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The Technical report is supplementary material of the paper ‘Modeling (im)precision
in context’, that describes the mathematical definitions and implementations of
the Imprecision Model (Section 1) and the matrix reproduction study (Section 2).

1 The Imprecision Model

In this section we introduce the main aspects of the Imprecision Model: (i) the
underlying structure of the situation, defined as a game, labeled as the Imprecision
Game 𝒢, (ii) how the Imprecision Game 𝒢 is implemented for the the concrete inves-
tigated scenario, and (iii) the Speaker’s Production Model, that makes predictions
about a rational speaker’s utterance production, given Imprecision Game 𝒢 and
particular speaker goals. Along the introduction of the model parts, we will exem-
plify key definitions with selected instances taken from the model implementation
of the concrete investigated scenario.

1.1 The Imprecision Game

The Imprecision Game defines the underling structure of the situation, including
the temporal domain, the possible information states of the speaker, the set of
utterances the speaker can address, and how these different entities relate to each
other. Formally, an Imprecision Game 𝒢 is defined by the following tuple:

𝒢 = ⟨𝑇, 𝑆, 𝑉, 𝑃𝑟, J·K, 𝐶, 𝜋⟩

The first component 𝑇 is the temporal domain. 𝑇 is a discrete set of numerical
elements that represent points in time that are relevant for the scenario under
investigation. For simplicity, we define 𝑇 as a subset of the natural numbers, thus
𝑇 ⊂ N. For the scenario that we study in this paper, we define the temporal domain
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as 𝑇 = {0, 1, 2, ....58, 59}, which specifies points in time by minutes, where e.g. 0
represents the time 8.00 am, or 26 represents the time 8.26 am, and so on.

The second component is the set of information states 𝑆. An information state
𝑠 ∈ 𝑆 contains all the points in time that the speaker considers to be potentially
true and is simply defined as a subset of the temporal domain 𝑇 , thus each 𝑠 ⊆ 𝑇 .
For example, when the speaker believes that an event happened at 8.27 am, her
information state is given by the set {27}. When the speaker believes that an event
happened between 8.26 am and 8.34 am, then her information state is given by the
set {26, 27, 28, ...33, 34}. Moreover, we have a probability function 𝑃𝑟 : 𝑆 → [0, 1]

with
∑︀

𝑠∈𝑆 𝑃𝑟(𝑠) = 1 that attributes values to information states, that define the
prior probability with which the speaker believes an information state is true.

The third component is the set of relevant utterances 𝑉 . Each utterance has
a core-semantic meaning, given as a subset of the temporal domain 𝑇 . The core-
semantic meaning of an utterance 𝑣 ∈ 𝑉 is defined through a so-called denotation
function J·K : 𝑉 → 𝒫(𝑇 ), that maps from utterances to elements in power set
of time points. Let’s see some examples from our scenario. Let 𝑣28 represent the
utterance ’The event happened at 8.28 am.’, then J𝑣28K = {28}. Let 𝑣30 represent
the utterance ’The event happened at 8.30 am.’, then J𝑣30K = {30}. Let 𝑣𝑎30

represent the utterance ’The event happened at around 8.30 am.’, then semantic
meaning should be represented by an interval around 30. We don’t think that there
is a reasonable standard assumption of this interval size; thus, in our investigation
we study the model with different values for the interval size of approximator
expressions. However, for our basic model we assume an interval size of ±3, therefore
J𝑣𝑎30K = {27, 28, ...32, 33}. Finally, let 𝑣𝐼𝑛 represent the utterance ‘The event
happened between 8.25 am and 8.35 am.’, then J𝑣𝐼𝑛K = {25, 26, 27, ...34, 35}.

Furthermore, we have a cost function 𝐶 : 𝑉 → R that pays respect to speaker
economy and adds penalties to longer utterances. For our scenario, we give no
penalty to simple utterances, and a penalty value 𝑐 to the usage of approximator
terms and interval terms, whereby in our basic model we set 𝑐 = 0.1.

Finally, 𝒢 contains a payoff function 𝜋 : 𝑆2 → R over pairs of information states.
More precisely, 𝜋(𝑠, 𝑠′) determines how informative or useful an interpretation 𝑠′ is
when 𝑠 is the actual information state. In many models, the standard assumption is
𝜋(𝑠, 𝑠′) = 1 if 𝑠 = 𝑠′, else 0. In other words, it is assumed that an interpretation is
only useful when it perfectly fits to the information state. However, in such models,
information states are considered as independent entities. For the Imprecision
Model, however, this is not the case. For example, one can argue that when the
actual information state is {27}, then it is more valuable to have the interpretation
{28} than the interpretation {29}, since 28 has a lower distance to 27 and might be
more useful in terms of informativity. We can formalize this idea with a perceptual
similarity function, as described by Nosofsky (1986), defined as follows:
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𝜋(𝑠, 𝑠′) = exp(−𝑑𝑖𝑠(𝑠, 𝑠′)2

𝛼2
) (1)

whereby 𝑑𝑖𝑠(𝑠, 𝑠′) is a function that returns a distance value between 𝑠 and 𝑠′

(defined further down) and 𝛼 is an imprecision parameter, which represents the
degree to which being imprecise has an impact on the payoff. The higher 𝛼, the
less is the impact of being imprecise on the utilities. For the main study, we set
𝛼 = 1.0, but altered it for robustness checks of the model.

