H is the observation
operator.
In the analysis step, the observation and forecast
values are weighted to obtain the best estimation values
at time t + 1. The model is reinitialized according to
the current state, repeating the aforementioned two steps
until all observation values are updated. The mean Xta+ 1
of the analysis values and the background ﬁeld error
covariance matrix Pta+ 1 at time t + 1 are calculated by
using equations (7–8):



1397

Xia, t + 1 = Xi,ft + 1 + Kt + 1[yi, t + 1 − H (Xi,ft + 1) + vi, t + 1], vi, t + 1

(7)

∼ N (0, Rt ) ,
N

Xta+ 1 =

1
∑Xia,t +1,
N i=1

(8)

where Xia, t + 1 is the analysis value at time t + 1, and vi, t + 1 is
the Gaussian white noise with the expectation values and
variances equal to 0 and Rt , respectively. This is the
principle used by the EnKF in one cycle.

2.2 Data-driven model and DD-DA approach
In EnKF, the forecast values are obtained from a physical
model (Lorenz-63 or Lorenz-96). The general idea of
the DD-DA approach is to replace the dynamical model
applied to each ensemble member by a data-driven model
applied to each ensemble member. A diagram of two
assimilation procedures is shown in Figure 1, and it
includes one assimilation cycle. The diﬀerence between
EnKF and DD-DA is that the former uses a dynamics physical model, whereas the latter uses a data-driven model
that comprises a dataset. This data-driven model is composed of representative data catalog sets [41]. For each
continuous state variable, the catalog contains analogs
and successors, which are formed by pairs of consecutive
state vectors and separated by the same time interval. The
second component of each pair is called the successor of
its analogs. The catalog can be obtained from observations
or numerical simulations. We chose the latter for this
study.
(1) In the forecast step of DD-DA, we assume that there is
a catalog that represents the simulation dynamics
model. The size of the catalog is M, the size of the
dimension is n, and the variance of the model error to
generate the catalog is Ca. The catalog data are presented in Table 1. For instance, Table 2 shows the
Lorenz-63 data catalog sets to intuitively understand
the dataset values. It contains three dimensions (n = 3):
x(t), y(t), and z(t). x(t) is related to convection, y(t)
represents horizontal temperature variation, and z(t)
represents vertical temperature variation. Each dimension has M continuous state variables. We can see that
the successor values at time t + 1 correspond to the
analog values at time t. This relationship between analogs and successors also corresponds to inputs and
outputs in training sets.
Following the idea from the EnKF method in
Section 2.1, the analysis value Xia, t means that using
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Figure 1: EnKF and DD-DA, including one assimilation cycle. (Top) EnKF: during the forecast step, the model (Lorenz-63 or Lorenz-96) is
integrated into the time of the next observation. During the analysis step, the forecast value is updated using the input observation to
compute the analysis. (Bottom) DD-DA: The model is replaced by a data-driven model, which is composed of representative data catalog
sets. The forecast approach is coupled K-NN with LWLR.

the state variables over time, we can ﬁnd K samples
that are closest to Xia, t at time t using the K-nearest
neighbors (K-NN) algorithm [42–44]. Kailei proposed
coupling of the K-NN procedure with KF for real-time
updating of the hydraulic model [45]. This algorithm is
one of the most basic methods in data mining technology and can be used for classiﬁcation as well as
regression. Compared with the general naive Bayesian

Table 1: Samples of data catalog sets (analogs and successors): it
contains n dimensions; each dimension has M continuous state
variables; AnM represents one of the catalog data
Analogs
A00
A01
A02
⋯
A0M−2
A0M−1

Successors
A10
A11
A12
⋯
A1M−2
A1M−1

⋯
⋯
⋯
⋯
⋯
⋯

An0
An1
An2
⋯
AnM−2
AnM−1

A01
A02
A03
⋯
A0M−1
A0M

A11
A12
A13
⋯
A1M−1
A1M

⋯
⋯
⋯
⋯
⋯
⋯

An1
An2
An3
⋯
AnM−1
AnM

algorithm (mainly include Polynomial Naive Bayesian,
Gaussian Naive Bayesian, and Bernoulli naive Bayesian) [46,47], this approach has a high degree of accuracy. In this case, the samples can be expressed as
(Xj, a ,Xj, s ), j = 1, 2, ⋯, K [48–50]. We can assign different weights to the diﬀerent neighbors at diﬀerent
distances and use K neighbors to represent the

Table 2: Lorenz-63 data catalog sets (analogs and successors)
containing three dimensions; each dimension has M continuous
state variables (M = 1,000)
Analogs (t)

