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Abstract: An edge-based ﬁnite element method for the
numerical modeling of electromagnetic ﬁelds in complex
media is presented. We used the analytical solution on an
electric ﬁeld in a homogeneous half space to develop a
source correct factor to reduce the inﬂuence of source
singularity and boundary conditions on the numerical
accuracy, so that we can minimize the time required to
construct the ﬁeld source term in the scattered ﬁeld formula. The modeling domain was discretized using an
unstructured tetrahedral mesh. We transformed the complex equations of the electrical ﬁeld into two real-valued
equations by decomposing the ﬁeld into real and imaginary components. Thereafter, we adopted a block conjugate orthogonal conjugate gradient (BL_COCR) iterative
solver with an incomplete LU decomposition preconditioner, which was robust for ill-conditioned systems and
eﬃcient for multiple source electromagnetic modeling to
solve the real-valued equation systems. Using the analytical solution on an electric ﬁeld in a homogeneous layer
model, we evaluated the accuracy of our numerical forward solution and the results showed that the source correct factor can reduce forward modeling errors associated
with boundary eﬀects and source singularities. We also
applied the developed algorithm to compute the CSEM
responses for typical 3D marine geo-electric models with
diﬀerent number of sources and compared with diﬀerent
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iterative solvers, and the results showed that the BL_COCR
solver has high computational eﬃciency when solving
multiple right-hand term problems.
Keywords: marine controlled-source electromagnetic modeling, ﬁnite element method, source correction technology,
unstructured mesh, block iterative solver, forward modeling

1 Introduction
The marine controlled-source electromagnetic (MCSEM)
method is a well-developed tool for oﬀshore hydrocarbon
exploration [1,2]. As the depth of exploration targets
and acquisition of high-quality exploration data has
increased, the demand for high-accuracy MCSEM data
interpretation methods have also increased [3]. Its
inversion is based on forward modeling technology; therefore, research regarding highly accurate and eﬃcient
MCSEM forward modeling technology is crucial for eﬀective inversion [4].
There are some popular numerical approaches for
MCSEM forward modeling: the ﬁnite diﬀerence method
(FDM) [5,6], integral equation method (IEM) [7,8], ﬁnite
volume method (FVM) [9,10], and ﬁnite element method
(FEM) [4,10–12]. The FDM is the most straightforward and
easiest to implement [5]. However, FDM formulation is
generally based on rectangular grids; therefore, it cannot
simulate the complex bathymetry and geo-electricity geometry well. The IEM only needs to discretize the abnormal
region, but it generates a fully populated matrix. This
indicates that the storage requirement and computation
time will increase with an increasing number of model
grid points. The FEM has the ability to simulate complex
geo-electricity geometry and bathymetry because it can
utilize unstructured grids to discretize the modeling domain.
The FVM can eﬀectively reduce the numerical error caused
by mesh generation by the quadrature in the control volume.
It can also use unstructured grids to discretize the modeling
domain, but the resulting mesh generation is more diﬃcult
This work is licensed under the Creative Commons Attribution 4.0
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than that for the FEM. In this study, we used the edge-based
FEM based on an unstructured mesh for 3D MCSEM modeling
in an anisotropic medium.
For 3D MCSEM modeling, there are two principal
approaches to solve the quasi-static variant of Maxwell’s
equation. In the ﬁrst method, the secondary ﬁeld formulation and primary ﬁeld must be computed in advance.
However, to construct the ﬁeld source term of the secondary ﬁeld, it is necessary to calculate the primary electric ﬁeld or magnetic ﬁeld at nearly every discrete grid
sampling point. For 3D problems, the number of electric
or magnetic ﬁeld sampling points in the discrete grid is
more than that of the grid by a factor of approximately
three and may be in the order of millions or even tens of
millions. Consequently, the temporal requirements to construct a scattering ﬁeld source are substantial. Increasing
the number of transmitters may exceed the time required
to solve the linear equation. The second method is total
ﬁeld formulation. Although it is not required to compute
the primary ﬁeld, this method requires local grid reﬁnement of the source location to reduce the eﬀect of source
singularity, which will result in increased computation
time. Therefore, to reduce the eﬀect of sources without
increasing the computation time, we applied a source correction technology to reduce the inﬂuence of the singularity of the ﬁeld source and boundary conditions on the
numerical accuracy [13]. Source correction technology has
been applied to 2.5D direct current resistivity modeling,
which has achieved positive results [13].
Subsequent to FEM analysis, the linear equation
system is obtained, which may be solved using direct or
iterative solvers. Direct solvers may easily solve linear
equation systems with multiple right-hand sides, which
is common for a typical MCSEM survey. However, it
requires greater memory consumption than iterative solvers. Recently, open-source codes for controlled-source
electromagnetic (CSEM) 3D forward modeling based on
the FVM or FEM have been presented [14–17]. Nearly all
of these codes use direct solvers, such as MUMPSs or
PARDISO. Using the direct method to solve the system
of equations can obtain high-precision solutions, but it
needs a large memory space. Compared to the direct
method, the iterative solver can be easily implemented
in common operating systems. However, because of the
ill condition and null space property of the double curl
matrix equation for the electrical ﬁeld, it can be diﬃcult
to solve large linear matrix equations using traditional
iterative solvers. The complex equations of the electrical
ﬁeld can be transformed into two real-valued equations
by the decomposition of the electrical ﬁeld into real
and imaginary components. Subsequently, the iterative

