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Abstract. We study metabelian groups G given by full rank finite presentations hA j RiM
in the variety M of metabelian groups. We prove that G is a product of a free metabelian
subgroup of rank max¹0; jAj jRjº and a virtually abelian normal subgroup, and that if
jRj  jAj 2, then the Diophantine problem of G is undecidable, while it is decidable
if jRj  jAj. We further prove that if jRj  jAj 1, then, in any direct decomposition
of G, all factors, except one, are virtually abelian. Since finite presentations have full
rank asymptotically almost surely, metabelian groups finitely presented in the variety of
metabelian groups satisfy all the aforementioned properties asymptotically almost surely.

1 Introduction
In this paper, we study finitely generated metabelian groups G given by full rank
finite presentations G D ha1 ; : : : ; an j r1 ; : : : ; rm iM in the variety M of metabelian
groups, random metabelian groups in the few relators model, and the Diophantine
problem in such groups. Our research can be viewed as a natural continuation of
the study of nilpotent groups admitting full rank presentations in [11]. Furthermore, some key results from [11] are also used here.
In what follows, we briefly describe our approach and the main contributions of
the paper. The rest of the paper is devoted to proving the corresponding results.
1.1

Metabelian groups with full rank presentations

Let A D ¹a1 ; : : : ; an º be a finite alphabet, A 1 D ¹a1 1 ; : : : ; an 1 º, A˙1 D A [ A 1 ,
.A˙1 / the set of all (finite) words in A˙1 , and R D ¹r1 ; : : : ; rm º a finite subset
of .A˙ / . We fix this notation for the rest of the paper.
This work was supported by the Russian Science Foundation grant project 19-11-00209. Additionally, the first named author was supported by the ERC grant PCG-336983. The first and second
named authors were supported by the Basque Government grant IT974-16, and by the Ministry of
Economy, Industry and Competitiveness of the Spanish Government Grant MTM2017-86802-P.
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A pair .A; R/ is called a finite presentation; we denote it by
hA j Ri or ha1 ; : : : ; an j r1 ; : : : ; rm i:
If V is a variety or a quasivariety of groups (see [2, 20]), then a finite presentation hA j Ri determines a group G D FV .A/=hhRii, where FV .A/ is a free group
in V with basis A and hhRii is the normal subgroup of FV .A/ generated by R.
In this case, we write G D hA j RiV . The relation matrix M.A; R/ of the presentation hA j Ri is an m  n integral matrix whose .i; j /-th entry is the sum of
the exponents of the aj ’s that occur in ri . It was introduced by Magnus in [17]
(see also [16, Chapter II.3] for its ties to relation modules in groups). The number
d D jAj jRj, if non-negative, is called the deficiency of the presentation hA j Ri
(see [16, Chapter II.2] for a short survey on groups with positive deficiency). The
matrix M.A; R/ has full rank if its rank is equal to min¹jAj; jRjº, i.e., it is the
maximum possible.
We showed in [11] that if a finitely generated nilpotent group G admits a fullrank presentation, then G is either virtually free nilpotent (provided the deficiency
d  2), or virtually cyclic (if d D 1), or finite (if d  0).
Groups given in the variety M of all metabelian groups by full rank presentations also have a rather restricted structure, as witnessed by the following result.
Theorem 1.1. Let G be a metabelian group given by a full-rank presentation
G D hA j RiM . Then there exist two finitely generated subgroups H and K of G
such that
(1) H is a free metabelian group of rank max.jAj