Successors (t + 1)

x(t)

y(t)

z(t)

x(t + 1)

y(t + 1)

z(t + 1)

−6.7456
−7.2584
−7.8034
⋯
13.732
14.329

−11.710
−12.548
−13.411
⋯
20.0323
19.9331

14.0628
14.5310
15.1135
⋯
26.2375
28.3183

−7.2584
−7.8034
−8.3794
⋯
14.329
14.8456

−12.548
−13.411
−14.2873
⋯
19.9331
19.5347

14.5310
15.1135
15.8220
⋯
28.3183
30.4189

Ensemble Kalman ﬁlter for data-driven data assimilation
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Figure 2: Operation of K-NN in sample space. (a) State variable Xia, t at time t (red dot) and a sample of data catalog sets (blue dots). (b) The K
samples that are closest to Xia, t (K = 3), in terms of Euclidean distance in sample space, are selected to form its neighborhood. (c) Three
nearest neighbors can be found ( X1, a , X2, a , and X3, a ).

samples. Euclidean distance is normally calculated
using equation (9).
K

dist(X , Y ) =

∑(xi − yi)2 ,

(9)

i=1

where X = {x1 , x2 , ⋅⋅⋅,xi } , Y = {y1, y2 , ⋅⋅⋅ ,yi } , i = 1, 2, ⋅⋅⋅,K .
In this study, the ensemble of the EnKF is chosen as
N. There are two main strategies for selecting K. One
predeﬁned the number of the nearest neighbors and
the other selected the analogs that are closer than the
predeﬁned threshold on distance. For simplicity, the
ﬁrst strategy is used in this study. To ensure the consistency of the ensemble of the two approaches, we
deﬁned the number of the nearest neighbors K = N.
Figure 2 shows the operation of K-NN in sample space
when K = 3.
For each variable at time t, we can use the nearest
neighbor samples to calculate the possible forecast
values at time t + 1. Traditional linear regression
(LR) was used for the forecast step of the DA, which
was called the analog ensemble KF (AnEnKF) [26].
Locally weighted linear regression (LWLR) can determine the parameters each time when a new sample is
predicted to achieve better predictions. It makes up
for the problems of underﬁtting and overﬁtting in the
traditional LR models [48,51,52] and needs to relearn
and keep the training samples all the time. LWLR
builds a regression model for each ensemble member,
so we adopted LWLR to calculate the forecast values
in this study. Figure 3 compares the forecast results of
the two methods. We can see that the forecast result
of the LWLR is superior to LR. LWLR uses a “Gaussian
kernel” to give higher weights to nearby neighbors.

Its weights are normally calculated using equation
(10). A weight matrix with only diagonal elements
W ( j , i ) is also called the exponential decay function.

W ( j , i ) = exp ⎜⎛−
⎝

∥Xj, a − Xia, t ∥2 ⎞
2τ2

⎟

⎠

, (i = 1 ⋯ N , j

(10)

= 1 ⋯ K ),
where ∥⋅∥ is the norm of Xj, a − Xia, t and τ is the wavelength parameter controlling the speed of the weight
values falling with distance. When τ is too large, the
result is prone to underﬁtting. In contrast, when τ is
too small, the result is prone to overﬁtting. In general,
regularization is an eﬀective method to determine
the τ value. It is typically introduced to prevent
the estimated function from overﬁtting the training

Figure 3: Comparison of the forecast results of two methods. Blue
solid point circles represent training sets. The red and green lines
represent the forecast results of LWLR and LR, respectively.
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data, as well as avoid potential numerical issues
in the course of solving the minimization problem
[53]. In Figure 3, the green dotted line is the LR forecast result with τ = 1, and the red solid line is the
LWLR forecast result with τ = 0.02 . For general
training sets (X1, a , X1, s) , ⋅⋅⋅(Xj, a , Xj, s) , ⋅⋅⋅(XK , a , XK , s),
the regression coeﬃcient parameter is expressed as
follows:

θ = [(θ1(X1, a) , θ1(X1, s)) , ⋯(θj (Xj, a) , θj (Xj, s)) , ⋯.
(θK (XK , a) , θK (XK , s))]T
The LWLR loss function is expressed as follows:
K

L (θ ) =

∑ W ( j, i)⋅(Xj,s − θ ⋅(Xj,a))2 .

(11)

j=1

One can solve the optimization problem of equation
(11) as follows: ∇L(θ ) = 0. θ is given by equation (12):

θ=

(Xj, aT W ( j ,

i )Xj, a)−1Xj, aT W ( j ,

i )Xj, s .