solver can solve the two resulting real-valued equations.
However, for the forward modeling problem of MCSEM with
multiple parameters, the traditional iterative solver operates
separately on the linear system; consequently, this consumes considerable computing time. With the development
of the block method, some block iterative algorithms have
been proposed that solve the linear equation system with
multiple right-hand sides, such as the block bi-conjugate
gradient (BL_BICG), block BICG stabilized (BL_BICGSTAB)
[18], block quasi-minimal residual (BL_QMR) [19], block
IDR(s) (BL_IDR(s)) [20], and block GMRES (BL_GMRES)
[21] methods. In this study, we introduce a new block conjugate orthogonal conjugate gradient (BL_COCR) with the
residual orthonormalization technique to solve the linear
equation system of multiple sources. Thus, we can expand
the application of the iterative solver in marine CSEM forward modeling.
The article is divided as follows: Section 2 describes
the total ﬁeld formulation for 3D MCSEM modeling in
anisotropic media. Boundary conditions and source term
improvements are also presented in Section 2. The framework of the new block iterative Krylov subspace methods
(BL_COCR) is presented in Section 2.2. We present some
numerical examples that illustrate the performance of the
proposed algorithm in Section 3. Finally, Section 4 presents the study conclusion.

2 Methods
2.1 Total electromagnetic ﬁeld equation
The low-frequency electromagnetic ﬁeld considered in
geophysical applications satisﬁes Maxwell’s equations:

∇ × E = iωμ0 H,

(1)

∇ × H = Js + σ̄E.

(2)

where E denotes the electrical ﬁeld strength, H denotes
the magnetic ﬁeld strength, ω denotes the angular frequency, and μ0 denotes the magnetic permeability of
free space. Js represents the source current, whereas σ̄
denotes the media conductivity tensor and is deﬁned as
follows:

⎛ σx 0 0 ⎞
σ̄ = ⎜ 0 σy 0 ⎟ ,
⎜
⎟
⎝ 0 0 σz ⎠

(3)

where σx , σy , and σz represent the spindle conductivities
in the x , y , and z directions, respectively.
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In the practical application of MCSEM, an electric
dipole source is typically used to excite the electromagnetic ﬁeld. For simplicity, we only use electrical sources
to simulate the response of the MCSEM. The density of
source current Js may be deﬁned as follows:
(4)

Js = Js uδ (x − xs) ,

where Js denotes the magnitude of the source current
density, u denotes the source direction, xs denotes the
source location vector, and δ denotes the Dirac delta
function.
After taking the curl of equations (1) and (2), an electromagnetic wave equation formulated in terms of the
electric ﬁeld can be obtained as follows:
(5)

∇ × ∇ × E − iωμ0 σ̄E = iωμ0 Js .
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By substituting equation (7) into equation (5), and
using the Galerkin’s method, the weak form of the original diﬀerential equation is obtained as follows:

Ω Rj =

∫Nj[∇ × ∇ × E − iωμ0σ¯ E − iωμ0Js ]dv,

(8)

Ω

where Ω denotes the modeling domain.
Replacing the vector basis function for the weight
functions in equation (8) and expanding the equation
over the entire tetrahedral mesh gives:
Nedge