jRj; 0/,

(2) K is a virtually abelian group with jRj generators, and its normal closure
L D K G in G is again virtually abelian,
(3) G D hH; Ki D LH .
Moreover, there is an algorithm that, given a presentation G D hA j RiM , finds
a free basis for the subgroup H and a generating set in jRj generators for the
subgroup K.
The result above complements the Generalized Freiheitssatz for M. In [23],
Romanovskii proved that if a metabelian group G is given in the variety M by
a finite presentation hA j RiM of deficiency d  1, then there is a subset of generators A0  A with jA0 j D d which freely generates a free metabelian subgroup
H D hA0 i. Theorem 1.1 shows that if the presentation hA j RiM has full rank,
then there is a free metabelian of rank d subgroup H of G and, in addition, there
are virtually abelian subgroups K and L as described in items (2) and (3) above
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such that G D HL. Two remarks are in order here. First, the subgroup H in Theorem 1.1 is not necessarily equal to hA0 i for a suitable A0  A as in Romanovskii’s
result. However, for a given full rank presentation G D hA j RiM of G, one can
find algorithmically another full rank presentation of G, which is in Smith normal form (see Section 2.1), such that the subgroup H is, indeed, generated by
a suitable A0  A and K is generated by A X A0 . Second, even if the presentation G D hA j RiM is in Smith normal form, but it is not of full rank, then the
subgroups K and L as in Theorem 1.1 may not necessarily exist (see details in
Section 2.1).
In another direction, the authors showed in [11] that, in any direct decomposition of a nilpotent group G given in the nilpotent variety Nc , c  2, by a finite full
rank presentation of deficiency  1, all but one of the direct factors are finite.
A similar result holds in the variety M as well.
Theorem 1.2. Let G be a finitely generated metabelian group given by a full-rank
presentation G D hA j RiM such that jRj  jAj 1. Then, in any direct decomposition of G, all but one of the direct factors are virtually abelian.
1.2

Diophantine problems

In Section 3, we study the Diophantine problem in finitely generated metabelian
groups given by full rank presentations. This is a continuation of research in [8,11].
Recall that the Diophantine problem in an algebraic structure A, denoted D.A/,
is the task to determine whether or not a given finite system of equations with constants in A has a solution in A. D.A/ is decidable if there is an algorithm that,
given a finite system S of equations with constants in A, decides whether or not S
has a solution in A. Furthermore, D.A/ is reducible to D.M/ for another structure M if there is an algorithm that, for any finite system of equations S in A,
computes a finite system of equations SM in M such that S has a solution in A if
and only if SM has a solution in M.
Note that, due to the classical result of Davis, Putnam, Robinson and Matiyasevich, the Diophantine problem D.Z/ in the ring of integers Z is undecidable
[5, 19]. Hence, if D.Z/ is reducible to D.M/, then D.M/ is also undecidable.
To prove that D.A/ reduces to D.M/ for some structures A and M, it suffices
to show that A is interpretable by equations (or e-interpretable) in M. E-interpretability is a variation of the classical notion of first-order interpretability, where,
instead of arbitrary first-order formulas, finite systems of equations are used as the
interpreting formulas (see Definition 3.3 for details). The main relevant property
of such interpretations is that if A is e-interpretable in M, then D.A/ is reducible
to D.M/ by a polynomial time many-to-one reduction (Karp reduction).
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Theorem 1.3. Let G be a metabelian group given by a full-rank presentation
G D hA j RiM . Then the following hold.
(1) If jRj  jAj 2, then the ring of integers Z is e-interpretable in G, and the
Diophantine problem in G is undecidable.
(2) If jRj  jAj, then the Diophantine problem of G is decidable (in fact, the
first-order theory of G is decidable).
This result is analogous to that obtained for nilpotent groups in [11].
Remark 1.4. For the case of deficiency 1 (i.e., m D n 1), decidability of the
Diophantine problem over G remains an interesting open problem. The recent
work [15] proves decidability of the Diophantine problem in
BS.1; n/ D ha1 ; a2 j a1n

1

D Œa1 ; a2 i:

Also some deficiency-1 presentations define cyclic groups, which have decidable
Diophantine problem [7].
Conjecture 1.5. Let G be a metabelian group given by a full-rank presentation
G D hA j RiM . If jAj jRj D 1, then the Diophantine problem in G is decidable.
1.3