(12)

We assign the weights to all neighbors near the forecast values. The weights are introduced to the loss
function, and the size of the loss function is determined. Here, the regression coeﬃcient parameter
θj (Xj, a) represents the slope, θj (Xj, s) represents the
intercept, and ϒj(X ) = Xj, s − (θj (Xj, a)Xj, a + θj (Xj, s))
represents the residual. The analog forecast values
Xiaf
, t + 1 by Gaussian sampling are shown in equation
(13):

Xiaf
, t + 1 ∼ N (θj (Xj, a )Xi, a + θj (Xj, s ) , cov(Xj, s
− (θj (Xj, a)Xj, a + θj (Xj, s)))) ,

(13)

where the expectation values are θj (Xj, a)Xi, a + θj (Xj, s), and
the variances are Ptaf+ 1 = cov(Xj, s − (θj (Xj, a)Xj, a + θj (Xj, s))).
(2) In the analysis step of DD-DA, the observation and
forecast values are weighted to obtain the best estimation values at time t + 1. The mean of the analog
analysis values, Xtaa
+ 1 , and the analog background
ﬁeld error covariance matrix, Ptaa
+ 1 , at time t + 1 are
calculated using equations (14–17):

Kta+ 1 = Ptaf+ 1H T (HPtaf+ 1H T + Rt )−1 ,
af
af
a
Xiaa
, t + 1 = Xi, t + 1 + Kt + 1[yi, t + 1 − H (Xi, t + 1) + vi, t + 1] , vi, t + 1

(14)
(15)

∼ N (0, Rt ) ,
N

1
∑Xiaa
, t + 1,
N i=1

(16)

1
aa
aa
aa T
∑(Xiaa
, t + 1 − Xt + 1)(Xi, t + 1 − Xt + 1) ,
N − 1 i=1

(17)

Xtaa
+1 =
N

Ptaa
+1 =

a
where Xiaa
, t + 1 is the analog analysis value at time t + 1, Kt + 1
is the analog Kalman ﬁlter gain, and vi, t + 1 is the Gaussian
white noise with the expectation values and variances
equal to 0 and Rt , respectively. This is the principle
used by the DD-DA approach in one cycle.

2.3 Metrics for assimilation evaluation
We use the root mean square error (RMSE), as shown in
equation (18), to quantify the overall assimilation performance in the total assimilation times. Because the analysis step remains unchanged in EnKF and DD-DA, the
assimilation evaluation also reﬂects the performance of
forecast results, and it is equivalent to the testing of the
training process in the DD-DA approach.

RMSE =

1
m

m−1

∑ ( Xta+1 − X (t ))2 ,

(18)

t=0

where m is the total assimilation times and X(t) is the
variables of the true states (Lorenz-63 or Lorenz-96) at
time t.
We also use the RMSE-f to reﬂect the ensemble mean
of the forecast values at time t:

RMSE-f =

1
N

N −1

∑ (Xi,ft − X (t ))2 .

(19)

i=0

3 Evaluation of the assimilation
approaches
3.1 Numerical experiments in the Lorenz-63
model
The Lorenz-63 model is a nonlinear spectral model found
in the study of the ﬁnite-amplitude convection of a ﬂuid
and was proposed by Lorenz and Saltzman in 1963 [54].
Because of its nonlinear chaotic characteristics and low
dimension, it is often used to verify the performance of
data assimilation systems. The Lorenz-63 model is deﬁned
as shown in equation (20):

d x (t )
= σ ( y (t ) − x (t ))
dt
d y (t )
= rx (t ) − y (t ) − x (t )z (t )
dt
d z (t )
= x (t )y (t ) − bz (t ) ,
dt

(20)

Ensemble Kalman ﬁlter for data-driven data assimilation
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Figure 4: RMSE for two approaches using diﬀerent M (DD-DA and AnEnKF). The horizontal axis represents catalog sizes, and the vertical axis
represents RMSE. The black dotted line represents RMSEEnKF, the red dotted line represents RMSEAnEnKF, and the red solid line represents
RMSEDD-DA.

