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Abstract: Relating to the crucial problem of branch switching, the calculation of codimension 2 bifurcation points
is one of the major issues in numerical bifurcation analysis. In this paper, we focus on the double Hopf points for
delay differential equations and analyze in detail the corresponding eigenspace, which enable us to obtain the finite
dimensional defining system of equations of such points, instead of an infinite dimensional one that happens naturally
for delay systems. We show that the double Hopf point, together with the corresponding eigenvalues, eigenvectors
and the critical values of the bifurcation parameters, is a regular solution of the finite dimensional defining system
of equations, and thus can be obtained numerically through applying the classical iterative methods. We show our
theoretical findings by a numerical example.
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1 Introduction

Delay differential equations (DDEs) have attracted a great deal of attention in the past decades for their excellent
performance in modelling the population dynamics, epidemics and many other problems arising in natural science
and engineering. Fundamental theories of solutions to DDEs have been well developed, see for instance the
monographs by Hale and Lunel [1], Driver [2] and Bellman and Cooke [3]. Among the various solution properties,
the periodicity receives many concerns since it arises in numerous model problems and accounts for a lot of
phenomena that take place in the real world. After the work of Cooke [4], many works focused on the periodic
solutions of delay models in applications, such as neural network or population dynamics. One of the principal
mechanisms accounting for the occurence of periodic solutions is the Hopf bifurcation [S]: when the bifurcation
parameter crosses a certain critical value, in the phase space a limit cycle surrounding the equilibrium occurs.
Mathematically speaking, the Hopf bifurcation occurs when the underlying equation undergoes a pair of purely
imaginary eigenvalues. Thus it is of codimension 1 and is relatively easy to analyze. The Hopf point for ODEs can
be approximated through numerically solving a simple regular defining system, cf. [6—8]; for DDEs, the similar idea
can be applied as well, see [9].

The computation of Hopf points is important in numerical bifurcation analysis, which makes it possible to trace
the Hopf point branch using the continuation method [10, 11] when there are two free bifurcation parameters in
the underlying system. When two of such Hopf point branches intersect to each other, the so-called double Hopf
bifurcation occurs. Recently, many papers have considered the theoretical analysis of the double Hopf bifurcations
in DDEg, see for example [12—-18]. The double Hopf point is of codimension 2 and thus to accurately calculate such
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a point is harder than the above mentioned Hopf point, however it is of great importance. On the one hand, this is
a key issue of branch switching, that is to switch from one Hopf point branch to another. Moreover, this makes it
possible to trace the branch of the double Hopf points in a system with more parameters. We note here that for ODEs
various techniques for calculating the double Hopf points are already well studied. For example, a bordered matrix
technique that can calculate the double Hopf point together with the corresponding eigenvalues and bifurcation
parameters simultaneously is discussed in [6] and a defining system based on the eigenspace analysis that can
calculate the double Hopf point together with the corresponding eigenvalues, eigenvectors and bifurcation parameters
simultaneously is analyzed in [8]. For DDEs a technique based on the characteristic matrix, that can calculate the
double Hopf point together with the corresponding eigenvalues and bifurcation parameters simultaneously is applied
in the bifurcation analysis software DDE-BIFTOOL[19]. The calculation of normal form coefficients of double Hopf
points for DDEs using DDE-BIFTOOL is discussed in [20].

In this paper, based on the eigenspace analysis, we accurately calculate the double Hopf points for the following
DDEs

x(t) = f(x (@), x@ —7), A, ), )

where A, 4 € R are parameters, T > 0 is a constant delay. In Section 2, for the double Hopf point, we apply
the idea used for ODEs to an equivalent abstract ODE form of (1) to give a defining system that is of infinite
dimension. In Section 3, we use similar techniques applied in [21, 22] to analyze in detail the eigenspace associated
with the purely imaginary eigenvalues. Based on the description of the eigenspace and the defining system obtained
in Section 2, we propose a finite dimensional defining system. We also prove that the double Hopf point, together
with the corresponding eigenvalues, eigenvectors and the critical bifurcation parameters, is a regular solution of
the finite dimensional defining system. Note that the accurate location of the double Hopf point is only the first
step of the relating numerical bifurcation analysis and further research include the computations of the critical
normal form coefficients and construction of asymptotic of codimension 1 and global bifurcations nearby, where
the corresponding eigenfunctions obtained in our algorithm as by-products are required. We present a numerical
example to illustrate our theoretical findings in Section 4.