Random finitely presented groups: the few-relations model

The first notion of genericity or a random group in the class of finitely presented
groups is due to Gromov [12], where he introduced what is now known as the few
relators model. A slightly different approach was suggested by Olshanskii [22] and
Arzhantseva and Olshanskii [1].
Nowadays, the few relators model can be described as follows. Let m; n be
fixed positive integers. Consider, in the notation above, the set S.n; m/ of all
finite presentations hA j Ri with jAj D n, jRj D m. For a given positive integer `, consider a finite subset S.n; m; `/ of S.n; m/ which consists of all presentations hA j Ri 2 S.n; m/, where each relator in R has length precisely `. Now, for
a given property of groups P , consider a subset SP .n; m; `/ of S.n; m; `/ of all
presentations hA j Ri 2 S.n; m; `/ which define groups that satisfy P . The property P is termed .n; m/-generic if
lim

`!1

jSP .n; m; `/j
D 1:
jS.n; m; `/j

Here jXj denotes the cardinality of a set X. In this event, we also say sometimes
that P holds for hA j Ri asymptotically almost surely as ` ! 1.
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In the book [12], Gromov stated that the group property of being hyperbolic
is .n; m/-generic for all n and m. Later, Olshanskii [22] and Champetier [3] gave
rigorous proofs of this result. We refer to [21] for a survey on random finitely
presented groups and to Kapovich and Schupp [14] on group theoretic models of
randomness and genericity.
Observe that the few relators model described above concerns classical finitely
presented groups. However, this approach can be utilized as well for finitely presented groups in any fixed variety of groups V, in particular, for finitely generated
metabelian groups given in the variety M of all metabelian groups by finite presentations hA j RiM . Note that every finitely generated group in M has a finite
presentation in M.
For the variety of nilpotent groups Nc (of a fixed nilpotency class c), this approach has been studied recently in [4, 11]. Other models of randomness for the
groups in Nc can be found in [6,8]. To the best of our knowledge, there is no study
of random metabelian groups (in any model) prior to this paper.
The following result is fundamental to our approach.
Theorem 1.6 ([11]). Let R be a set of m words of length ` in an alphabet
A˙1 D ¹a1˙1 ; : : : ; an˙1 º;
i.e., each word is obtained by successively concatenating randomly chosen letters from A˙1 with uniform probability. Then M.A; R/ has full rank (that is,
rank.M.A; R// D min¹n; mº) asymptotically almost surely as ` ! 1.
Corollary 1.7. Let hA j Ri D ha1 ; : : : ; an j r1 ; : : : ; rm i be a presentation where
all relators ri have length ` > 0. Then the presentation hA j Ri has full rank
asymptotically almost surely as ` tends to infinity.
One of the main appeals of full-rank presentations is that they occur asymptotically almost surely in the few-relators model for random groups in any variety V,
in particular, in the variety M. Hence, random metabelian groups (in the few relators model) have full rank presentations asymptotically almost surely. Therefore,
all the properties described above for metabelian groups given by full rank presentations are generic in the class of finitely presented metabelian groups. We refer to
Section 4 for precise statements of the results.

2

Structural properties of metabelian groups given by full-rank
presentations

Throughout the paper, we use the following notation. We denote by Nc and M
the families of nilpotent groups of nilpotency class at most c, and of metabelian
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groups, respectively. In general, we refer to books [16, 24] for the standard facts
and notation in group theory and to [20] for basic notions regarding varieties.
2.1

A variation of the Generalized Freiheitssatz

In this section, we obtain some structural results on full rank metabelian groups,
in particular, Theorem 1.1. To prove this theorem, we need some results on presentations in Smith normal form.
Recall (see, for example, [26]) that an integer matrix A D .aij / is in Smith normal form if there is some integer r  0 such that the entries di D ai i , 1  i  r,
are positive, A has no other nonzero entries, and di divides di C1 for 1  i < r.
Definition 2.1. A finite presentation hA j Ri is said to be in Smith normal form if
the relation matrix M.A; R/ is in Smith normal form.
Proposition 2.2. For any finite presentation hA j Ri, there exists a finite presentation in Smith normal form hA0 j R0 i, with
jAj D jA0 j;