Nedge

∑ Eje∫(∇ × Ni)⋅(∇ × Nj )dΩ + iωμ0 ∑ Eje∫Ni ⋅ σ̄Nj dΩ
j

j

Ω

Ω

(9)

Nedge

= −iωμ0

∑ ∫Ni ⋅ Js dΩ.
j

Ω

After splitting the unknown coeﬃcient, E , into real and
imaginary parts, the following system is obtained:

2.2 Edge element ﬁnite element analysis

−ωμ0 D ⎞ ER
⎛ C
⎛ ⎞ = ⎛ 0 ⎞.
⎜
⎟
I
ωμ S
ωμ
D
C
⎝ 0
⎠⎝ E ⎠ ⎝ 0 1 ⎠
⎜

A tetrahedral mesh was used to discretize the modeling
domain. Figure 1 shows a tetrahedral element with node
and edge indexing. Considering a particular edge j with
length lje and with two nodes (j1 and j2) at either ends, the
lowest-order edge elements are used here. The vector
basis function for each edge can be deﬁned as [22]:

N je = (Lje1∇Lje2 − Lje2∇Lje1)lje,



(6)

where Lj1e and Lj2e are the scalar basis functions for the j1
and j2 nodes, respectively.
The approximated electric ﬁeld corresponding to the
ith edge is denoted as Eie . For a tetrahedral element, the
approximated electric ﬁeld E in each element can be
expressed as follows:

⎟

(10)

where Ci, j = ∫ (∇ × Ni )⋅(∇ × Nj )dΩ, Di, j = ∫ Ni ⋅ σ̄Nj dΩ,
Ω
Ω
S1 = ∫ Nj ⋅ Js dΩ, ER , and EI are the real and imaginary
Ω
components of the electric ﬁeld E .
Before solving equation (10), a proper boundary condition must be applied. It was assumed that the boundaries of the domain are located far from the transmitter at
a distance where the electromagnetic ﬁelds are negligible. Homogeneous Dirichlet boundary conditions were
imposed on the outer boundary:

e|Γ = 0

(11)

where Γ denotes the outer boundary domain.

6

E=

∑ NjEje.

(7)

j=1

1

x
4

y
z
2
3

Figure 1: The tetrahedral element with node and edge indexing. The
1-4 is the number of the nodes. The ①-⑥ is the number of the edges.

2.3 Boundary conditions and source term
improvement
In the CSEM, owing to the existence of an external ﬁeld
source, the electromagnetic ﬁeld to be characterized showed
a signiﬁcant gradient near the sources. The singularities of
the sources greatly reduce the accuracy of the numerical
results. At present, there are two principal methods for reducing the inﬂuence of the ﬁeld source singularity. In the ﬁrst
method, the scattered ﬁeld formula is used and the electromagnetic ﬁeld to be solved is decomposed into the superposition of the primary ﬁeld, generated by the reference
model (generally homogeneous space or 1D layered model),
excited by both the external ﬁeld source and the secondary
ﬁeld generated by the 3D model. Because the external source
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has been included in the calculation of the primary ﬁeld,
the secondary ﬁeld source no longer has a singularity. The
second method for reducing singularities is based on the
total ﬁeld formula of the electromagnetic ﬁeld. The inﬂuence
of ﬁeld source singularity is reduced by grid reﬁnement near
the source location. It is worth mentioning that many
authors have been working on tailored mesh design using
total electric ﬁeld formulation [14,15,23].
In the scattering ﬁeld formula, to avoid the source
singularity when calculating the secondary ﬁeld, it is
necessary to ensure that the resistivity of the selected
reference model is consistent with that near the source.
For MCSEM measurements, because the source is generally located in seawater, it is generally easy to satisfy this
condition. However, for land CSEM measurements, CSEM
exploration usually consists of multiple transmitter positions within a large survey area. When the excitation
source is moved, if the conductivity of the region where
the new excitation source is located changes, it is necessary to solve the primary electromagnetic ﬁeld response
of a new diﬀerent background model. With the increase
in the number of transmitting sources, the time consumed
in the construction of the ﬁeld source term increases
rapidly and even exceeds the time consumed in the coeﬃcient matrix decomposition. In contrast, in the total ﬁeld
formula, although the mesh reﬁnement strategy can
reduce the inﬂuence of ﬁeld source singularity, it will significantly increase the number of unknowns to be solved, thus,
increasing the computational overhead and reducing the
solution eﬃciency. In addition, to satisfy the boundary conditions, whether the scattered ﬁeld formula or total ﬁeld formula is used, it is generally necessary to locate the outer
boundary of the calculation area suﬃciently far from the
area of interest. The result is that the equations to be solved
are very large.
To reduce the inﬂuence of ﬁeld source singularity
and boundary conditions on numerical accuracy, the
source correction technology [13] is used to correct the
source term in equation (11) of the total ﬁeld control
equation. This avoids the increase in calculation time
caused by the local mesh reﬁned near the sources. The
correction is performed as follows:
1. A homogenous half-space model with a conductivity
of σH that is the best initial guess of the average conductivity in the model space is ﬁrst deﬁned.
2. The FEM algorithm described above is used to discrete
the homogenous half space model to obtain the following equation:

A(σH)EH = b H,

(12)

where (σH) denotes the forward operator and bH denotes
the right-hand terms of a homogeneous model and can
be computed using equation (9). However, equation (11)
does not need to be solved.
3. It is also assumed that E0 denotes the electric ﬁeld of
the homogenous half-space model, which can be computed analytically for the half-space background conductivity (σH ) [24]. If there are no errors arising from
the mesh or source singularity, E0 should satisfy the
following equation:

A(σH)E0 = b0

(13)

4. Because of the discretization error inﬂuence and that
of the boundary condition, the electric ﬁeld EH will
diﬀer from the analytical solution E0. Therefore, source
correction can be obtained using the following equation:

Scorr = b0 − b H = A(σH)E0 − b H,

(14)

By substituting the source correction, Scorr , into equation (10), the following equation is obtained:

A(σT)ET = b T + Scorr = A(σH)E0

(15)

where b T denotes the right-hand terms of an inhomogeneous model with a conductivity of σT . After solving
equation (15), the electric ﬁeld, ET , can be obtained,
which must be solved. ET is the electrical ﬁeld within
the model space, and σT is the true conductivity. The
modiﬁed vector b T + Scorr is no longer a vector with large
gradients at the source locations. It now contains additional information that corrects for the inadequacies of the
forward operator A(σH) at the source locations and boundaries. The corrected source term greatly reduces errors at
source locations and errors associated with the boundary
conditions for the solution to the true conductivity ﬁeld,
σT , with minimal additional computational cost.

2.4 BL_COCR iterative solver
Multiple sources are often used to excite artiﬁcial electromagnetic ﬁelds to improve the resolution of MCSEM
exploration. Therefore, in the data interpretation, the forward equations with multiple right-hand terms (multiple
RHSs) must be solved. Generally speaking, there are two
methods for solving such multi-source equations: direct
and iterative solvers. However, when solving multi-source
problems, conventional iterative solvers can only solve
the forward system of each source separately, which
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consumes considerable computing time. With the development of the iterative Krylov solver, some block iterative
Krylov subspace methods are particularly designed for solving eﬃcient linear systems with multiple RHSs [25,26].
These require one or more matrix product operations of
the form AV , with V ∈ C n × p, an arbitrary rectangular
matrix, per iteration step. Thus, they can solve typical
memory bottlenecks of direct methods. To the best of our
knowledge, there is no literature available regarding solving the forward equation of marine CSEM with multiple
sources using a block iterative solver. In this article, we
introduce a new block Krylov subspace iterative solver
(BL_COCR) that can be considered as an extension of the
COCR algorithm proposed in previous studies [27] for
simplicity.
The framework for the BL_COCR solver is shown in
Table 1, which also shows that the BL_COCR solver must
compute the matrix products APm and ARm + 1 at each
iteration step. Fortunately, APm can be computed using
explicit matrix multiplication. Moreover, ARm + 1 can be
used to compute the recurrence relation at line 9 in Table 1;
therefore, the computational complexity can be reduced
signiﬁcantly. To further improve the computational eﬃciency, the BL_COCR iterative solver was applied with an
incomplete LU decomposition preconditioner to solve the
linear equation system of 3D MCSEM modeling with multiple sources.