The distance function 𝑑𝑖𝑠(𝑠, 𝑠′) returns the distance between tow sets of points
in time 𝑠 and 𝑠′.1 We use a distance function that ensures that any set has a
distance of 0 to itself, thus 𝑑𝑖𝑠(𝑠, 𝑠) = 0 for all 𝑠 ∈ 𝑆. This distance function
computes the average minimal distance between items in 𝑠 and 𝑠′. More concretely,
for any 𝑡 in 𝑠, the function considers the distance to 𝑡′ in 𝑠′, with 𝑡′ being the item
in 𝑠′ that has minimal distance to 𝑡. Likewise, for any 𝑡′ in 𝑠′, the function considers
the distance to 𝑡 in 𝑠, with 𝑡 being the item in 𝑠 that has minimal distance to 𝑡′.
Formally, the distance function is defined as follows: Given two information states
𝑠, 𝑠′ ∈ 𝑆, then the distance between both is defined as:

𝑑𝑖𝑠(𝑠, 𝑠′) =

∑︀
𝑡∈𝑠 |𝑡−𝑚𝑑(𝑠′, 𝑡)|+

∑︀
𝑡′∈𝑠′ |𝑡

′ −𝑚𝑑(𝑠, 𝑡′)|
|𝑠|+ |𝑠′|

whereby function 𝑚𝑑(𝑠, 𝑡) returns the item in 𝑠 that has minimal distance to point
in time 𝑡 ∈ 𝑇 , defined as: 𝑚𝑑(𝑠, 𝑡) = arg𝑡′∈𝑠 min(|𝑡− 𝑡′|).

1.2 Implementation of the Imprecision Game

Here we will give the exact implementation of the basic version of the Imprecision
Game as it was used in the main study. (Note that for robustness checks, we altered
particular parameters; see Section 2.4) The parameters were set as follows :
– 𝑇 = {𝑛|𝑛 ∈ N, 0 ≤ 𝑛 < 60}
– 𝑆 = {𝑠25, 𝑠26, 𝑠27, 𝑠28, 𝑠29, 𝑠30, 𝑠31, 𝑠32, 𝑠33, 𝑠34, 𝑠35, 𝑠𝐼𝑛}
– 𝑉 = {𝑣25, 𝑣26, 𝑣27, 𝑣28, 𝑣29, 𝑣30, 𝑣31, 𝑣32, 𝑣33, 𝑣34, 𝑣35, 𝑣𝑎25, 𝑣𝑎30, 𝑣𝑎35, 𝑣𝐼𝑛}
– 𝑃𝑟(𝑠) = 1

|𝑆| for all 𝑠 ∈ 𝑆

– J𝑣K is defined in Table 2 for all 𝑣 ∈ 𝑉

– 𝐶(𝑣𝑎25) = 𝐶(𝑣𝑎30) = 𝐶(𝑣𝑎35) = 𝐶(𝑣𝐼𝑛) = 0.1; 𝐶(𝑣) = 0 for all other 𝑣 ∈ 𝑉

– 𝜋 is defined in (1), with 𝛼 = 1.0, and based on the distance values of Table 3

1 Note that an information state 𝑠 is defined as a subset of the set of temporal domain
𝑇 , whereby a point in time 𝑡 is an element of the temporal domain 𝑇 (formally: 𝑠 ⊆ 𝑇 ,
𝑡 ∈ 𝑇 ). In other words, an information state 𝑠 is a set that contains point(s) in time 𝑡.
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The information states were defined as given in the following table:

State 𝑠 ∈ 𝑆 Subset of temporal domain 𝑇

𝑠25 {25}
𝑠26 {26}
𝑠27 {27}
𝑠28 {28}
𝑠29 {29}
𝑠30 {30}
𝑠31 {31}
𝑠32 {32}
𝑠33 {33}
𝑠34 {34}
𝑠35 {35}
𝑠𝐼𝑛 {26, 27, 28, 29, 30, 31, 32, 33, 34}

Tab. 1: Information states 𝑠 ∈ 𝑆 and corresponding associations to the temporal domain 𝑇 .

The denotation function J𝑣K was defined as given in the following table:

𝑣 ∈ 𝑉 core semantic meaning J𝑣K sample sentence
𝑣25 {25} ‘It happened at 8.25.’
𝑣26 {26} ‘It happened at 8.26.’
𝑣27 {27} ‘It happened at 8.27.’
𝑣28 {28} ‘It happened at 8.28.’
𝑣29 {29} ‘It happened at 8.29.’
𝑣30 {30} ‘It happened at 8.30.’
𝑣31 {31} ‘It happened at 8.31.’
𝑣32 {32} ‘It happened at 8.32.’
𝑣33 {33} ‘It happened at 8.33.’
𝑣34 {34} ‘It happened at 8.34.’
𝑣35 {35} ‘It happened at 8.35.’
𝑣𝑎25 {22, 23, 24, 25, 26, 27, 28} ‘It happened around 8.25.’
𝑣𝑎30 {27, 28, 29, 30, 31, 32, 33} ‘It happened about 8.30.’
𝑣𝑎35 {32, 33, 34, 35, 36, 37, 38} ‘It happened approximately at 8.35.’
𝑣𝐼𝑛 {25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35} ‘It happened between 8.25 and 8.35.’

Tab. 2: Utterances 𝑣 ∈ 𝑉 , their corresponding core semantic meaning as a subset of the
temporal domain 𝑇 , and a sample sentence for each utterance.
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The distance function produces the following distance values:

𝑑𝑖𝑠(𝑠, 𝑠′) 𝑠25 𝑠26 𝑠27 𝑠28 𝑠29 𝑠30 𝑠31 𝑠32 𝑠33 𝑠34 𝑠35 𝑠𝐼𝑛

𝑠25 0 1 2 3 4 5 6 7 8 9 10 4.6

𝑠26 1 0 1 2 3 4 5 6 7 8 9 3.6

𝑠27 2 1 0 1 2 3 4 5 6 7 8 2.9

𝑠28 3 2 1 0 1 2 3 4 5 6 7 2.4

𝑠29 4 3 2 1 0 1 2 3 4 5 6 2.1

𝑠30 5 4 3 2 1 0 1 2 3 4 5 2

𝑠31 6 5 4 3 2 1 0 1 2 3 4 2.1

𝑠32 7 6 5 4 3 2 1 0 1 2 3 2.4

𝑠33 8 7 6 5 4 3 2 1 0 1 2 2.9

𝑠34 9 8 7 6 5 4 3 2 1 0 1 3.6

𝑠35 10 9 8 7 6 5 4 3 2 1 0 4.6

𝑠𝐼𝑛 4.6 3.6 2.9 2.4 2.1 2 2.1 2.4 2.9 3.6 4.6 0

Tab. 3: The distance values for all pairs 𝑠, 𝑠′ ∈ 𝑆.