jRj D jR0 j and

rank.M.A; R// D rank.M.A0 ; R0 //;

such that, for any variety V, the groups G D hA j RiV and G 0 D hA0 j R0 iV are
isomorphic. Moreover, such a presentation hA0 j R0 i and an isomorphism G ! G 0
can be found algorithmically.
Proof. The presentation hA0 j R0 i can be obtained by repeatedly applying Nielsen
transformations on the tuples A and R. Indeed, note that such a Nielsen transformation has the effect in the relation matrix M.A; R/ of adding or subtracting two
columns or two rows, respectively. It is known (see [26]) that one can find a finite
sequence of elementary row and column operations that transforms M.A; R/ into
its Smith normal form. Performing the corresponding Nielsen transformation on
hA j Ri, one gets the required presentation hA0 j R0 i. The details of this procedure
can be found in [11].
The complexity of finding a presentation in Smith normal form and other algorithmic considerations regarding full-rank presentations and presentations in Smith
normal form will be studied in upcoming work.
Lemma 2.3. Let G be a metabelian group given by a full-rank presentation in
Smith normal form,
˛m
G D hA j RiM D ha1 ; : : : ; an j a1˛1 D c1 ; : : : ; am
D cm iM ;

where ci 2 ŒF .A/; F .A/, ˛i 2 Z X ¹0º for all i D 1; : : : ; m, and m  n. Then
the following holds.
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(1) K D ha1 ; : : : ; am i is a virtually abelian group, and its normal closure L D K G
in G is again virtually abelian.
(2) H D hamC1 ; : : : ; an i is a free metabelian group of rank n

m.

(3) G D hH; Ki D HL.
Proof. We show first that K D ha1 ; : : : ; am i is virtually abelian. Note that K \ G 0
is abelian. Set N D ˛1    ˛m . Then, for all g 2 K, one has g N 2 K \ G 0 . Hence,
K=K \ G 0 is finite, so K is virtually abelian. Similarly, for L D K G , the subgroup
L \ G 0 is normal in L and abelian. The quotient L=L \ G 0 is abelian, of period N ,
and finitely generated (since L D K.L \ G 0 //, hence finite. It follows that L is
abelian-by-(finite abelian). Note that L might not be finitely generated.
Now we show that hamC1 ; : : : ; an i is a free metabelian group of rank n m.
Assume that n m  2. By Romanovskii’s aforementioned result [23] (see the
discussion after the statement of Theorem 1.1), we know that there exists a subset
A1  A with jA1 j D jAj jRj such that hA1 i is free metabelian freely generated by A1 . We claim that A1 D ¹amC1 ; : : : ; an º. Indeed, otherwise, there exists
ai 2 A1 such that ait 2 G 0 for some t 2 Z X ¹0º. Note that jA1 j  2, so there is
aj 2 A1 with i ¤ j . It follows then that Œait ; Œai ; aj  D 1, a contradiction with the
fact that A1 freely generates hA1 i as a free metabelian group.
If n m D 1, then the map an ! 1 and ai ! 0 for all i D 1; : : : ; n 1 gives
rise to a homomorphism G ! Z. Hence, an has infinite order in G, and han i
is a free metabelian group of rank 1. We note in passing that, in the case when
m D n 1, the element of A that generates an infinite cyclic group (i.e., a free
metabelian group of rank 1) is not necessarily unique, e.g., in
BS.1; n/ Š ha1 ; a2 j a1n