2 Regular defining system for the double Hopf points
in Banach space

A simple change of time scale allows us to consider only the case T = 1 in (1) as follows

X(0) = f(x(0).x( =1),A.p), x € C", (@)

where A, 1 € R are bifurcation parameters, f(x,y,A,u)isa C" (r > 2) smooth function from C"” x C" x R x R
to C™. The state space of (2), denoted by C := C([—1, 0], C"), is the Banach space of continuous mappings from
[-1,0] to C" with norm ||¢| = maxge[—1.01|¢(0)] (| - | is some norm in C"). Assume that equation (2) has the
equilibria X (A, i) for A and p varying in some neighbourhood of (12, 10). We then linearize (2) at X(A, 1) to obtain

X(l) = fl(i(kv M)?J_C(Av /’L)vkv /'L)(X(Z) _)_C(A? /’L)) + fZ()_C(A’ //L),)Z'(l, M)vk, /,L)(X([ - 1) —i(},, /’L))’ (3)

Where fl(x!y7)'7/'b) = fX(-xmy’A’/’L) and fZ(x7y7A7/”L) = fy(x7y7A!/'L)'
The above equation can be reformulated as the following retarded functional differential equation

X(1) = Lau(xr — X(A, ) “

with L, the bounded linear operator from C to C” defined by L) ,¢ = !/_01 dnx . (0)p(0) for any ¢ € C,

where
J1(xXA, 1), XA, ), A, ) + f2(0(A, 1), X(A, 1), A, w), 6 =0,

(@) = 264, ). X(A, ). A, ), 0 € (-1.0),
0, 0 =-1
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is a matrix-valued function on [—1, 0] of bounded variation and is parameterized by A and u.
Denote by {T) ().t = 0} the Co-semigroup generated by the solutions of (3), with the infinitesimal generator
Ay . C —> C given by

'A)»,M(p = d.)’ .
D(Ayu) = {p € C1([—1,01,C"); $(0) = [°, dny 1. (0)p(0)}-

Thus we have that the spectrum of A, ,, coincides with its point spectrum, i.e. 0 (Ay ) = 0p(Aa.) [1], and
z € op(Aj ) if and only if

dCt(ZI - fl(i(}.,ﬂ),i(},, /'L)!A!I’L) - fZ(X(A’ M)’X(A!M)’A’ 'u)e—Z) = O’ (5)

whose solutions are eigenvalues of (3).

Definition 2.1. x© is called a double Hopf point of (2) at (A, i) = (A%, u%), if

a) ¥0 — )_C(/\O,/LO),'

b) the characteristic equation (5) has solutions Zli =o1(A, n) £iw (A, pn) and Zzi = o2(A, ) £iwz (A, p)
such that o1 (A%, u%) = 02(A%, u°) = 0 but both w1 (A°, u°) and wo (A%, u°) are not zero and w1 (A°, u%) #
wa(A°, u0);

o det axo1(A0, 10 o1 (A0, %)

310200 1%) 50220, 10)
(A0, 1o);
d) the solution z of (5) satisfies Rz(A9, u0) # 0 except z = Zil: and z = Zg:.

) # 0, that is to say, the map (A, ) — (o1(A, u),02(A, w)) is regular at

We assume throughout this paper that equation (2) has a double Hopf bifurcation point. We then derive the defining
system for the double Hopf point using the eigenspace analysis based techniques similar to the ordinary differential
equation case [8]. To this end, we rewrite (2) as the following abstract ODE in C [1]

d
U= Gu, A, 1), (6)
where u(1)(0) = x;(9),

S@(©0),u(=1).1, ). 6 =0,

G(u, A, n)(0) = i(6), 0 € [-1,0]

(7
and the domain of G(-, A, ) is {u € C' : u(0) = f(u(0),u(—1), A, u)}. Note that this reformulation does not
change its eigenvalues. Thus, ﬂ:iw? = +iw; (A%, u°) and ﬂ:iwg = Fiwy (A%, uO) are eigenvalues of GO =
Gu(uo, A0 pLO), where 49 = x0. That is to say, there exist clR, cJI. € C and dJR, dj[ € C*,j = 1,2, such that

