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Proof of theorem 1

The average MSE over all designs in can be written as:

(S1)

Let be an indicator for whether assignment vector occurs in design . We can
rewrite equation (S1) as

(S2)

Together with equation (7) in the article, we see that this expression equals if

(S3)

By condition 1 we know that , i.e., that the total number of times an assignment vector occurs in
the designs in is the same for every assignment vector. We have

(S4)

Because there are designs in with assignment vectors in each design, there are total number of
assignment vectors over all designs in . There are different assignment vectors and so the number of
times each assignment vector occurs over all designs is , which completes the proof.

Proof of theorem 2

Let . Because we always include mirror assignments in any design under consideration, it is the
case that if estimates are ordered lexicographically. Without loss of generality, we can therefore
study only the first half of the lexicographic ordering. The order statistics for these estimates are as follows:

(i.e., it is the ordering of ). It is the case that

(S5)

We are interested in the difference in maximum MSE between and :

(S6)

From the definition of order statistics, it must be the case that

Properties of restricted randomization  I



(S7)

If , then the inequality in the theorem is strict. The exact same argu-
ment can be used to show that the minimum MSE is increasing in .

Proof of theorem 3

Let , we can expand equation (10) in the article to

(S8)

By condition 1, we know that each assignment vector will occur in designs. Using this information
together with the mirror property, , and once again using the notation , we
obtain

(S9)

where is the shorthand notation for going through all assignment vectors except for and its mirror,
. By equation (7) in the article, we know that

(S10)

where we have used the fact that .

Let and be the average value of and , respec-
tively. Combining equations (S9) and (S10), we obtain

(S11)

Because , the proof is completed. Note that if for some it is the case that , then
and so the variance of the MSE is strictly decreasing in .

Proof of theorem 4

From equation (S8), we obtain

(S12)

where is the number of designs in the set . Note that we switch to using and as indexes
instead of and because we will use the -index to sum over observations below. For each design there are

pairs and so the proportion of all pairs of assignment vectors which has a given over all the designs in
the set is
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(S13)

Let be the total number of pairs with a given out of the possible pairs.
Once again, we use the notation . By condition 1, we know that each assignment vector will

occur in designs, and by condition 2 we know that two assignment vectors will occur together in a
design an equal number of times for all pairs of assignment vectors with the same pairwise uniqueness.
Together with equation (S10), we obtain

(S14)

Let . We obtain

(S15)

The following lemma will be useful:

Lemma 1. is a function of for which it is the case that
(i) the variance of the MSE is independent of any terms in that are either constant terms or linear in .
(ii) if , then the variance of the MSE can be written as

(S16)

Proof. To see this, let and note that , and so will not depend on

. Furthermore, is completely symmetrical around , which means that does not

depend on . Finally, for the exact same reason, because is a second degree polynomial, it

is the case that . □

To find , note that we can write as

(S17)

where is the set of indexes for the treated units and the set of indexes for the
control units. Let if unit is treated in assignment vector and if unit is control in
assignment vector . We have

(S18)
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When we sum this expression over all assignment vectors with a given , by conditions 1 and 2, only the last
sum will depend on . The reason is that in all other cases, the sums never involve an expression for how
often two units in assignment occur together with two units in assignment . Hence, by Lemma 1(i), we
obtain

(S19)

The quadruple sum can be written as

(S20)

Define as the expectation operator over all pairwise assignments with a given , i.e.,

(S21)

By conditions 1 and 2, the - and -indexes are interchangeable and so we have

(S22)

It is the case that

(S23)

where and being the treatment status of unit in
assignment vector . More compactly, it can be written as

(S24)
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where equals 1 if is even and 0 otherwise.
Similarly, we have

(S25)

where . To obtain the other two terms of the triple sum,
the indexes just have to be changed. Finally,

(S26)

where . Once again, to obtain the other two terms of the
quadruple sum, the indexes just have to be changed. The question now is to find all probabilities ,

, and .
We begin with and fix the treatment status of units in both and . Let be

the number of units treated in both , and , be the number of units treated in
but not in and are the number of units not treated in but treated in . The
number of ways that the remaining other units can be assigned to treatment in and is

, where the first binomial coefficient is the number of ways all

units but and can be selected into treatment in assignment vector , the second term howmany of these
that are also selected into treatment in assignment vector and the third the number of ways the rest of
the units in can be selected into treatment. For two random assignment vectors and , we have

(S27)

where the denominator is the total number of ways to select treatment in two assignment vectors with a
given .

To find , note that each combination of , by definition, maps to one of the
permutations of treatment statuses in for two random assignment vectors, each being equally likely.