1

D Œa1 ; a2 i;

both a1 and a2 generate an infinite cyclic subgroup.
Proof of Theorem 1.1. Let G be a metabelian group given by a full-rank presentation G D hA j RiM . By Proposition 2.2, one can find algorithmically another pre0 i
sentation hA0 j R0 iM D ha10 ; : : : ; an0 j r10 ; : : : ; rm
M of G which is in Smith normal form.
If m  n, then Lemma 2.3 applied to the presentation hA0 ; j R0 i gives subgroups
H and K with the required properties. From these, we obtain the required subgroups in G by inverting the isomorphism hA j Ri D hA0 j Ri.
On the other hand, if m > n, then G is a quotient of the full-rank metabelian
group with zero deficiency G1 D ha10 ; : : : ; an0 j r10 ; : : : ; rn0 i (since M.A0 ; R0 / is in
Smith normal form, this is a full-rank presentation), and by the previous case, it
follows that G1 is virtually abelian. Since G is a quotient of G1 , G is also virtually
abelian.
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Remark 2.4. Note that if the presentation in Lemma 2.3 is in Smith normal form,
but not of full rank, then, by the Generalized Freiheitssatz [23], the free subgroup
H D hA0 i of G exists, but there might not exist corresponding subgroups K and L
for H . Indeed, let
G D ha1 ; a2 ; a3 ; a4 j Œa1 ; a3  D 1; Œa2 ; a4  D 1i:
Then a3 ; a4 generate a free metabelian group of rank 2, but G=H G is free metabelian of rank 2, so there is not a virtually abelian subgroup L such that G D HL.
Remark 2.5. Finally, note that Theorem 1.1 or Lemma 2.3 may not reveal fully
the structure of G and how it is related to the subgroups H and K. For example,
consider
G D ha1 ; a2 ; a3 ; a4 j a1m D Œa1 ; a3 ; a2k D Œa2 ; a4 i:
Lemma 2.3 tells us that ha3 ; a4 i is freely generated by a3 ; a4 and ha1 ; a2 i is a virtually abelian group. On the other hand, it is easy to check that
ha1 ; a3 i Š BS.1; m C 1/;

ha2 ; a4 i Š BS.1; k C 1/;

and G is the free metabelian product of two Baumslag–Solitar groups, which is
not clear directly from the decomposition G D HL.
2.2

Direct decompositions

In this section, we prove our main result on direct decomposition of metabelian
groups given by full rank presentations, Theorem 1.2. We denote the terms of the
lower central series of a group G by i .G/, i D 1; : : : , where 1 .G/ D G and
i C1 .G/ D ŒG; i .G/ for all i  1.
Proof of Theorem 1.2. We showed in [11] that if H is a finitely generated nilpotent group of class c  2 given by a finite full rank presentation H D hA j RiNc
with jRj  jAj 1, then, in any direct decomposition of H , all but one of the direct factors are finite. We will use this fact in our proof. Now let G be a finitely
generated metabelian group given by a full-rank presentation G D hA j RiM such
that jRj  jAj 1. Assume G D G1      Gk for some k  2 and some subgroups Gi , i D 1; : : : ; k. Let  be the natural projection of G onto H D G= 3 .G/.
The quotient H admits the full-rank presentation hA j RiN2 , so, by the result mentioned above, all but one, say .Gk /, of the groups .G1 /; : : : ; .Gk / are finite.
Hence, ker  \ Gi has finite index in Gi for all i D 1; : : : ; k 1. However, ker 
is abelian since ker  D 3 .G/  ŒG; G.
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Diophantine problem
Diophantine problem and e-interpretability