3 Results
To validate our algorithm, we developed the 3D MCSEM
forward modeling code using MATLAB language. The code
can be run on the MATLAB 2019R platform. Although we
only tested the code on MATLAB 2019R, it can also run on

3.1 1D model with a semi-analytical solution
To verify the accuracy of the 3D CSEM forward algorithm
developed in this study, we ﬁrst considered a 1D layered
model with a quasi-analytical solution. Figure 2 is a
standard model used to simulate high resistivity oil and
gas reservoirs in an MCSEM [2]. The conductivity of
the reservoir was parameterized as 0.001 S/m and its
thickness was 100 m. The top of the reservoir was located
1 km from the seaﬂoor. The resistivity of the sedimentary
layer was 1 S/m. The thickness of the seawater layer
was 1 km, and its conductivity was 3.3 S/m. The source
was an x-oriented electric dipole at (0, 0, 0.9) km with
a frequency of 0.25 Hz. The source dipole moment was
1 Am. The receivers were placed on the seaﬂoor. The
analytical solution was computed using the Hankel
transform method. The modeling domain was set as
Ω = { −10 km ≤ x , y ≤ 10 km, −4 km ≤ z ≤ 8 km} .
The

Algorithm for the BL_COCR method

4. solve (UmTUm)αm = RmTVm for αm
5. Xm + 1 = Xm + Pmαm
6. Rm + 1 = Rm − Umαm and Vm + 1 = ARm + 1
7. Solve (RmTVm)βm = RmT + 1Vm + 1 for βm
8. Pm + 1 = Rm + 1 + Pmβm
9. Um + 1 = Vm + 1 + Umβm
10. End for
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new version of MATLAB. The code may be run for MCSEM
forward modeling without the installation of any components. It is important to note that we adopted simple
adding-on methods for matrix assembly. In equation (9),
we loop through parameters i and j from 1 to Nd (Nd is the
number of dofs in an element) for all elements and ﬁnd the
global indices of i and j . Non-zero entries are added to the
global stiﬀness matrix A stored in the coordinate format.
This method of integrating the global matrix is more rapid
than the conventional method of cyclic calculation of the
local element matrix. We used COMSOL 5.3 software to
generate unstructured grids. The MCSEM responses of the
examples in the study were calculated using the same platform with the following parameters: 2 Intel(R) Xeon(R) CPU
E5-2630 2.40 GHz, 64GB of memory, and 64-bit Windows 7.

Table 1: Framework for the block Krylov subspace iterative solver

1. X0 ∈ C n × p is an initial guess, R0 = B − AX0
2. Set P0 = R0, U0 = V0 = AR0
3. for m = 0,1,…, until ∥Rm ∥F /∥R0 ∥F ≤ ε do



1 km

Sea water(3.3 S/m)
Tx

1 km

1 S/m

0.1 km

0.001 S/m
1 S/m

Figure 2: Sketch of a marine-based 1D layered model.
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Figure 3: Tetrahedral mesh at y = 0 m for a marine-based 1D layered
model. The color scale indicates the tetrahedral element size.

modeling domain is discrete using a tetrahedral mesh, as
shown in Figure 3. The grid was reﬁned near the target
layer and observation surface. The number of elements
and edges were 263,314 and 313,523, respectively.
Figure 4 shows a comparison between the FEM solution and quasi-analytic solutions for the marine 1D layer
model. The corrected FEM solution is in agreement with
the quasi-analytical solutions. Figure 5 shows the error
of the FEM solution relative to the analytical solution.
When the source correction was not performed, near
the transmitting dipole (the transceiver distance being
less than 1 km), the electromagnetic ﬁeld Ex component
had a large error. The maximum error of amplitude could
reach approximately 10%, and the maximum error of
the phase could reach 2°, which were primarily caused
by the singularity of the source. It should be noted that to
reduce the size of the linear equations to be solved and
reduce the amount of calculation for the iterative

solution, we did not reﬁne the mesh near the source to
reduce the inﬂuence of the source singularity. When the
source correction technology is adopted, the inﬂuence of
source singularity upon numerical accuracy rapidly
reduces. The maximum error of the amplitude is reduced
to less than 5%, and the maximum error of the phase is
reduced to less than 1°. In addition, with the increase in
transceiver distance, the inﬂuence of source singularity
will be reduced rapidly. Similarly, the error will also be
reduced rapidly. The amplitude error of the electromagnetic ﬁeld component will be reduced to less than 2%,
and the phase error will be within 1°. Therefore, we can
conclude that the source correction technology proposed
in this study is feasible and eﬀective.