1.3 Speakers’ Production Behavior

The Imprecision Model predicts speakers’ production behavior. More concretely, it
predicts a speaker’s probability 𝑃𝑆(𝑣|𝑠, 𝑃𝐻 ,w) of producing an utterance 𝑣, given
i) her information state 𝑠, ii) an assumption about the hearer’s interpretation,
defined by a hearer’s probability function 𝑃𝐻 , and iii) a vector of goal weights w,
that determines how much the speaker prioritizes particular goals.

Following standard practice of models in probabilistic pragmatics, the speaker’s
production decision is defined by a so-called softmax function, which interpolates
between choosing the maximum-utility utterance and probability matching via
optimality parameter 𝜆 (cf. Goodman and Stuhlmüller 2013; Franke and Jäger
2016)2. Formally, 𝑃𝑆(𝑣|𝑠, 𝑃𝐻 ,w) is defined as follows:

𝑃𝑆(𝑣|𝑠, 𝑃𝐻 ,w) =
𝑒𝑥𝑝[𝜆 · 𝑈𝑡𝑜𝑡(𝑣, 𝑠, 𝑃𝐻 ,w)]∑︀

𝑣′∈𝑉 𝑒𝑥𝑝[𝜆 · 𝑈𝑡𝑜𝑡(𝑣′, 𝑠, 𝑃𝐻 ,w)]

whereby 𝑈𝑡𝑜𝑡 is the speaker’s total utility for using utterance 𝑣 given information
state 𝑠, assumed hearer interpretation 𝑃𝐻 and goal weights w.

2 The optimality parameter 𝜆 impacts the production behavior, and we tested our model
for different 𝜆 values to see the robustness of the model prediction. For our basic model,
we set 𝜆 to 5.0.
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We posit that a speaker’s total utility contains distinct components that
represent different goals that speakers may entertain. Formally, the speaker’s total
utility 𝑈𝑡𝑜𝑡 for using utterance 𝑣 given information state 𝑠, assumed hearer behavior
𝑃𝐻 and goal weights w = (𝑤𝑅, 𝑤𝐴) is defined as follows:

𝑈𝑡𝑜𝑡(𝑣, 𝑠, 𝑃𝐻 ,w) = 𝑈𝑖𝑛𝑓 (𝑣, 𝑠, 𝑃𝐻) + 𝑤𝑅 · 𝑈𝑟𝑛𝑑(𝑣) + 𝑤𝐴 · 𝑈𝑎𝑐𝑐(𝑣, 𝑠)− 𝐶(𝑣)

𝑈𝑡𝑜𝑡 is a combination of the informational utility 𝑈𝑖𝑛𝑓 , and the weighted
addends roundness utility 𝑈𝑟𝑛𝑑 and accuracy utility 𝑈𝑎𝑐𝑐, minus the utterance cost
𝐶(𝑣), which is used to capture the general pressure toward economy in speech (e.g.,
longer utterances are more costly). The different speaker utilities 𝑈𝑖𝑛𝑓 , 𝑈𝑟𝑛𝑑 and
𝑈𝑎𝑐𝑐 are manifestations of different goals that the speaker entertains in situation
where numerical information is communicated. In a nutshell, 𝑈𝑖𝑛𝑓 represents the
speaker’s goal of informativity, 𝑈𝑟𝑛𝑑 represents the speaker’s goal of hearer-oriented
simplification, and 𝑈𝑎𝑐𝑐 represents the speaker’s goal of accuracy.

We assume that a cooperative speaker follows the goal of informativity to a
full degree. Therefore, 𝑈𝑖𝑛𝑓 is assumed to be fully weighted with factor 1. The
goals of hearer-oriented simplification and accuracy may be only followed to some
degree. Therefore, 𝑈𝑟𝑛𝑑 and 𝑈𝑎𝑐𝑐 are weighted with the weight factors 𝑤𝑅 and 𝑤𝐴,
respectively, whereby 0 ≤ 𝑤𝑅, 𝑤𝐴 ≤ 1. Both weights represent particular pressures
in the speaker’s language use: 𝑤𝑅 represents the pressure towards hearer-oriented
simplification and 𝑤𝐴 represents the pressure towards accuracy.

1.3.1 Informational Utility

The informational utility 𝑈𝑖𝑛𝑓 determines how informative it is to use utterance 𝑣

given information state 𝑠 and assumed hearer interpretation 𝑃𝐻 . 𝑈𝑖𝑛𝑓 is defined
as follows:

𝑈𝑖𝑛𝑓 (𝑣, 𝑠, 𝑃𝐻) =
∑︁
𝑠′∈𝑆

𝑃𝐻(𝑠′|𝑣)× 𝜋(𝑠, 𝑠′)

whereby 𝑃𝐻(𝑠|𝑣) defines the probability that the hearer construes utterance 𝑣 with
information state 𝑠, and 𝜋(𝑠, 𝑠′) is a payoff function that determines how useful it
is to obtain interpretation 𝑠′ when the actual information state is 𝑠 (see Definition
(1) in Section 1.1).