0 _ : Oy R | : I\ _ R | :3IN0 | = Oy _ .
(Gy —iw;I)(c;" +ic;) =0, (d;" +id; )Gy +iw;I) =0, j =12,

where C* = C([0, 1], C"*) is the formal adjoint space of C with C"* being the n-dimensional space of row vectors.
The formal adjoint bilinear form on C* x C is then defined by [1]

0 6
(1:9) =80 - [ [ w6~ 0)dni@)p(@s. ®)
-10
Note here C™* is not the true dual space for C and thus the above bilinear form is not a pairing between C and its true
dual. For details, we refer the reader to [1], see also [23]. By the relation between x; and u, we only need to calculate
the double Hopf points for (6), which can be determined by the following defining system in Banach space [8].

G(u,A, 1)
Gu(u, A, pej + wjp;
H(¢) = (Lj,olj)—l =0,j=1,2 )
Gu(u, A, p)B; —w,a;
(Lj.Bj)
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where & = (u,al,)t,,Bl,wl,az,u,ﬂz,wz)T €Y =CxCxRxCxRxCxRxC xR, H is a smooth map
from Y toitself, L;, j = 1,2 are given nonzero functions in C* to normalize «;; and theoretically should be chosen
a priori not orthogonal in the sense of (8) to the eigenspace of GS corresponding to i w;); while in implementation,
these conditions will be satisfied for almost any functions in C*.

Theorem 2.2 ([8]). Assume

(10)

R 4. .R I4..0 JR R 7 I
det di*Ayc® +di Axci di*Apcy +di Apcq 20
dRAzcR +df Aycd dRA R +alAycd ’

where
Ay =G Va+Go: Vi =—=(GD'GY,
Ap =GV +GYi Vi =—(GH™1GY.

Then H (&) is regular at EO = (xo,cf,ko,c{,w?,cf,uo,czl, wg)T.

w

In fact, the regularity condition (10) used in Theorem 2.2 is exactly the explicit expression of the transversality
condition (c) in Definition 2.1. To see this, let ¢ (A, i) be the eigenfunction of Gy, (u(A, ), A, 1) associated with the
eigenvalue a(A, u),i.e., Gy (u(A, ), A, WA, u) —a(r, we(A, n) = 0. Differentiating this equation with respect
to A and evaluating at (A, u©) gives

Gggog + (Gguug + GSA)QDO — agwo —aowg =0, (11)

"0 represents the function’s value evaluated at (A0, 1©). In addition, we consider (A, 1)

where the superscript
such that G(u(A, ), A, ) = 0, which shows by a derivative with respect to A and evaluating at (A°, u©) that
Ggug + Gg = 0. Hence u())L =—(GH™! Gg. Inserting this result into (11), and multiplying from the left de —idjl,
we obtain

@R —id)Ax(cF +ic))—(df —id]) o) +iwd)(cF +ic])=0.
Taking the real part of the above equation and noting the orthogonality of eigenfunctions we arrive at
o/? = d_l-RA,xclR + dIIAAc{.

Similar techniques show the other three equalities. Consequently, the assumption (10) holds naturally if x© is a
double Hopf point of (2) at (A, u) = (A%, u°).

3 Simplification of the defining system

Solving the defining system (9) would give the desired double Hopf bifurcation points, together with its eigenvalues,
eigenfunctions and the critical values of bifurcation parameters. However, solving such an infinite dimensional
system directly is exhausted and expensive to use. Here come some reasons. A large amount of data storage would be
required and the discretization error would be introduced during the necessary discretization applied to the infinite
dimensional space Y . In addition, the special form of the function G(u, A, 1) is therefore difficult to deal with.

We then aim to reduce the defining system (9) to an equivalent finite dimensional form that can be solved
with low cost. To this end, we need to analyze in detail the eigenspace of GO associated with its purely imaginary
eigenvalues. Noting that GO has the same eigen structure as the infinitesimal generator Ag := A 20,0, We therefore
consider only the eigen structure of Ag.

