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        Abstract
The receiver operating characteristic (ROC) curve and their associated summary indices, such as the Youden index, are statistical tools commonly used to analyze the discrimination ability of a (bio)marker to distinguish between two populations. This paper presents the concept of Youden index in the context of the generalized ROC (gROC) curve for non-monotone relationships. The interval estimation of the Youden index and the associated cutoff points in a parametric (binormal) and a non-parametric setting is considered. Monte Carlo simulations and a real-world application illustrate the proposed methodology.

Keywords: (Bio)markers; cutoff point; generalized receiver-operating characteristic (gROC) curve; receiver-operating characteristic (ROC) curve; Youden index
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Appendix
In this Appendix we formalize the proofs of the anticipated asymptotic distributions of both the parametric binormal and the non-parametric (empirical) estimators of the Youden index and its associated cutoff points in the gROC curve context. Results for the parametric estimator (Theorem 1) are similar to those derived for the Youden index in the standard ROC curve context [23]. Theorem 2 deals with the empirical estimator. The structure of the proof is similar to the one used by Hsieh and Turnbull [24] in the standard ROC curve context.
Theorem 1
Let Y0 and Y1 denote the biomarker in the negative population and in the positive population, respectively. Assume that Yi is normally distributed with mean μi and standard deviation σi, for i ∈ {0,1}. Assume that two independent samples of m of i.i.d. observations from Y0 and n i.i.d. observations from Y1 are available. The sample sizes satisfy
A1.-n/m→nλ>0.
Then, we have the following weak convergences, 
	n⋅{JˆgP−Jg}⟶LnσJP⋅Z and,


	n⋅{tˆYP−tY}⟶LnσtYP⋅Z,



where Z is a standard normal random variable and σJP and σtYP are given in eqs. (3) and (4), respectively.

Proof
Results in [14] allow to derive that the binormal estimation of the gROC curve are based on intervals of the form (−∞,a/(1−b2)−x]∪[a/(1−b2)+x,∞), where x is a non-negative real number, a=(μ1−μ0)/σ0 and b=σ1/σ0. Then, direct calculations lead to deduce that the interval leading to the the value of 1−specificity for Jg is achieved is of the form 
(1−b2)−1⋅(a+b2(b2−1)log(b)+a2,a−b2(b2−1)log(b)+a2).
These points are the ones where the normal densities associated to the positive and negative populations cross each other. Therefore, the Youden index is 
Jg=Φab2−xJ(1−b2)b(1−b2)−Φab2+xJ(1−b2)bˆ(1−b2)+Φa+xJ(1−b2)1−b2−Φa−xJ(1−b2)1−b2=Jg(μ1,σ1,μ0,σ0).
Let ξˆi and Sˆi be the sample mean and the sample standard deviation, which estimate μi and σi, respectively (i ∈ {0,1}). Then, we directly have that JˆgP=Jg(ξˆ1,Sˆ1,ξˆ0,Sˆ0). In addition, we have the following convergences in distribution: 
n⋅(Sˆ1−σ1)L→nN(0,σ12/2),n⋅(Sˆ0−σ0)L→nN(0,σ02⋅λ/2),n⋅(ξˆ1−μ1)L→nN(0,σ12),n⋅(ξˆ0−μ0L→nN(0,σ02⋅λ).
Besides, the independence among the four random variables is also well-known [25]. Hence, the multivariate delta method ensures the weak convergence stated in (i).
In order to prove (ii), we just consider the value of 1−specificity for which the point associated to the Youden index is achieved, 
tY=Φa−xJ(1−b2)1−b2+1−Φa+xJ(1−b2)1−b2=tY(μ1,μ0,σ1,σ0).
Arguing as above, and taking into account that tˆYP=tY(ξˆ1,Sˆ1,ξˆ0,Sˆ0), the result can be obtained again by applying the multivariate delta method.   □

Theorem 2
Let Y0 and Y1 be the random variables modelling the biomarker behavior in the positive and negative and positive populations, respectively. Assume that the resulting gROC curve, Rg, satisfies
A2.-Rg has two continuous derivatives on some subinterval (a0,b0)⊂[0,1], such as tY∈(a0,b0), where tY=argmaxt∈[0,1]{Rg(t)−t}.
A3.-|rg′(tY)|=a>0, where rg′(t)=∂rg(t)/∂t and rg(t)=∂Rg(t)/∂t.
Assume that two independent samples of m of i.i.d. observations from Y0 and n i.i.d. observations from Y1 are available.
Then, if the sample sizes satisfy A1, the following weak convergences hold 
	n⋅{Jˆg−Jg}⟶LnσJ⋅Z    and


	r′(tY)24⋅(1+λ)1/3⋅n1/3⋅{tˆY−tY}⟶Lnargmaxz∈R{Z(n)(z)−z2},



where Z is a standard normal random variable, {Z(n)(z)}{−∞<z<∞} is a two-sided Brownian motion and σJ2=Rg(tY)[1−Rg(tY)]+λ⋅tY⋅[1−tY].