The hearer’s probability function 𝑃𝐻(𝑠|𝑣) is defined as a Bayesian update to a
truthful speaker strategy 𝑃𝑆0

, as follows:

𝑃𝐻(𝑠|𝑣) =
𝑃𝑟(𝑠) · 𝑃𝑆0

(𝑣|𝑠)∑︀
𝑠′∈𝑆 𝑃𝑟(𝑠′) · 𝑃𝑆0

(𝑣|𝑠′)
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𝑃𝑆0
𝑣25 𝑣26 𝑣27 𝑣28 𝑣29 𝑣30 𝑣31 𝑣32 𝑣33 𝑣34 𝑣35 𝑣𝑎25 𝑣𝑎30 𝑣𝑎35 𝑣𝐼𝑛

𝑠25 1/3 0 0 0 0 0 0 0 0 0 0 1/3 0 0 1/3

𝑠26 0 1/3 0 0 0 0 0 0 0 0 0 1/3 0 0 1/3

𝑠27 0 0 1/4 0 0 0 0 0 0 0 0 1/4 1/4 0 1/4

𝑠28 0 0 0 1/4 0 0 0 0 0 0 0 1/4 1/4 0 1/4

𝑠29 0 0 0 0 1/3 0 0 0 0 0 0 0 1/3 0 1/3

𝑠30 0 0 0 0 0 1/3 0 0 0 0 0 0 1/3 0 1/3

𝑠31 0 0 0 0 0 0 1/3 0 0 0 0 0 1/3 0 1/3

𝑠32 0 0 0 0 0 0 0 1/4 0 0 0 0 1/4 1/4 1/4

𝑠33 0 0 0 0 0 0 0 0 1/4 0 0 0 1/4 1/4 1/4

𝑠34 0 0 0 0 0 0 0 0 0 1/3 0 0 0 1/3 1/3

𝑠35 0 0 0 0 0 0 0 0 0 0 1/3 0 0 1/3 1/3

𝑠𝐼𝑛 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

Tab. 4: Truthful speaker strategy 𝑃𝑆0
for the implemented scenario, depicted as a produc-

tion matrix.

whereby 𝑃𝑟(𝑠) is the prior probability of being in information state 𝑠 (as defined
in Section 1.1) and 𝑃𝑆0

(𝑣|𝑠) is the probability of using utterance 𝑣 in information
state 𝑠 according to a so-called truthful speaker strategy, where a naive speaker uses
utterances with respect to their core-semantic meaning. More precisely, according
to the truthful speaker strategy 𝑃𝑆0

, the sender uses utterance 𝑣 in information
state 𝑠 if and only if 𝑣 is truthful in 𝑠. And an utterance 𝑣 is truthful in an
information state 𝑠 if 𝑠 is a subset of its semantic meaning. Formally, the set Γ(𝑠)

of all utterances that are truthful in state 𝑠 is defined as follows:

Γ(𝑠) = {𝑣 ∈ 𝑉 |𝑠 ⊆ J𝑣K}

Now, a truthful speaker strategy uses an utterance 𝑣 in state 𝑠 if and only
if 𝑣 ∈ Γ(𝑠). Moreover, if there are multiple utterances truthful in state 𝑠, thus if
|Γ(𝑠)| > 1, then truthful speaker strategy 𝑃𝑆0

uses each utterance 𝑣 ∈ Γ(𝑠) with
the same probability 1

|Γ(𝑠)| . Formally, the truthful speaker strategy 𝑃𝑆0
(𝑣|𝑠) defines

the probability to use utterance 𝑣 in state 𝑠 as follows:

𝑃𝑆0
(𝑣|𝑠) =

⎧⎨⎩ 1
|Γ(𝑠)| if 𝑣 ∈ Γ(𝑠)

0 else

The truthful speaker strategy for the model as implemented in the former
section is depicted in Tab. 4.

The following enumeration summarizes the processing steps of a pragmatic
speaker:
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1. The starting point is a truthful speaker strategy 𝑃𝑆0
, which is defined as the

strategy where the speaker considers all utterances 𝑣 ∈ 𝑉 that are truthful in
a state 𝑠 with the same probability

2. The Bayesian hearer strategy 𝑃𝐻 is a Bayesian response to the truthful sender
strategy 𝑃𝑆0

3. The pragmatic speaker’s informational utility is defined as the expected utility
with respect to the Bayesian hearer strategy 𝑃𝐻 and the utility function 𝜋

that is formalized as a perceptual similarity function over 𝑆

To summarize, a pragmatic speaker believes that the hearer’s interpretation strategy
is a Bayesian update to a truthful speaker strategy, and incorporates this for arriving
at informational utility 𝑈𝑖𝑛𝑓 . Next to 𝑈𝑖𝑛𝑓 , the speaker also considers utterance
costs, and the weighted utilities 𝑈𝑟𝑛𝑑 (for hearer-oriented simplification) and 𝑈𝑎𝑐𝑐

(for accuracy), defined in the following sections.

1.3.2 Roundness Utility

The roundness utility 𝑈𝑟𝑛𝑑 represents the speaker’s goal of hearer-oriented simpli-
fication: the roundness utility of the utterance accommodates the hearer’s task of
more easily processing and remembering the utterance.

We distinguish different levels of roundness with respect to a roundness hierar-
chy. For example, when we have a scenario with a range of natural numbers, where
multiples of 10, 100 and 1000 are relevant determiners for roundness, then we give
a roundness level of 1 to numbers that are multiples of 10 (but not multiples of
100 or 1000). We give a roundness level of 2 for numbers that are multiples of 100
(but not 1000). And we give a roundness level of 3 for numbers that are multiples
of 1000. For all remaining numbers, we give a roundness level of 0. In this scenario,
2000 (level 3) is rounder than 2800 (level 2), which is rounder than 2830 (level 1),
which is rounder than 2834 (level 0). We define a function 𝑟𝑙 : N → N that returns
a roundness level 𝑚 ∈ N from a natural number 𝑛 ∈ N with respect to a given
roundness hierarchy.