In this conﬁguration, σ = 10, r = 28, b = 8/ 3, and
the integration of the system is based on fourth-order
Runge-Kutta explicit iterative methods [51]. The integral
time step is t = 0.01 units, the total assimilation times is
m = 1,000, and the size of the dimension is n = 3. The
observation time step is Obs = 0.08 units (every 8 integration time steps or 6-hour time step in the atmosphere).
The observed error covariance is 2. These conﬁgurations
have been used in previous studies. We choose variable
x(t) to verify the performance of prediction and assimilation. The performance of the DD-DA approach is examined in comparison to that of EnKF.

that RMSEEnKF = 0.927; furthermore, RMSEDD-DA = 1.104
when M = 103 (top), and RMSEDD-DA = 0.921 when M = 105
(bottom). This shows that the performance of both
approaches is signiﬁcantly satisfactory in terms of an
overall low RMSE. The DD-DA approach performs almost
as good as that of EnKF, especially when catalog sets
become larger. The partial magniﬁcation also reﬂects
this performance. The ensemble means of the forecast
values in two approaches are compared in Figure 6. It
also reﬂects that RMSE-f decreases with the increase of
datasets. These results demonstrate that a data-driven
algorithm could be used here as a model-free approach
to search for optimal forecast values within the best range
of catalog sets.

3.1.1 Eﬀectiveness of the DD-DA approach
To verify the correctness of the new approach, we compared the performance of our proposed approach to that
of the former approach (AnEnKF) [26]. To avoid divergence of the ﬁltering methods, we choose N = 50. The
catalog noise variance Ca = 0. As shown in Figure 4,
choosing the size of the catalog M = {103, 104, 105, and
106}, we can see that (1) The RMSE of both approaches
decreases when the size of the catalog increases. (2)
The results of AnEnKF are closer to those of EnKF when
M = 106. However, DD-DA performs slightly better than
AnEnKF when M ≥ 105. These results were similar to those
obtained by Lguensat using the Lorenz-63 model. In conclusion, the eﬀectiveness of the new DD-DA approach
was demonstrated for this low-dimensional system.

3.1.2 Performance of DD-DA with diﬀerent catalog sizes
To investigate the performance of our approach with
the catalog sizes, we experimented with two approaches.
Figure 5 compares the performance of DD-DA with EnKF
when M = {103, 105}. Through the experiments, we found

3.1.3 Performance of DD-DA with diﬀerent catalog sizes
and noise variances
Another group of experiments with M = {103,105} was
conducted using a catalog noise variance of Ca = 0.1,
which is diﬀerent from the one used in the numerical
simulation. Other conﬁgurations are the same as in the
previous experiments. Figure 7 compares the performance
of the DD-DA approach with that of EnKF. Through the
experiments, we found that RMSEDD-DA = 1.373 when
M = 103 (top), and RMSEDD-DA = 1.099 when M = 105
(bottom). Although the noise variances are added in the
catalog, the RMSE of the DD-DA also decreases when M is
larger. We also compared more conﬁgurations where the
size of the catalog M = {103, 104, 105, 106}, and the noise
variances Ca = {0, 0.1, 0.2}. Figure 8 shows the RMSE of
the two approaches in more situations. From the aforementioned comparisons, the assimilation performance is
not intuitively obvious when the catalog noises become
increasingly severe. However, with a larger catalog size,
the performance signiﬁcantly improves especially when
M > 105.
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Figure 5: Performance comparison of two approaches (Ca = 0, M = {103, 105}). Left column represents the size of the catalog: the phase
diagram between analogs and successors. Right column represents the assimilation results of the two approaches: (top) M = 103, (bottom)
M = 105. The black solid lines, the blue solid lines, the green solid points, and the red solid lines represent the true states, the EnKF
assimilation results, the observations, and the DD-DA results, respectively.

Figure 6: The ensemble mean of the forecast values in two approaches (M = {103, 105}). Red and blue lines represent the RMSE-f of the EnKF
and DD-DA, respectively.

3.1.4 Performance of DD-DA with diﬀerent catalog sizes
and observation steps
We further compared the performance of the DD-DA
approach with that of EnKF built using diﬀerent observation steps Obs to demonstrate the eﬀectiveness of using
sparse observations. Figure 9 demonstrates the scatter
plots between two consecutive values of the variable
x(t) and the assimilation results. We also calculated the

RMSE of the two approaches (DD-DA and EnKF) in the
diﬀerent M and Obs to evaluate the adaptability of the
diﬀerent models. The comparison of RMSE values of different approaches is presented in Table 3. The results
demonstrate that (1) the two approaches are outperformed when the Obs is smaller (= 0.01), and it is diﬃcult
to determine which is better; (2) the RMSE of the DD-DA
approach decreases when the size of the catalog is larger;
and (3) RMSEDD-DA is clearly lower than RMSEEnKF when

Ensemble Kalman ﬁlter for data-driven data assimilation
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Figure 7: Performance comparison of two approaches (Ca = 0.1, M = {103, 105}). (Top) M = 103, (bottom) M = 105. The black solid lines, the
blue solid lines, the green solid points, and the red solid lines represent the true states, the EnKF assimilation results, the observations, and
the DD-DA results, respectively.