Each permutation in turn implies a given . So, to find, for instance, , we use the fact

that this implies . Using this methodology, we obtain

where is the number of arrangements, .
Let be the number of units treated in both and , be the

number of units treated in but not in , and be the number of units not
treated in but treated in . Analogous to the reasoning above, we now have
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(S28)

To find , note that each combination of , now maps to four of the permutations of
treatment statuses in for two random assignment vectors, each being equally likely. For instance, to
obtain , aside from , there are now four possible permutations of ,
each implying a different , , . To obtain , simply add these four implied probabilities in equation
(S28) together. Doing so for all , we obtain

where .
Finally, let be the number of units treated in both and ,

the number of units treated in but not in , and the number of units not
treated in but treated in . We now have

(S29)

To find , each combination of , now maps to 16 of the permutations of

treatment statuses in for two random assignment vectors, each being equally likely. Using the
same procedure as above to add these 16 probabilities in equation (S29) together for each , we obtain

where .
We obtain that equation (S24) can be written as

(S30)
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where is the constant and linear terms of . Similarly, by symmetry, we have

(S31)

And finally, we have

(S32)

Equation (S22) now becomes

Figure S1: Distribution of assignment correlation for different designs, . Note: The figure shows the distribution of the

assignment correlation for different designs on normal (left graph) and lognormal (right graph) covariates with the dashed

horizontal line indicating the assignment correlation for complete randomization. and for each sample, the assignment

correlations are approximated with 10,000 assignment vectors (including mirrors). A total of 10,000 random samples are

drawn. Note that the scale on the -axis is different for each graph.
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(S33)

Inserting in equation (S19), defining , and utilizing Lemma 1(i) and
(ii), we obtain

(S34)

Finally, note that , whereas . Because we use instead of
, we obtain

(S35)

Using the definition of in equation (14) in the article and noting that

(S36)

we obtain the result in Theorem 4.

S1 Distribution of the assignment correlation

For two randomly chosen assignment vectors (excluding mirrors), it is straightforward to see that the
probability mass function for the uniqueness is

Table S1: Distribution of assignment correlation for different designs,

Quantiles

Mean Min Max 0.5 0.75 0.975 0.999

Five standard normal covariates

0.0101 0.0101 0.0101 0.0101 0.0101 0.0101 0.0101

0.0104 0.0104 0.0104 0.0104 0.0104 0.0104 0.0104

0.0106 0.0105 0.0106 0.0106 0.0106 0.0106 0.0106

0.0106 0.0106 0.0106 0.0106 0.0106 0.0106 0.0106

PS-alg 0.0107 0.0107 0.0107 0.0107 0.0107 0.0107 0.0107

Five log-normal covariates

0.0101 0.0101 0.0101 0.0101 0.0101 0.0101 0.0101

0.0105 0.0104 0.0106 0.0105 0.0105 0.0105 0.0106

0.0108 0.0106 0.0116 0.0107 0.0108 0.0111 0.0114

0.0110 0.0106 0.0132 0.0108 0.0111 0.0119 0.0128

PS-alg 0.0123 0.0107 0.2098 0.0110 0.0113 0.0149 0.1761
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(S37)

where the numerator is the number of ways to select two distinct assignment vectors with a given
and the denominator is the total number of ways of selecting two assignment vectors

that are not mirrors. Using equation (S37), it can be shown that

(S38)

which follows from the fact that equation (S37) is (approximately) a hypergeometric probability
mass function. We have . Furthermore, standard results
for the hypergeometric distribution imply and . We obtain

. This result is only an approximation because we go from
to instead of from to , and we divide by instead of . However,

is small even for relatively small and as , . Note that

Figure S2: Empirical ( -axis) vs. theoretical ( -axis) variances of the MSE for the various designs. Note: the left graph shows the

variance of the MSE for the normal covariates and the right graph for the lognormal covariates. The lines are 45-degree lines,

which means that the dots should be on the lines if the theoretical and empirical variances line up. In calculating the theoretical

variance of the MSE, the average over all 10,000 replications has been used.
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(assignment correlation under complete randomization), because in both cases, each
assignment vector occurs the same number of time with any other assignment vector.

While the assignment correlation is bounded between zero and one, for a given , it may not be
combinatorially possible to reach these boundary values. The exact distribution of the assignment correla-
tion is complicated because of the dependence of the pairs of assignment vectors.

S1.1 Simulation results for

Distribution of assignment correlation for different designs is shown in Figure S1 and Table S1.

S2 Comparison between the theoretical and empirical variances of
the MSE for the simulation study in Section 3.5 in the article

Empirical ( -axis) vs theoretical ( -axis) variances of the MSE for the various designs are shown in
Figure S2.

Replication code

Replication code for all simulation results in the article and this supplementary material is available at
https://github.com/mattiasnordin/Properties-of-restricted-randomization.
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