3.2 3D marine reservoir model with a ﬂat
seaﬂoor
In this section, we consider a model with a reservoir in anisotropic media, as shown in Figure 6. A 2 km × 2 km × 0.2 km
reservoir was embedded in the sediment with a central point
at (1, 0, 1.6) km. The depth of the seawater was 1,000 m. The
conductivities of the air and sea water were 10−6 and 3.3 S/m,
respectively. The conductivity of the reservoir was 0.05 S/m.
The horizontal and vertical conductivities of the sediment were 1 and 0.8 S/m, respectively. The excitation
source was an x-oriented horizontal electric dipole with
a moment of 10 Am and a frequency of 1.0 Hz. It was
placed at (−3, 0, 0.9) km. The receivers were placed at
the seaﬂoor (z = 1 km). The modeling domain was selected

Figure 4: Accuracy comparison between the FEM numerical solution and quasi-analytic solution for a marine 1D layer model. (a) Amplitudes
of the x component of the electric ﬁeld; (b) corresponding phase.
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Figure 5: Error comparison between the FEM numerical solution and quasi-analytic solution for a marine 1D layer model. (a) Relative errors in
amplitude; (b) corresponding phase diﬀerence.

as Ω = { −20 km ≤ x , y ≤ 20 km, −4 km ≤ z ≤ 8 km} . Likewise, we used the tetrahedral mesh to discretize the modeling domain, as shown in Figure 7. To illustrate the eﬀect
of anisotropic conductivity in the data, we performed
simulations for the isotropic model (with a sediment conductivity equal to 1 S/m). We compared the BL_COCR
method against other block Krylov subspace methods
(for example, BL_QMR, BL_BICGSTAB, and BL_IDR(4)).
We used the parameters of the iterations and the ﬁnal
true relative residual norm, which is denoted as TRR.
TRR can be obtained by the following equation: TRR =
log10(∥b − AX ∥2 / ∥B ∥2 ). The initial guess of the iterative
solution was set as X0 = 0 ∈ C n × p , where n is the number
of solutions, p is the number of RHSs, the maximum
number of iterations is 8,000, and the convergence error
is set to 10−11.
Figure 8 shows the responses of both anisotropic and
isotropic models in the form of the absolute values of the
ﬁelds (top row) normalized by the corresponding results

of the reference model (bottom row). The reference model
is a three-layer model (air-seawater-sediment). Its geometric parameters and conductivity values are the same
as those of the isotropic model. A strong distortion of the
anomalous ﬁeld can be observed owing to the anisotropy
of the background conductivity. Figure 9 shows the convergence plot of the BL_COCR solver for 3D reservoir
models (anisotropic and isotropic models) for the data
with a frequency of 1 Hz compared to the convergence
plots of the BL_QMR, BL_BICGSTAB, and BL_IDR(4) solvers. It may be observed that the BL_COCR solver is more
stable than the BL_QMR, BL_BICGSTAB, and BL_IDR(4)
solvers. Table 2 shows a comparison of the computation
time of diﬀerent solvers, which shows that although it
requires more iterations, the BL_COCR solver is more
competitive than the BL_QMR method in terms of CPU

(m)

-4

12 km

3.3 S/m

1.0 km

Tx

1.5 km

1.7 km
(1,1,0.8) S/m

Sea
Sediment

2 km

0.05 S/m

20 km

500

0

400

z / km

Air

1e-9 S/m

600

300

5
200

8
-10

100

-5
0

Figure 6: The model with a sediment reservoir. The red and green
rectangles denote the electric dipole source and reservoir,
respectively.

-10

-5

0
x / km

5

10

Figure 7: The tetrahedral mesh at y = 0 for the reservoir model. The
color scale indicates the tetrahedral element size.
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Figure 8: Responses of both anisotropic and isotropic models in the form of the absolute values of the ﬁelds (a and b) normalized by the
corresponding results of the reference model (c and d).