M increases (>105), especially when Obs ≥ 0.04. This conclusion is shown in Figure 10. Under the perfect-model
assumption, the choice of the size of the catalog, M, does
not seem very critical to the DD-DA performance, as
long as the observation step Obs is short (Obs ≤ 0.01).
However, when the observations step Obs is longer,

the performance of DD-DA is superior to that of EnKF,
and the advantage of DD-DA over EnKF becomes quite
obvious, especially when the size of the catalog is
M ≥ 105. Therefore, the DD-DA approach can make
up for insuﬃcient observations. It also shows that
the choice of the size of the catalog plays a signiﬁcant

Figure 8: RMSE for two approaches using diﬀerent M and Ca values (DD-DA and EnKF). The horizontal axis represents catalog size, and the
vertical axis represents RMSE. The black dotted line represents RMSEEnKF, and solid lines represent RMSEDD-DA (Ca = 0, 0.1, and 0.2,
respectively).
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Figure 9: Performance comparison of two approaches (Obs = {0.01, 0.04, 0.16}, M = {103, 104, 105}, and Ca = 0). The left column represents
the scatter plots between two consecutive values of the variable x(t). The right column displays the assimilation results. (Top) M = 103,
Obs = 0.01; (middle) M = 104, Obs = 0.04, and (bottom) M = 105, Obs = 0.16.

role in determining whether DD-DA could be successfully
implemented.

3.1.5 Compared with other approaches
To verify the forecasting performance of DD-DA approach,
we replace EnKF with ensemble Kalman smoother (EnKS)

and PF. EnKS is an extension of EnKF, which can update
state variables using all observation information in the
entire assimilation windows. PF is another nonparametric
method, which would try to reproduce the real posterior
distribution. The conﬁguration is M = {103, 105}, the size of
the ensemble (particles) is 50, and Ca = 0. Figure 11 compares the ensemble mean of the forecast values in these
approaches. The results also reﬂect that RMSE-f decreases
with the increase of datasets.
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Table 3: RMSE of two approaches (EnKF and DD-DA) with diﬀerent M
and Obs
M
10

3

104

105

106

Obs

RMSEEnKF

RMSEDD-DA

0.01
0.04
0.16
0.01
0.04
0.16
0.01
0.04
0.16
0.01
0.04
0.16

0.176
0.431
1.242
0.176
0.431
1.242
0.176
0.431
1.242
0.176
0.431
1.242

0.238
0.668
1.754
0.186
0.523
1.421
0.175
0.457
1.275
0.172
0.404
1.201

3.2 Numerical experiments in the Lorenz-96
model
The Lorenz-96 system is a simpliﬁed dynamic model
derived from the dynamic model by Lorenz and Emanuel
in 1996 [55]. It is also widely used to verify various assimilation algorithms. The Lorenz-96 model expression is as
follows:

dxj (t )
dt

= −xj − 2 (t )xj − 1(t ) + xj − 1(t )xj + 1(t ) − xj (t )
+ F,

(21)

j = 0, 1, 2, ⋯ ,

The model variables (the number is j) are uniformly distributed on a latitude circle. They embody several basic
features of the atmosphere, such as nonlinear advectionlike terms, a damping term, and an external forcing. In
this experiment, we set j = {0, 1, ⋯, 39} and F = 8. For
computational stability, the time step was 0.05 units,
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corresponding to a 6-hour time step in the atmosphere.
A fourth-order Runge-Kutta scheme was used for temporal integration in this study. These conﬁgurations have
also been used in previous studies.
First, the other parameter are observation step Obs = 0.2,
observed error covariance is 2, size of the catalog M = 104,
size of the ensemble N = 100, and the catalog noise
variance Ca = 0. RMSE was used to reﬂect the performance of data assimilation. Figure 12 compares the performance of DD-DA with that of EnKF. The absolute errors
between the true values and the assimilation results were
also calculated in these experiments. In these conﬁgurations, RMSEEnKF and RMSEDD-DA were equal to 1.012 and
1.282, respectively. These results show that DD-DA performs worse than EnKF, especially when j is close to 2
and 17. Another group of experiments, with M = 106 and
N = 200, was also conducted in the numerical simulation.
Other conﬁgurations are the same as in the previous
experiments. Figure 13 shows the performance of the
two approaches in these conﬁgurations. RMSEEnKF and
RMSEDD-DA were equal to 0.971 and 0.949, respectively.
In conclusion, the absolute errors and RMSEs demonstrate
that with an increase in catalog size, the performance of
the DD-DA approach improves signiﬁcantly, almost as
good as that of EnKF.
For a more comprehensive veriﬁcation of the DD-DA
performance in the Lorenz-96 model, we also designed
another group of experiments using the size of the catalog M = {103, 104, 105, 106, 107}, size of the ensemble
N = {50, 100, 200, 500}, and the observation step
Obs = {0.05, 0.2, 0.5}. The RMSEs for the two approaches
with these conﬁgurations are shown in Figure 14. With
the increase in the size of the ensemble N, EnKF performs
better than before. DD-DA can also perform better than
EnKF if M is increased to a certain degree (M ≥ 106). At the