In this section, we introduce the technique of interpretability by systems of equations. It is nothing other than the classical model-theoretic technique of interpretability (see [13, 18]), restricted to systems of equations (equivalently, positive
existential formulas without disjunctions). In [9, 10], we used this technique to
study the Diophantine problem in different classes of solvable groups and rings.
In what follows, we often use non-cursive boldface letters to denote tuples of
elements: e.g. a D .a1 ; : : : ; an /. Furthermore, we always assume that equations
may contain constants from the algebraic structure in which they are considered.
Definition 3.1. A set D  M m is called definable by systems of equations in M,
or e-definable in M, if there exists a finite system of equations, say
†D .x1 ; : : : ; xm ; y1 ; : : : ; yk /;
in the language of M such that, for any tuple a 2 M m , one has that a 2 D if and
only if the system †D .a; y/ on variables y has a solution in M. In this case, †D is
said to e-define D in M.
Remark 3.2. Observe that, in the notation above, if D  M m is e-definable, then
it is definable in M by the formula 9y†D .x; y/. Such formulas are called positive
primitive, or pp-formulas. Hence, e-definable subsets are sometimes called ppdefinable. On the other hand, in number theory, such sets are usually referred to as
Diophantine. And yet, in algebraic geometry, they can be described as projections
of algebraic sets.
Definition 3.3. An algebraic structure A D .AI f; : : : ; r; : : : ; c; : : : / is called einterpretable in another algebraic structure M if there exists n 2 N, a subset
D  Mn and an onto map (called the interpreting map) W D  A such that
the following holds.
(1) D is e-definable in M.
(2) For every function f D f .x1 ; : : : ; xn / in the language of A, the preimage by 
of the graph of f , i.e., the set ¹.x1 ; : : : ; xk ; xkC1 / j .xkC1 / D f .x1 ; : : : ; xk /º,
is e-definable in M.
(3) For every relation r in the language of A, and also for the equality relation D
in A, the preimage by  of the graph of r is e-definable in M.
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The following result is a fundamental property of e-interpretability. Intuitively,
it states that if A is e-interpretable in M, then any system of equations in A can
be “encoded” as a system of equations in M.
Lemma 3.4. Let A be e-interpretable in M with an interpreting map W D  A
(in the notation of Definition 3.3). Then, for every finite system of equations S.x/
in A, there exists a finite system of equations S  .y; z/ in M such that if .b; c/ is
a solution to S  .y; z/ in M, then b 2 D and .b/ is a solution to S.x/ in A. Moreover, any solution a to S.x/ in A arises in this way, i.e., a D .b/ for some solution
.b; c/ to S  .y; z/ in M for some i D 1; : : : ; k. Furthermore, there is a polynomial
time algorithm that constructs the system S  .y; z/ when given a system S.x/.
The proof of this result can be obtained by following step by step the proof of
[13, Theorem 5.3.2], which states that an analogue of the above holds when A
is interpretable by first-order formulas in M. One needs to replace all first-order
formulas by systems of equations.
Now we state two key consequences of Lemma 3.4.
Corollary 3.5. If A is e-interpretable in M, then D.A/ is reducible to D.M/.
Consequently, if D.A/ is undecidable, then D.M/ is undecidable as well.
Corollary 3.6. E-interpretability is a transitive relation, i.e., if A1 is e-interpretable in A2 , and A2 is e-interpretable in A3 , then A1 is e-interpretable in A3 .
The following is a key property of e-interpretability that is used below.
Proposition 3.7 ([10]). Let H be a normal subgroup of a group G. If H is e-definable in G (as a set), then the natural map W G ! G=H is an e-interpretation
of G=H in G. Consequently, D.G=H / is reducible to D.G/.
3.2

The Diophantine problem in metabelian groups given by full rank
presentations

We next discuss the Diophantine problem in metabelian groups admitting a fullrank presentation. We will need the following result regarding the same problem
in nilpotent groups.
Theorem 3.8 ([11]). Let G be a finitely generated nonabelian nilpotent group admitting a full rank presentation of deficiency at least 2 (i.e., there are at least two
more generators than relations). Then the ring of integers Z is e-interpretable
in G, and in particular, the Diophantine problem of G is undecidable.
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Next we recall the definition of (finite) verbal width. This notion is conveniently
related to definability by equations, as we see in Proposition 3.9.
Let w D w.x1 ; : : : ; xm / be a word on an alphabet of variables and its inverses
¹x1 ; : : : ; xm º˙1 . The w-verbal subgroup of a group G is defined as
w.G/ D hw.g1 ; : : : ; gm / j gi 2 Gi;
and G is said to have finite w-width if there exists an integer n such that every g 2 w.G/ can be expressed as a product of at most n elements of the form
w.g1 ; : : : ; gm /˙1 . Hence, w.G/ is e-definable in G through the equation
xD