For any given nonzero complex vectors c},c} e C", we denote ¢ jR O =i (c} o + nge—iwj’ 9),
d)} 0 = c_} WO _ cjze_iwj')@. For any given nonzero complex vectors d !, d/2 e C"*, we denote 1///R (s) =
dlelVTS — a2 and Yl (s) = i(d}e")S + d2eTTVI0). Let ¢ (6) = ¢R(6) + i) (6) and v (s)
1,//}e (s) + lwll (s),j = 1,2. Besides, we indicate again by the superscript “°” the function’s value evaluated at
(xo, x99, pLO), for example f/’o = f; (xO, x99, pLO) for j = 1,2. We then have the following lemma regarding

the eigenspace of .A¢ associated with its purely imaginary eigenvalues.
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Lemma 3.1. For j = 1,2,
1) ¢, (0) are the eigenfunctions of Ao associated with the purely imaginary eigenvalues i w?, if and only if

O (fQ+ e £ — i1t =0,
) (2 + e £ + iwll)e? = 0.
2) Y, (s) are the eigenfunctions of .Ag associated with the purely imaginary eigenvalues —i w;.), if and only if
wmn d(f0 + e £2 + iwl1,) = 0,
(V) d2(f2 + 77 £9 —iw01,) = 0.

Proof. Note that ¢; (0) are the eigenfunctions of Ag associated with iw;-), ie. Apg,; (0) = iw?cpj (0). Solving this
equation using the definition of A and techniques applied in [21] gives assertion 1). Note that the adjoint operator
A of Ao is an operator from C™ to itself defined as

Agl/f = —1% o
D(AS) = {y € C1([0.1],C"*) : = (0) = =, ¥ (=60)dnj0,,0(0)}.
Thus, assertion 2) is obtained similarly. O

We remark that cjl- , c]2- and d jl ,d ]2 cannot be uniquely determined by relations (I)~(IV) described in Lemma 3.1.
Thus we can further require

—iw© .
(Wj.¢j) = —4id; (In + fye ")) =1, for j = 1,2, (12)
, . 2 . Oe_iw/? —e_iw}) 1 _ . _ .
W) dx) =4d; (—iln + o ——5———)cx =0, for jk=12butj #k, (13)
wk —wj
- - .0
(V. ;) = 4id} (In + fe'"7)c? =1, for j = 1,2, (14)
and
_ - eiwg —eiw?
(V. ) = 4d} (il + fzow)c,% =0, for j,k = 1,2but j # k, (15)
kW)

where y; = y R —iy! ¢; = pR —ig!, for j =1,2.

We remark as well that, different from the ODE case, the eigenfunctions of Ay associated with the purely
imaginary eigenvalues are not constant vectors.

Then, based on Lemma 3.1 and the discussion above, we introduce the following defining system of equations
for the double Hopf points of (2)

Sl x A, ),

(f1(e, x4, ) + e fo(x, x, 4, ) — iwi In)ay
4ilZ(In + eI fo(x, x A, 1)y + 1
(Fr(x, x, A, ) + e fo(x, x, A, 1) +iwi 1)
H) = | 4i11(I, + ™™ fo(x. x. A, p))az — 1 =0, (16)
(Frlx,x. A w) +eW2 fo(x,x, A, ) — iwaln) B
413 (In + 712 fo(x, x, A, )1 + 1
(1, %, A, 1) + €2 fo(x, x, A, ) + iwaly) B2
4ily(In +€"™2 fo(x,x, 4, w)B2 — 1

where v = (x,al,az,k,wl,ﬂl,ﬂz,u,wz)T eV =C"xC"xC"xRxRxC'"xC"xRxR,H:V —-V.In
addition, in view of the expressions of the eigenfunctions of AS, l ]1 , l}, j = 1,2 should be chosen a priori such that

(12) and (14) are nonzero if where d jl and dj2 were replaced by [ Jl and/ JZ respectively; while in implementation these
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conditions can again be satisfied by almost any nonzero row vectors only if / 1] and l{ are linearly independent for
Jj = 1,2. We note here that for ease of calculation and analysis, we use different normalization equations from those

applied in (9). Besides, L in (9) can but not necessarily be the real part of the functions 21} WS or 2l}e_i WS for
s €[0,1].
Theorem 3.2. Assume
241 .1 1pl.2 7241 .1 1pl.2
do = det dleécll—dllB%ca dlelchll—alllBgc12 20, (17
d5A5c, —dy Bycsy dy Ay e, —ds Bics

where for j = 1,2
AL =10 + 18 + e S+ fva + (£G + e 19,
Al =10+ 1) + e D + o+ (S, + e ),
B =[S0 + 1)+ U + s + (£ + ™ 19,
Bl =100 + 1)+ R + fow + (S5, + ™ 15,),

==+ D v ==+ L

Then the defining system (16) is regular at its zero 00 = (xo, c% s c%, 20 w?, czl, c%, ,uo, wg)T.