Figure 10: RMSE for two approaches using diﬀerent M and Obs. The horizontal axis represents the size of the catalog, and the vertical axis
represents the RMSE. The dotted lines represent RMSEEnKF and the solid lines represent RMSEDD-DA (Obs = 0.01, 0.04, 0.08, and 0.16,
respectively).
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Figure 11: Comparison of the ensemble mean of the forecast values in EnKS and PF.

same time, similar superior characteristics occur if the observation step Obs becomes longer. Therefore, the DD-DA approach
makes up for the defect of the longer observation step.

4 Discussion
Several numerical experiments performed using the Lorenz63 and Lorenz-96 models show that the proposed DD-DA
approach performs better than EnKF when the size of the
catalog is larger. This approach restricts the numerical
experiments to the EnKF form. However, the basic strategy
is not restricted to any other version of KF. Several key
characteristics were analyzed and proposed in this study.

4.1 Data-driven approaches
The data-driven model also realizes the model’s reconstructions, analyses, and understanding. We believe that
this technology opens new research avenues for future
nonlinear dynamic analysis. In this study, the data-driven
model comprises representative data catalog sets. It contains analogs and successors that are formed by pairs of
consecutive state vectors and separated by the same time
interval. Successors are used for forecasting the subsequent
time values. The catalog is obtained from the numerical
simulations. Therefore, these prediction approaches are
also called model-free ﬁlters.
The data-driven approach will be also combined with
evolutionary computation to solve optimization problems,
such as genetic algorithms, particle swarm optimization,

and diﬀerential algorithms. The purpose of data-driven
models is to approximate real problems. Data-driven models
are used to evaluate the solution instead of the optimization
problem. A suitable solution to a real problem is preselected
to reduce the evaluation time of the real problem.
Compared with the study by Brajard et al. [28], there
are two diﬀerences between the data-driven models:
(1) Model training comes from diﬀerent sources. Brajard
et al. used the forecast values and analysis values as
input and output of the neural network, respectively.
The aim of the proposed approach is to correct the model
from sparse and noisy observations. Our approach used
analogs and successors as the input and output for the
training sets, respectively; it implemented an analog
model. (2) These two approaches used diﬀerent machine
learning algorithms. Brajard et al. used a convolutional
neural network (CNN), while we used K-NN and LWLR.
Because of the diﬀerent eﬀects in the data-driven model,
it is diﬃcult to identify the better approach; however,
both approaches provide useful ideas using a hybrid
numerical correction model in small-ensemble and highdimension data assimilation.

4.2 Combining K-nearest neighbors
machine learning and locally weighted
linear regression
The advantage of the K-NN algorithm is that it is easy
to understand and implement. Because of its high
accuracy rates and simple regression principle, the
K-NN algorithm is currently one of the most widely used
search algorithms. Furthermore, independent learning

Ensemble Kalman ﬁlter for data-driven data assimilation
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Figure 12: Performance comparison of the two approaches (M = 104, N = 100). The horizontal axis represents xj(t) j = {0, 1, …, 39}, and the
vertical axis represents the time of the Lorenz-96 model: (top left) the true trajectory, (top right) the observed trajectory, (middle) the
assimilation results of the two approaches, and (bottom) the absolute errors of two approaches.

processes can be decomposed; therefore, K-NN algorithms
are particularly suitable for realizing parallel computation

in nonlinear models. It is important to choose the size of
K optimally in K-NN algorithms. If the value of K is too
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Figure 13: Performance comparison of the two approaches (M = 106, N = 200). The horizontal axis represents xj(t) j = {0, 1, ⋯, 39}, and the
vertical axis represents the time of the Lorenz-96 model: (top) the assimilation results of two approaches, and (bottom) the absolute errors
of two approaches.