Proof
Let C[Rg] the subset containing all the pairs (uL,uU) such that there exists t ∈ [0,1] satisfying that Rg(t)=F(uL)+1−F(uU). Then, 
Jˆg=max(uL,uU)∈C[Rˆg]{Fˆn(uL)−Fˆn(uU)+Gˆm(uU)−Gˆm(uL)}.
Let (xL,xU) be the pair of points that leads to Jg, that is, Jg=F(xL)−F(xU)+G(xU)−G(xL). Therefore, 
(5){Jˆg−Jg}=max(uL,uU)∈C[Rˆg]{[Fˆn(uL)−Fˆn(uU)+Gˆm(uU)−Gˆm(uL)]−[F(xL)−F(xU)+G(xU)−G(xL)]}=Zˆn(xL,xU)+max(uL,uU)∈C[Rˆg]{Hˆn(uL,uU,xL,xU)−H(uL,uU,xL,xU)+H(uL,uU,xL,xU)},
where 
Zˆn(u,v)=[Fˆn(u)−Fˆn(v)+Gˆm(v)−Gˆm(v)]−[F(u)−F(v)+G(v)−G(u)]Hˆn(v,w,x,z)=[Fˆn(v)−Fˆn(w)]−[Fˆn(x)−Fˆn(z)]+[Gˆm(w)−Gˆm(v)]−[Gˆm(z)−Gˆm(x)]H(v,w,x,z)=[F(v)−F(w)]−[F(x)−F(z)]+[G(w)−G(v)]−[G(z)−G(x)].
On the one hand, assumption A2 allows to apply the Hungarian embedding [26] to derive that the random variables Zˆn(xL,xU) and 
(6)n−1/2⋅{B1(n)(F(xL))−B1(n)(F(xU))}+m−1/2⋅{B2(m)(G(xL))−B2(m)(G(xU))},
where {B1(n)(t)}{0≤t≤1} and {B2(m)(t)}{0≤t≤1} are two independent Brownian bridges, have the same asymptotic distribution. Taking into account basic properties of the Brownian bridge and A1, it can easily be shown that the random variable eq. (6) and 
n−1/2⋅[Rg(tY)(1−Rg(tY))+λ⋅tY(1−tY)]1/2⋅Z,
where Z is a standard normal, also coincide in distribution.
On the other hand, from A2 and A3, and since rg(tY)=1, for t close to tY, Rg(t)−Rg(tY) can be approximated by t−tY. The Brownian bridge and the two-sided Brownian motion properties [27] guarantee that, for t close to tY and under A3, the random variable {Hˆn(uL,uU,xL,xU)−H(uL,uU,xL,xU)} has the same asymptotic distribution of 
(7)n−1/2⋅Z1(n)(t−tY)−(n/λ)−1/2⋅Z2(m)(t−tY)=(1+λ)/n⋅Z(n)(t−tY),
 where {Z1(n)(z)}{−∞<z<∞} and {Z2(m)(z)}{−∞<z<∞} are independent two-sided Brownian motions and {Z(n)(z)}{−∞<z<∞} is the weighted sum of those independent two-sided Brownian motions and, therefore, a two-sided Brownian motion as well.
Also, by assumptions A2 and A3, we have the approximation 
(8)H(uL,uU,xL,xU)=(Rg(tY)−tY))−(Rg(t)−t))≈−(1/2)rg′(tY)(t−tY)2.
 Therefore, from eqs. (7) and (8), we have that the random variable 
max(uL,uU)∈C[Rˆg]{Hˆn(uL,uU,xL,xU)−H(uL,uU,xL,xU)+H(uL,uU,xL,xU)}
 weakly converges to the distribution of the random variable 
(9)maxt∈[0,1]{(1+λ)/n⋅Z(n)(t−tY)−(1/2)⋅rg′(tY)⋅(t−tY)2}=κ⋅n−2/3⋅maxz∈R{Z(n)(z)−z2}
where z=(t−tY)/γ with γ=(4⋅(1+λ)/rg′(tY)2)1/3⋅n−1/3, κ=(2(1+λ)2/rg′(tY))1/3 and {Z(n)(z)}{−∞<z<∞} is a two-sided Brownian motion. We obtain i) directly from the equality eq. (5) and the convergences in eqs. (6) and (9).
On the other hand, if tˆY is the point which maximizes (Rˆg(t)−t), then from eqs. (5) and (9), (tˆY−tY)/γ has the same asymptotic distribution that argmaxz∈R{Z(n)(z)−z2}. Result in ii) is derived from the equality 
tˆY−tYγ=r′(tY)24⋅(1+λ)1/3⋅n1/3⋅{tˆY−tY}.

Remark. It is worth noting that, from eqs. (5) and (9), is easy to derive that 
E[n⋅{Jˆg−Jg}]≈κ⋅n−1/6⋅E[maxz∈R{Z(n)(z)−z2}].
This bias, although asymptotically negligible, is relevant for small and moderate sample sizes.
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