Figure 9: Convergence curves for diﬀerent solvers for the 3D marine reservoir model with isotropic and anisotropic sediments. (a) Isotropic
model; (b) anisotropic model.
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Table 2: Comparison of the numerical results of diﬀerent iterative solvers for the complex salt model for a single source
Method

Iteration

TRR

CPU time (s)

Number of RHSs

Models

BL_COCR
BL_QMR
BL_BICGSTAB
BL_IDR(4)
BL_COCR
BL_QMR
BL_BICGSTAB
BL_IDR(4)

1,226
718
1,388
1,677
1,435
723
1,803
1,940

−10.13
−10.05
−10.06
−10.01
−10.15
−10.07
−10.13
−10.18

703.8956
1710.8114
1362.2743
1350.2598
795.7586
1764.6317
1213.9026
1399.3758

1
1
1
1
1
1
1
1

Isotropic
Isotropic
Isotropic
Isotropic
Anisotropic
Anisotropic
Anisotropic
Anisotropic

Elevation (m)

1500

4500

z᧤m᧥

2000
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4000

1000
0 y᧤m᧥
-1000
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-1500 -1000 -500
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500
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1000
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1500

1500 2000

Figure 10: Scaled SEG salt dome model.

time and TRR. BL_COCR is more robust than BL_BICGSTAB and BL_IDR(4) solvers in terms of iterations, computation time, and TRR.

3.3 Complex salt model
In this section, we consider a complex model based on a
scaled Society of Exploration Geophysicists (SEG) salt

Figure 11: The 3D salt home model bathymetry.

dome [28,29]. Figure 10 shows the salt dome, which
extends from −1.5 to 2 km in x and y directions and
from 1.3 to 4.7 km in the vertical direction. The complex
bathymetry of the complex model is shown in Figure 11.
The depth of the seawater was 0.82–1.1 km. The average
seawater depth is 1 km. We considered four layers as
the background for the complex model: air, seawater,
sediment, and basement. The conductivities of air, seawater, and sediment were the same as those of previous
models. The depth of the sediment was 5 km. The horizontal and vertical conductivities of the basement were
0.01 and 0.008 S/m, respectively. The horizontal and vertical conductivities of the salt were 0.05 and 0.005 S/m,
respectively.
We used seven horizontal electric dipole sources
for this complex model to demonstrate the eﬀectiveness
of the BL_COCR solver for the problem with multiple
right-hand sides. The sources were placed at y = 0 m
and z = 0.6 km with an interval of 1 km. The frequency
of the electric dipole source was 1 Hz. The receivers
were placed at z = 0.8 km. The modeling domain was
Ω = { −6 km ≤ x , y ≤ 6 km, −1 km ≤ z ≤ 9 km} and was
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Figure 12: Total ﬁeld for all seven sources.

discretized into a 3D unstructured mesh with 2,815,495
elements. To obtain a high accuracy FEM solution, we
reﬁned the mesh near the source and receiver locations.
This reﬁning was also applied to the bathymetry proﬁle.
Figure 12 shows the x component of the total electric
ﬁeld and y component of the total magnetic ﬁeld for the
seven electric dipole sources. The diﬀerent block algorithms were compared in terms of the number of iterations and CPU time. Figure 13 shows the convergence plot
of the BL_COCR solver for the complex model for the data
with a frequency of 1 Hz compared to the convergence
plots of the BL_QMR, BL_BICGSTAB, and BL_IDR(4) solvers. When solving multiple right-hand term problems,
BL_COCR was more stable than BL_QMR, BL_BICGSTAB,
and BL_IDR(4) solvers. Table 3 shows the numerical
results of diﬀerent iterative solvers for the complex salt
model for seven sources. Block iterative solvers can not

Figure 13: Convergence curves for diﬀerent solvers with multiple
RHSs for the scaled SEG salt dome model.

3D MCSEM modeling with a block Krylov iterative solver

Table 3: Comparison of the numerical results of diﬀerent iterative
solvers for the complex salt model for seven sources
Method

Iteration

TRR

CPU time (s)

Number
of RHSs

ILU-COCR
ILU-QMR
ILU-BICGSTAB
ILU-IDR(4)
ILU-BL_COCR
ILU-BL_QMR
ILU-BL_BICGSTAB
ILU-BL_IDR(4)

7,469
5,033
8,543
9,261
3,367
2,719
4,449
5,323

−10.03
−10.01
−10.02
−10.05
−10.03
−10.02
−10.02
−10.01

3254.8963
9260.1258
6169.7615 s
5017.7254
1352.9377
5556.0754
2280.7842
2007.0925