As we will delineate further down, before we can define a function that returns
the roundness level of an utterance, we need a function that extracts a natural
number from an utterance. More concretely, we define a function 𝑛𝑢𝑚 : 𝑉 → N
that extracts a natural number 𝑛 ∈ N from an utterance 𝑣 ∈ 𝑉 . For example, when
we have the utterance 𝑣30 that stands for ‘The event happened at 8.30 am’, then
we have 𝑛𝑢𝑚(𝑣30) = 30. But also for the utterance 𝑣𝑎30 that stands for ‘The event
happened at around 8.30 am’, we have 𝑛𝑢𝑚(𝑣𝑎30) = 30. In case that an utterance
𝑣 does not contain a natural number, or it is not possible to extract a unique



Modeling (im)precision in context - Technical Report 9

utterance 𝑣 𝑛𝑢𝑚(𝑣) 𝑟𝑛𝑑(𝑣) 𝑈𝑟𝑛𝑑(𝑣)

𝑣25 25 1 1/2

𝑣26 26 0 0

𝑣27 27 0 0

𝑣28 28 0 0

𝑣29 29 0 0

𝑣30 30 2 1

𝑣31 31 0 0

𝑣32 32 0 0

𝑣33 33 0 0

𝑣34 34 0 0

𝑣35 35 1 1/2

𝑣𝑎25 25 1 1/2

𝑣𝑎30 30 2 1

𝑣𝑎35 35 1 1/2

𝑣𝐼𝑛 −1 0 0

Tab. 5: Roundness properties for all 𝑣 ∈ 𝑉 .

natural number, then 𝑛𝑢𝑚(𝑣) returns −1. For example, for an utterance such as
‘The event happened in the morning.’, 𝑛𝑢𝑚(𝑣) returns −1. Moreover, 𝑛𝑢𝑚(𝑣) also
returns −1 for interval utterances, such as ‘The event happened between 8.25 am
and 8.35 am’, since they don’t contain one unique natural number but multiple.

Now, we can define the function 𝑟𝑛𝑑(𝑣), which returns the roundness level of
a number that is extracted from an utterance 𝑣, as follows:

𝑟𝑛𝑑(𝑣) = 𝑟𝑙(𝑛𝑢𝑚(𝑣))

Then, the roundness utility 𝑈𝑟𝑛𝑑(𝑣) of an utterance 𝑣 is defined as follows:

𝑈𝑟𝑛𝑑(𝑣) =
𝑟𝑛𝑑(𝑣)

max𝑣′∈𝑉 𝑟𝑛𝑑(𝑣′)

where the roundness level of utterance 𝑣 is divided by the maximal roundness level
of the scenario. Note that this number is always between 0 (no roundness) and 1
(maximal roundness).

For our scenario, we say that we have a roundness level of 2 for a number that
is a multiple of 15, a roundness level of 1 for a number that is a multiple of 5 but not
15, and a roundness level of 0 otherwise; these correspond to distinct granularity
levels in the temporal domain discussed in Krifka (2009). In this way we get, for
example, 𝑈𝑟𝑛𝑑(𝑣30) = 1, 𝑈𝑟𝑛𝑑(𝑣𝑎30) = 1, 𝑈𝑟𝑛𝑑(𝑣35) =

1
2 , and 𝑈𝑟𝑛𝑑(𝑣33) = 0. An

overview of the roundness properties of all utterances 𝑣 ∈ 𝑉 is given in Table 5.
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1.3.3 Accuracy Utility

When it comes to situations where information states can be imprecise, then there
can be utterances which have a better chance to communicate the true state of the
world (or short: to be accurate) than others. Let’s give an example (more details in
the main paper): the speaker knows that an event happened between 8.26 am and
8.34 am, then the utterance 𝑣32 (‘the event happened at 8.32’) has a likelihood of
1/9 to be literally true, whereas the utterance 𝑣𝑎30 (‘the event happened around
8.30’) has a greater likelihood to be literally true. Formally, this is because the
core-semantic meaning of 𝑣𝑎30 covers a greater part of the speaker’s information
state than the core-semantic meaning of 𝑣32.

But note that, for example, when the speaker’s information state where she
knows that the event happened at 8.32 am, then 𝑣32 and 𝑣𝑎30 have the same chance
to be accurate, namely 1, since both utterances cover the information state totally.

Following the line of thought above, we define the accuracy utility 𝑈𝑎𝑐𝑐(𝑣, 𝑠) as
the likelihood of the literal interpretation of utterance 𝑣 being true given information
state 𝑠. Formally, 𝑈𝑎𝑐𝑐(𝑣, 𝑠) is defined as follows:

𝑈𝑎𝑐𝑐(𝑣, 𝑠) =
|J𝑣K ∩ 𝑠|

|𝑠|
Note that 𝑈𝑎𝑐𝑐(𝑣, 𝑠) is a value between 0 and 1. Value 0 means that there is

no overlap between the core-semantic meaning J𝑣K and information state 𝑠 and
the literal interpretation of the utterance 𝑣 is definitely false. Value 1 means that
the core-semantic meaning J𝑣K totally covers information state 𝑠 and the literal
interpretation of the utterance 𝑣 is definitely true. The accuracy utilities for each
(𝑣, 𝑠) pair of the model as implemented in the former section is depicted in Tab. 6.