n
Y

w.yi1 ; : : : ; yim /w.zi1 ; : : : ; zim /

1

i D1

on variables x and ¹yij ; zij j 1  i  n; 1  j  mº.
Proposition 3.9. Let G be a group, and let H be a normal verbal subgroup of G
with finite verbal width. Then the quotient G=H is e-interpretable in G.
Proof. By the argument above, the subgroup H is e-definable in G. Now the result
follows from Proposition 3.7.
Proof of Theorem 1.3. Let G D hA j RiM be a full rank presentation of a metabelian group G. To prove (1), note first that, since 3 .G/  ŒG 0 ; G 0 , the 2-nilpotent
quotient G= 3 .G/ admits a presentation hA j RiN2 in the variety N2 of nilpotent
groups of class at most 2. In particular, the group G= 3 .G/ has a full-rank presentation of deficiency at least 2. By Theorem 3.8, the ring Z is e-interpretable in
G= 3 .G/. It is known that, in a finitely generated metabelian group, any verbal
subgroup has finite width [25]; in particular, the subgroup 3 .G/ has finite width
in G. Hence, by Proposition 3.9, the group G= 3 .G/ is e-interpretable in G. It
follows from transitivity of e-interpretations that Z is e-interpretable in G, so the
Diophantine problem in G is undecidable.
To prove the second statement of the theorem, observe that if jRj  jAj, then,
by Theorem 1.1, the group G is virtually abelian. Hence, the Diophantine problem
in G is decidable (see [7]).

4

Random metabelian groups

In this section, we study random metabelian groups in the few-relators model.
More precisely, we consider group presentations
G D ha1 ; : : : ; an j r1 ; : : : ; rm iM D hA j RiM
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in the variety of metabelian groups M, where the set of generators AD¹a1 ; : : : ; an º
is fixed, the number of relations m is also fixed, and R is a set of m words of
length ` in the alphabet A˙1 chosen randomly and uniformly, as explained in
Section 1.3. We then study the asymptotic properties of G as ` tends to infinity.
As mentioned in the introduction, the key observation here is that, due to Theorem 1.6, a finite presentation in the variety of all groups (hence, any variety) has
full rank asymptotically almost surely.
Theorem 4.1. Let n; m 2 N, and let G be a finitely generated metabelian group
given by a presentation hA j RiM D ha1 ; : : : ; an j r1 ; : : : ; rm iM , where all relators ri have length `. Then the following holds asymptotically almost surely as
` ! 1: there exist two finitely generated subgroups H and K of G such that
(1) H is a free metabelian group of rank max.jAj

jRj; 0/,

(2) K is a virtually abelian group with jRj generators, and its normal closure
L D K G in G is again virtually abelian,
(3) G D hH; Ki D LH .
Moreover, there is an algorithm that, given a presentation G D hA j RiM , finds
a free basis for the subgroup H and a generating set in jRj generators for the
subgroup K.
Proof. The result follows from Theorems 1.6 and 1.1.
Theorem 4.2. Let n; m 2 N, and let G be a finitely generated metabelian group
given by a presentation hA j RiM D ha1 ; : : : ; an j r1 ; : : : ; rm iM , where all relators ri have length `. Then the following hold asymptotically almost surely as
` ! 1.
(1) If jRj  jAj 2, then the ring of integers Z is interpretable in G by systems
of equations, and the Diophantine problem in G is undecidable.
(2) If jRj  jAj, then the Diophantine problem of G is decidable (in fact, the
first-order theory of G is decidable).
Proof. The result follows from Theorems 1.6 and 1.3.
Theorem 4.3. Let n; m 2 N, and let G be a finitely generated metabelian group
given by a presentation hA j RiM D ha1 ; : : : ; an j r1 ; : : : ; rm iM , where all relators ri have length `. Assume n  m 1. Then the following holds asymptotically
almost surely as ` ! 1: in any direct decomposition of G, all but one of the direct
factors are virtually abelian.
Proof. The result follows from Theorems 1.6 and 1.2.
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