small, the presence of noise will have a signiﬁcant impact
on the prediction. For instance, there will be deviations
when the nearest value is noise when K = 1, and a decrease
in the value of K means that the overall model becomes
complex and prone to overﬁtting. Similarly, it is necessary
to use the training sets in a large neighborhood when the
value of K is too large. Here, the approximate errors of
learning increase, and the values that are far away from
the input also aﬀect the prediction. When the size of K is
too large, the overall model becomes simple. For instance,
we choose the size of the ensemble N = 50 and the size of
the catalog M = 105 in Lorenz-63. We compared the RMSE of
the DD-DA when K = {3, 20, 50, 100, 200}. From Table 4, we
can see that when K is too small or too large, the assimilation performance becomes increasingly severe.

The traditional LR algorithm is a learning method
based on parameters with ﬁxed values. However, in several
cases, there is a signiﬁcant deviation between numerical
simulations and LR models. Therefore, inaccurate and wrong
data often aﬀect the forecast results. LWLR is a nonparametric learning algorithm that aims to address some of the
inevitable drawbacks in traditional LR models and overcome
the problems of underﬁtting and overﬁtting [52,56]. Owing to
the weighting factor of each data point, the impact of useful
data increases, whereas that of the deviated data decreases.
We propose a new analysis approach, which is based
on K-NN using LWLR, combined with the characteristics
of the two algorithms. We then use the data-driven model
to realize sequential data assimilation. The results indicate that the DD-DA approach helps ameliorate the ﬁnal

Ensemble Kalman ﬁlter for data-driven data assimilation
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Figure 14: RMSE for the two approaches using diﬀerent M, Obs, and N. Dashed lines represent RMSEEnKF, and solid lines represent RMSEDD-DA.
M = {103, 104, 105, 106, 107}, N = {50, 100, 200, 500}, and Obs = {0.05, 0.2, 0.5}.

Table 4: RMSE of the DD-DA approach in Lorenz-63 using K = {3, 20,
50, 100, 200}
K

3

20

50

100

200

RMSEDD-DA

2.153

1.151

0.921

0.962

1.917

assimilation results signiﬁcantly, especially when the
observation step is long or the size of the ensemble is
small. The results also demonstrated that ML approaches
perform well at solving complex nonlinear problems and
big data assimilation.

4.3 Uncertainties
The fairly good performance of DD-DA that we observed
in the experiments conducted using Lorenz-63 and Lorenz-96
indicates its potential application in real numerical models
(atmosphere, ocean, or land surface). However, as is the
case with all data-driven models, there are still some uncertainties and limitations to the current study and its

modeling approaches. For instance, (1) although the
DD-DA approach works well in Lorenz models, choosing
an appropriate size for the catalog and ensemble still needs
to be addressed. (2) This approach has not been veriﬁed in
the high-dimensional model (quasi-geostrophic model,
Noah-MP land surface model, and weather research and
forecasting model).
The application of the DD-DA approach to larger systems is another important challenge for the future. In this
study, the amount of data in a catalog should increase
exponentially with the intrinsic dimension of the state to
guarantee the retrieval of analogs at a given precision
[57]. This forecast method is probably inappropriate for
high-dimensional systems. Coupling the DD-DA strategies with multiscale decompositions is a very promising
research direction [58]. Katzfuss used EnKF methods
for dimension reduction [59]. By using real data and
simulated data, it was shown that this approach outperforms those existing methods. For real high-dimensional
application systems, the dimension reduction algorithm
becomes part of the data preprocessing. The principal
component analysis is the most commonly used linear
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Table 5: Assimilation time comparison of the two approaches, EnKF
and DD-DA, in Lorenz-63 (Unit: seconds)
M
DD-DA
EnKF

103
19.57

104
22.65

105
113.52
25.23

106
1650.21

dimensionality reduction method. In addition, other methods
are linear discriminant analysis, locally linear embedding and
Laplacian eigenmaps.