Note that informational utility and accuracy utility are strongly aligned in
many cases. What is maximally informative is generally also completely accurate.
But there are also cases where the two utilities clearly diverge. For example, if an
event happened at a time 𝑥, and one gets the information that the event happened
at 𝑥 plus or minus a small time interval 𝑡, then this is still potentially highly
informative, but it is not accurate at all.3 Conversely, the choice of an approximate

3 Note that in correspondence with the perceptual similarity function 𝜋, we assume that
the information that something happened at time 𝑥 ± 𝑡1 is more informative than the
information that it happened at 𝑥± 𝑡2, given that the correct time is 𝑥 and that 𝑡1 < 𝑡2
(e.g. when the event happened at 8.33, then the information that it happened at 8.32
is more informative than the information that something happened at 8.31). In other
words, the informativity of an utterance 𝑣 is a continuous value, based on the distance of
information values, whereas accuracy is boolean (true or false). Therefore, information
that is close to the truth can be quite informative, but it is not accurate.



Modeling (im)precision in context - Technical Report 11

𝑈𝑎𝑐𝑐 𝑣25 𝑣26 𝑣27 𝑣28 𝑣29 𝑣30 𝑣31 𝑣32 𝑣33 𝑣34 𝑣35 𝑣𝑎25 𝑣𝑎30 𝑣𝑎35 𝑣𝐼𝑛

𝑠25 1 0 0 0 0 0 0 0 0 0 0 1 0 0 1

𝑠26 0 1 0 0 0 0 0 0 0 0 0 1 0 0 1

𝑠27 0 0 1 0 0 0 0 0 0 0 0 1 1 0 1

𝑠28 0 0 0 1 0 0 0 0 0 0 0 1 1 0 1

𝑠29 0 0 0 0 1 0 0 0 0 0 0 0 1 0 1

𝑠30 0 0 0 0 0 1 0 0 0 0 0 0 1 0 1

𝑠31 0 0 0 0 0 0 1 0 0 0 0 0 1 0 1

𝑠32 0 0 0 0 0 0 0 1 0 0 0 0 1 1 1

𝑠33 0 0 0 0 0 0 0 0 1 0 0 0 1 1 1

𝑠34 0 0 0 0 0 0 0 0 0 1 0 0 0 1 1

𝑠35 0 0 0 0 0 0 0 0 0 0 1 0 0 1 1

𝑠𝐼𝑛 0 1/9 1/9 1/9 1/9 1/9 1/9 1/9 1/9 1/9 0 1/3 7/9 1/3 1

Tab. 6: The accuracy utilities for each (𝑣, 𝑠) pair of the implemented model.

utterance, such as an approximator expression or an interval expression (about 𝑥,
between 𝑥 − 𝑡 and 𝑥 + 𝑡) is typically less informative, but might be completely
accurate.

2 Reproduction of Speaker Behavior

The Imprecision Model serves for the reconstruction of the speaker behavior of the
participants in our experiments. From the experiments we obtained the following
data to be further analyzed4:
– an empirical production matrix 𝑀𝑒

𝑝 that represents the empirical data of
speaker behavior in the police context

– an empirical production matrix 𝑀𝑒
𝑛 that represents the empirical data of the

speaker behavior in the neighbor context

Note that each entry of an empirical production matrix 𝑀𝑒(𝑠, 𝑣) represents the
relative frequency that a participant would use a utterance 𝑣 given an information
state 𝑠. With the Imprecision model we can construct computational production
matrices, where each entry 𝑀𝑐(𝑠, 𝑣) represents the probability 𝑃𝑆(𝑣|𝑠) of a rational
speaker to use utterance 𝑣 given information state 𝑠, as defined in Section 1.

4 In the following, a matrix 𝑀 has the subscript 𝑝 when related to the police context,
a subscript 𝑛 when related to the neighbor context, a superscript 𝑒 when resulted from
empirical data, and a superscript 𝑐 when resulted from the computational model.



12 Roland Mühlenbernd and Stephanie Solt

𝑠 ∈ 𝑆𝑀 𝑠 ∈ 𝑆 inf. state
(matrix) (model) (experiment)

𝑠30 𝑠30 8.30
𝑠30±1 𝑠29, 𝑠31 8.30±1

𝑠30±2 𝑠28, 𝑠32 8.30±2

𝑠30±3 𝑠27, 𝑠33 8.30±3

𝑠30±4 𝑠26, 𝑠34 8.30±4

𝑠30±5 𝑠25, 𝑠35 8.30±5

𝑠𝐼𝑛 𝑠𝐼𝑛 8.26-8.34

𝑣 ∈ 𝑉𝑀 𝑣 ∈ 𝑉 utt. category
(matrix) (model) (experiment)
𝑣𝑎30 𝑣𝑎30 ap 8.30
𝑣30 𝑣30 8.30

𝑣30±1 𝑣29, 𝑣31 8.30±1

𝑣30±2 𝑣28, 𝑣32 8.30±2

𝑣30±3 𝑣27, 𝑣33 8.30±3

𝑣30±4 𝑣26, 𝑣34 8.30±4

𝑣30±5 𝑣25, 𝑣35 8.30±5

𝑣𝑎30±5 𝑣𝑎25, 𝑣𝑎35 ap 8.30±1

𝑣𝐼𝑛 𝑣𝐼𝑛 interval

Tab. 7: Left: Matrix information state entities and their correspondences of model informa-
tion states and experimental information states. Right: Matrix utterance entities and their
correspondences of model utterances and empirical utterance categories of the experiment.

Furthermore, 𝑃𝑆 values also depend on the weight values 𝑤𝑅 and 𝑤𝐴. The first
target of our analysis is to find the parameter values for 𝑤𝑅 and 𝑤𝐴 such that we
find the optimal reconstruction of matrix 𝑀𝑒

𝑝 , as well as the optimal reconstruction
for matrix 𝑀𝑒

𝑛.