1
1
1
1
7
7
7
7

only solve the linear equation system with multiple RHSs
but may reduce the computation time when compared
to that of traditional iterative solvers. In addition, the
BL_COCR iterative solver computation time is less than
that of some block solvers (BL_QMR, BL_BICGSTAB, and
BL_IDR). Therefore, block iterative solvers can be an
alternative method to solve the multiple source problems
that are common in a typical CSEM survey.
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source EM problem. We also compared the eﬃciency of
the BL_COCR iterative solver with other block solvers
(e.g., BL_QMR, BL_BICGSTAB, and BL_IDR). The results
showed that the BL_COCR solver is faster than those block
solvers and it may be a competitive algorithm for solving
linear systems with multiple right-hand sides. However,
we solved the matrix equation of the real and imaginary
parts of the electric ﬁeld instead of the complex electric
ﬁeld matrix equation, which will increase the amount of
calculation and memory requirements. Therefore, in the
next step, we will study how to use the block iterative
solver to directly solve the matrix equation satisﬁed by
the complex electric ﬁeld, so as to reduce the computational consumption. The proposed algorithm is widely
applicable, has expansibility, and may be extended to
other EM forward modeling problems. In the future, we
will implement 3D MCSEM inversion based on the proposed forward modeling algorithm.

Abbreviations
BL_BICG
BL_BICGSTAB
BL_COCR

4 Discussion
We developed an edge-based ﬁnite element algorithm for
3D MCSEM forward modeling based on the total electric
ﬁeld formulation and unstructured mesh. The tetrahedral
element mesh is used to discretize the model region to
ensure that geometry complex models can be simulated.
Compared with the forward algorithm based on the scattered ﬁeld formulation, the construction of the ﬁeld source
term for total electric ﬁeld formulation does not need to
solve the electromagnetic ﬁeld of the homogeneous half
space or layered model for many times. The increase in
the number of the sources only causes a small increase in
the amount of calculation, which is also conducive to the
CSEM measurement of multiple sources. In addition, the
developed correction technology can eﬀectively improve
the accuracy of the numerical solution. The error of the
amplitude of electric ﬁeld and phase in the region near the
source can be reduced by 50%. So as to avoid the increase
in calculation caused by the local mesh reﬁned near the
source. We solved the linear equation system using the
BL_COCR iterative solver with incomplete LU decomposition results as the preconditioner. We found that the
BL_COCR iterative solver is more eﬃcient than conventional COCR Krylov subspace methods for the multiple-



BL_GMRES
BL_IDR(s)
BL_QMR
COCR
CSEM
EM
FD
FEM
FVM
MCSEM
RHS
SEG
TRR
Ee

Eie

ω
ET
E
A(σH)

block bi-conjugate gradient
block bi-conjugate gradient stabilized
block conjugate orthogonal conjugate
gradient
block GMRES
block IDR(s)
block quasi-minimal residual
conjugate orthogonal conjugate
gradient
controlled-source electromagnetic
modeling
electromagnetic
ﬁnite diﬀerence method
ﬁnite element method
ﬁnite volume method
marine controlled-sources electromagnetic method
right-hand terms
society of exploration geophysicists
true relative residual norm
approximated electric ﬁeld in each
element
approximated electric ﬁeld corresponding to the ith edge
electric ﬁeld
electric ﬁeld
electrical ﬁeld strength
forward operator
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σH
l1 and l2

lie
(L1e , L 2e , L3e , L4e)
H
μ0
σ̄
Ω
p
Γ
ER and EI

Js
Js
u
xs
σx , σy , σz
σT
C = ∫Ω (∇ × Nie)⋅(∇ × N je)dv
Ωe

D=∫

Nie

⋅

σ̄N je dv

S1 = ∫Ωe Ni ⋅ Js dv

b0
bH
bT
Ex

half-space background conductivity
indices of the ﬁrst and second nodes
for the ith edge, respectively
length of ith edge
linear node basis functions
magnetic ﬁeld strength
magnetic permeability of free space
media conductivity tensor
modeling domain
number of right-hand sides
outer boundary domain
real and imaginary components of the
electric ﬁeld, E
source current
source current magnitude
source direction
source location vector
spindle conductivities of the x , y , z
directions, respectively
true conductivity
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