4.4 Evaluation of assimilation times
A full cost–beneﬁt analysis would be useful to assess the
tradeoﬀs between data lookup and search and integrate
an ensemble of models for EnKF. Under the same parameters and hardware conditions, the assimilation times
of the two approaches in Lorenz-63 are compared in
Table 5. We can see that the assimilation time become
longer when the size of the catalog ≥105. Therefore, how
to reduce the assimilation times when the catalog is
larger still needs to be addressed.
In the DD-DA approach, the computational cost of
the forecast step is related to the cost of the K-NN step.
The most popular K-NN algorithm is K-d trees [60] and
Ball trees [61]. These algorithms expedite the K-NN search.
In this study, we chose K-d trees to search nearest neighbors. Here, D denotes the dimension of the system, M
denotes the size of the catalog, K denotes the number of
nearest neighbors to be retrieved, and v denotes the size of
the neighborhood used for the search for analogs. The
amount of data on average is as follows:

M≥K

ln(0.05)
3K
≃ 2v + 1 ,
2
v
+
1
ln(1 − σ )
σ

(22)

where σ is the integral of the standard Gaussian probability density function. In each forecast step, the computational cost contains two parts: the K-NN search and
the creation of the K-d trees. As an example, take the
Lorenz-63 model: D = 3, v = 2, K = 50, and σ = 0.15. We
would only need about M ≈ 1 × 105 samples. Combining
the data-driven approaches with dimension reduction
algorithms would be a very meaningful study.

5 Conclusions and expectations
In this study, the data-driven model approach was combined with EnKF to exploit the complementary strengths

of the two methodologies. Although the update phase of
KF is proposed in the known kinetic evolution equations,
we proved there was little or no knowledge of the form
of the population distribution. Therefore, it is necessary
to use statistical inference methods. The most basic method
to solve nonparametric problems is to use ML or ML models,
which can complement traditional physical modeling. So, a
nonparametric sampler from a catalog of historical datasets,
namely, a nearest neighbor or analog sampler, was given by
numerical simulations. Based on this catalog, the dynamics
physics model was reconstructed using the K-NN algorithm.
The optimal values of the surrogate model were found, and
the forecast step was performed using LWLR.
In recent years, our ability to collect data has improved
signiﬁcantly. However, there is still insuﬃcient data
regarding eﬀective techniques of data mining. It is mainly
reﬂected in two aspects: extracting useful information
from data and obtaining better models from data [62,63].
Currently, ML methods have signiﬁcantly developed with
regard to studying the atmosphere, biology, land, space,
and oceans. They have become a universal method for the
classiﬁcation and detection of changes and anomalies in
Earth science [64,65]. Particularly, deep learning neural
networks [66] are being increasingly used in geosciences
to make better use of spatial and temporal structures in
data [40]. Therefore, ML methods undoubtedly bring signiﬁcant improvements to classiﬁcation and forecasting
problems. The data-driven ML methods can also mine
new information from data that are yet to be known and
promote the generation of new mechanisms and new
understandings [67–69]. It is useful in the big data era of
geosciences. However, there are many problems, such as
identifying the particularity of the data, the interpretability
of inference, the estimation of uncertainty, and the veriﬁcation of complex physical patterns. Physical models and
ML will be further combined in the future. They will play a
complementary and crucial role in the ﬁnal implementation of hybrid modeling. ML and artiﬁcial intelligence
technology also represent new opportunities and challenges for the analysis of geoscience data.
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Appendix A
EnKF and DD-DA algorithms

EnKF
-initialization (generate true state, observations)
for t in 1:t do
for i in 1:N do (forecast step)
-compute forecast values Xi,ft + 1 using
equation (1)
-compute observation values yi, t + 1 using

DD-DA
-initialization (generate true state, observations, catalog)
for t in 1:t do
for i in 1:N do (forecast step)
-ﬁnd the K neighbors in the catalog using
equation (9) (K-NN step)
-compute the weight matrix W ( j , i ) using equation
(10) (LWLR step)
-compute the regression coeﬃcient parameter θ
using equation (12) (LWLR step)

equation (2)

-compute the analog forecast values Xiaf
, t + 1 using
equation (13) (LWLR step)
end
-compute error covariance matrix Ptf+ 1

end
-compute the analog error covariance matrix Ptaf+ 1 of
the Xiaf
,t+1

-compute The Kalman gain matrix Kt + 1 using
equations (3–5)
for i in 1:N do
-compute the analysis values Xia, t + 1 using
equation (7)
end
-compute the mean of the analysis values
using equation (8) (analysis step)
-update the background ﬁeld error
covariance matrix Pta+ 1
end

Xta+ 1

-compute The analog Kalman gain matrix Kta+ 1 using
equation (14)
for i in 1:N do
-compute the analog analysis values Xiaa
, t + 1 using
equation (15)
end
-compute the mean of the analog analysis values Xtaa
+1
using equation (16) (analysis step)
-update the analog background ﬁeld error covariance
matrix Ptaa
+ 1 using equation (17)
end