2.1 Finding the Optimal Matrix Reconstructions

We call a computationally reproduced matrix an optimal reconstruction of an
empirical matrix if it minimizes the so-called mean square error between both
matrices (to be defined further below). Therefore, we want to find those parameter
values for 𝑤𝑅 and 𝑤𝐴 that produce the following matrices:
– a computationally reproduced matrix 𝑀𝑐

𝑝 that minimizes the mean square
error to the the empirically obtained matrix 𝑀𝑒

𝑝

– a computationally reproduced matrix 𝑀𝑐
𝑑 that minimizes the mean square

error to the the empirically obtained matrix 𝑀𝑒
𝑑

Note that each matrix, empirical or computational, is defined over the following
sets of utterances 𝑉𝑀 and information states 𝑆𝑀 , as follows:
– 𝑆𝑀 = {𝑠30, 𝑠30±1, 𝑠30±2, 𝑠30±3, 𝑠30±4, 𝑠30±5, 𝑠𝐼𝑛}
– 𝑉𝑀 = {𝑣𝑎30, 𝑣30, 𝑣30±1, 𝑣30±2, 𝑣30±3, 𝑣30±4, 𝑣30±5, 𝑣𝑎30±5, 𝑣𝐼𝑛}

whereby these entities correspond to the empirical and model entities, as given in
Tab. 7(left) for information states and Tab. 7(right) for utterances.
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Fig. 1: Mean square errors between an empirical production matrix (left for ‘police context’
matrix 𝑀𝑒

𝑝 , right for ‘neighbor context’ matrix 𝑀𝑒
𝑛) and computationally reconstructed

matrices over different parameter values for 𝑤𝑅 (x axis) and 𝑤𝐴 (y axis). Mean square error
values are coded from high value ≥ 0.0035 (dark blue) down to 0.001 (dark red); color bar
on the right. The juxtaposition of both heat maps indicates that the optimal reconstruction
of 𝑀𝑒

𝑝 involves a lower 𝑤𝑅 value and a higher 𝑤𝐴 value than the optimal reconstruction of
𝑀𝑒

𝑛. (Replication of Figure A.4 of the main paper.)

Now, given two matrices 𝑀 , 𝑀 ′ that contain production values over a set
of information state 𝑠 ∈ 𝑆𝑀 and a set of utterances 𝑣 ∈ 𝑉𝑀 , whereby the entry
𝑀(𝑠, 𝑣) represents the production probability of 𝑣 given 𝑠 in matrix 𝑀 , then the
mean square error (MSE) between matrix 𝑀 and matrix 𝑀 ′ is the mean value
over squared pairwise entry differences, defined as follows:

𝑀𝑆𝐸(𝑀,𝑀 ′) =

∑︀
𝑠∈𝑆

∑︀
𝑣∈𝑉 (𝑀(𝑠, 𝑣)−𝑀 ′(𝑠, 𝑣))2

|𝑆| · |𝑉 |

As a next step we computed production matrices for combinations of 𝑤𝑅 and
𝑤𝐴 values in the range [0, 1] with step size 0.01. In total, we calculated 100× 100

computational matrices, and for each matrix we computed the mean square error to
the police context matrix 𝑀𝑒

𝑝 and the neighbor context matrix 𝑀𝑒
𝑛. Figure 1 shows

a heat map of mean square error values over a relevant subset of all parameters
𝑤𝑅 (x axis, from 0.0 to 1.0) and 𝑤𝐴 (y axis, from 0.0 to 0.5), left for the ‘police
context’ matrix 𝑀𝑒

𝑝 , and right for the ‘neighbor context’ matrix 𝑀𝑒
𝑛, whereby the

heat goes from dark blue (high values ≥ 0.0035) to dark red (low values around
0.001). Therefore, the dark red area shows the range of parameter values for best
reconstruction (mean square error close to 0.001, details below).

The juxtaposition of both heat maps shows that the optimal reconstruction for
𝑀𝑒

𝑝 involves a lower 𝑤𝑅 value and a higher 𝑤𝐴 value than the optimal reconstruction
of 𝑀𝑒

𝑛. More concretely, the best reconstruction for the ‘police context’ matrix 𝑀𝑒
𝑝
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Fig. 2: Optimal parameter values for 𝑤𝑅 and 𝑤𝐴 that minimize the mse between empirical
data and model prediction. (Replication of Figure 3 of the main paper.)

is the computational matrix 𝑀𝑐
𝑝 with the optimal parameter values 𝑤*

𝑅 = 0.46 and
𝑤*
𝐴 = 0.22, achieving an MSE of 0.00139. The best reconstruction for the ‘neighbor

context’ matrix 𝑀𝑒
𝑛 is the computational matrix 𝑀𝑐

𝑛 with the optimal parameter
values 𝑤*

𝑅 = 0.66 and 𝑤*
𝐴 = 0.02, achieving an MSE of 0.00114. Figure 2 displays

the optimal parameter values for both matrices.

2.2 Quality of Optimal Reconstruction

In Figure 3 we juxtapose the empirical matrices 𝑀𝑒
𝑝 and 𝑀𝑒

𝑛 (top) with the optimal
reconstructions 𝑀𝑐

𝑝 and 𝑀𝑐
𝑛 (bottom). This comparison gives a visual impression

of the quality of the reconstruction. In a next step, we made a statistical analysis of
the reconstruction data. We computed the Pearson correlation 𝑟 and the coefficient
of determination 𝑟2 between the empirical data (independent variable) and the
reconstructed data (dependent variable), taking the identity function y = x as
linear regression. An 𝑟2 values that takes the identity function as linear regression
is also know as the ‘goodness-of-fit’ value. The results over all 63 data points were:
𝑟 = 0.985, 𝑟2 = 0.971 for the police context, and 𝑟 = 0.985, 𝑟2 = 0.967 for the
neighbor context. Moreover, we computed 𝑟2 values also for ‘non-near-zero’ values,
thus values where the empirical variable 𝑥 and the reconstructed value 𝑦 both were
not below 0.01. The result for the police context (24 data points) was 𝑟2 = 0.97,
and for the neighbor context (26 data points) was 𝑟2 = 0.967. The presentation
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Fig. 3: The empirical data (top) and the best reconstructions (botton) of the police context
matrix (left) and the party context (right). (Replication of Figure 4 of the main paper.)

of data points and regression line, including an overview of the statistical results,
is given in Figure 4. All in all, the statistical analysis yields correlation values
and goodness-of-fit values that are relatively close to 1, thus close to a perfect
reconstruction.
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Fig. 4: Distributions of empirical data (𝑥-axis) vs. model predictions (𝑦-axis), (a) for the
police context, and (b) for the neighbor context. The identity function (𝑥 = 𝑦, red line)
is the linear regression for perfect reconstruction. 𝑟 shows the Pearson correlation. 𝑟2(𝑎𝑙𝑙)
shows the coefficient of determination (goodness-of-fit) for all data points, 𝑟2(𝑛𝑛𝑧) for
’non-near-zero’ values, namely all date points (𝑥, 𝑦), where 𝑥 and 𝑦 both are not below 0.01.
(Replication of Figure 5 of the main paper.)

2.3 Model Comparison

Note that our model implies the underlying assumption that the weight parameters
might differ across contexts. We can now ask how much worse the reconstruction
of our model is when we do not allow both weights to differ across contexts. We
can do this by finding the optimal weight parameters 𝑤𝑅 and 𝑤𝐴 that minimize
the mean square error over both matrices taken together, thus all 126 data points.
We call this the ‘across context’ model.

This analysis of the ‘across context’ model yields the following results. Across
all pairs of 𝑤𝑅 and 𝑤𝐴 values between 0.0 and 1.0, we find the optimal weight
parameters 𝑤𝑅 = 0.6 and 𝑤𝐴 = 0.06 that minimize the mean square error. However,
this mean square error is 0.00351, and therefore around three times greater than
the mean square error values for optimal reconstruction of the original model.
See Figure 5 (left) for the comparison of mean square error values for optimal
reconstruction, where the blue bar and the red bar show the mean square errors
for optimal reconstruction of the original model (blue for police context, red for
neighbor context), and the beige bar shows that mean square error for the ‘across
context’ model. The mean square error is the central indicator for how closely
the model prediction is to the empirical data. This result shows clearly that the
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Fig. 5: Juxtaposition of mean square error (left), Pearson correlation and goodness-of-fit
value (right) for the optimal reconstruction of the police context matrix (blue bar), the
neighbor context matrix (red bar) and for all data points of both matrices combined (across
contexts, beige bar). The ‘across context’ model assumes no difference of weights 𝑤𝑅 and
𝑤𝐴 across both contexts. It’s optimal reconstruction achieves a clearly worse mean square
error (about triple as high), as well as a worse Pearson correlation 𝑟 and a worse goodness-
of-fir value 𝑟2. (Replication of Figure A.5 of the main paper.)

assumption that the weights 𝑤𝑅 and 𝑤𝐴 differ across contexts makes a severe
improvement in data reconstruction.

As a further analysis, we computed the Pearson correlation and goodness-of-fit
value of the optimal reconstruction of the ‘across context’ model. Also here, the
model performs worse than the original model, achieving a lower correlation value
(0.969 vs 0.985) and a lower r-square value (0.935 vs 0.967/0.971). The results are
juxtaposed in Figure 5 (right).

All in all, our original model outperforms the ‘across context’ model in all
three statistical values. Particularly the mean square error is clearly better. And
although the ‘across context’ model also scores correlation and goodness-of-fit value
above 0.9, they are clearly below those of the original model. This shows that
the central underlying assumption, namely that cross-situational variation of a
speaker’s precision level is to a great deal due to different weighting of the two
speaker goals hearer-oriented simplification and accuracy, is strongly supported by
the model comparison analysis.
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2.4 Robustness Checks

The main finding of our analysis is the difference in the parameter values for
optimal reconstruction 𝑤*

𝑅 and 𝑤*
𝐴 across both contexts. To ensure that this is not

only an artefact of the particular settings of the other free parameters, we tested
our model for a great range of different parameter values for the free parameters 𝛼

(imprecision parameter), 𝜆 (soft-max parameter), utterance costs value, and the
range 𝑋 of the semantic meaning of the approximator utterances 𝑣𝑎25, 𝑣𝑎30 and
𝑣𝑎35. More precisely, we tested the following values:
– 𝛼 in [0.25, 0.5, 0.75, 1.0, 1.25, 1.5, 1.75, 2.0] (8 different values)
– 𝜆 in [1, 2, 3, 4, 5, 6] (6 different values)
– utterance costs in [0.0.0.05, 0.1, 0.15, 0.2, 0.25, 0.3] (7 different values)
– approximator utterances’ semantic meaning range 𝑋 in [±1,±2,±3,±4] (4

different values)

This results in 1,344 different combinations of parameter settings. For each setting
we computed the values 𝑤*

𝑅 and 𝑤*
𝐴 for best reconstruction in both contexts. As a

result, we found the following:
1. In 100% of all combinations, 𝑤*

𝑅 was lower for the best reconstruction of the
‘police context’ matrix vs the best reconstruction of the ‘neighbor context’
matrix.

2. In 93.4% of all combinations 𝑤*
𝐴 was greater for the best reconstruction of

the ‘police context’ matrix vs the best reconstruction of the ‘neighbor context’
matrix (whereby 𝑤*

𝐴 = 0 in both contexts for the remaining 6.6%).

This result shows that the difference of 𝑤*
𝑅 and 𝑤*

𝐴 across contexts is a very robust
result and does not depend on the setting of the other free parameters.
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