Proof. Obviously, we only need to prove that the Jacobi matrix H 8 of H at v? is one to one if (17) holds.
We first prove that the map Hl(]) is injective. Let y = (y1, y2, 3, b1, b2, y4, ys, b3, b4)T € V. We only need to
prove that H 3 y = 0 has only trivial solution. In fact, the equation H. 3 y = 0 reads the following nine equations:

2+ Dy + fbi + fb3 =0, (18)

— 70 — 710 . — 79
[fﬁ + [ 4TI+ fzoz)]cllyl + (P + e WD —iwl L) y2 + (f% + e 1 £ )eiby

. . (19)
—i(e™ WY £0 4 Ly)elba + (f2, + e 9 )elbs =0,
4ie (D + fo)el yi + 43Iy + e 1) yo + 4ie T VNIR £ clby + 4eTNIR [0l by
+ie= W2 9 clby =0, 20
TN TN () . :00y0
[flol + o)+ fzoz)]C%YI + (PN iw L) ys + (Y + e f))eih 1)
i (@Y £+ In)edby + (f2, + €™V £9 )e2bs = 0,
4N+ ety + 4l U+ e D)y + dille D Foy —alle T fPeihy
+4illle’w1 fzouclzb3 =0,
IO+ LS+ e + o) et + (fG + e 2 £ )edby + (f + e W2 1D
(23)
. —i0 . 720
_lw(z)ln)y4 + (f]OM +e lwszOM)C%b?, —i(Ilp+e lwzfzo)céb4 =0,
. —iw9 . a0 . _ 21,0
die lw.Zl%Z(fzol + fzoz)céyl + ile lwzlzzfzo;\cébl +41122(1n +e ’w24f20)y4 (24)
+4ie_’w2122fzuc§b3 + 4e_’w2122f2065b4 =0,
.0 72,0 i w9 .
[f]ol + flOZ + etz (fzol + fzoz)]cgyl + (f1OA + elwzfzox)cgbl + (f]o + elwzfzo + lwgln)yS (25)
PG} . jw?
+(f10u + etW2 fZOM)c§b3 +i(I, +e'W"2 fzo)c§b4 =0,
and Y 0 -
4iet WIS+ fh)e3 + 4ietW21) £ e2by + 4il)(In + €2 £)ys 6)

+4iet 3L 19 2by — 4e'31) f0c3by = 0.
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Since zero is not an eigenvalue of .4g, we have that det( flo + fzo) Z# 0 and thus flo + fz0 is invertible. We then
obtain from (18)

==L+ 7 Rb = () + )7 ks = vaby + vubs.
Inserting this expression into equations (19), (21), (23) and (25) yields

—iw® —iw? ,
Ayeibr + Aleibs —i(In + e f)etbo + (f + e 1 £ —iwl )y =0, (27)
BleZby + BLetbs +i(Iy + €™ f9)eba + (f0 + 1 £ + iw{1,)y3 =0, 28)
:21,0 01,0
AZedby + AZcdbs —i(Iy + e 72 £)esba + (f + e 72 £ —iwdl,)ys =0, (29)
and
.0 P20y 0
B3c3by + Bhc3bs +i(Iy +e'™2 £)e3bs + (fL + €2 £ + iwd1,)ys = 0. (30)

Multiplying (27) from left on both sides by d?, we obtain by Lemma 3.1
1
diAjciby +diA}cibs + 22 =0 (31)

Similarly, multiplying (28), (29) and (30) from left on both sides by d !, d22 and dz1 respectively gives

1
d{ Bjciby +d{ Bl cibs + 22 =0, (32)

1
d3Aciby +d3 A% clbs + 2 =0 (33)

and !
dy Bc3by + dy Bic3bs + 1ba=0. (34)

Substracting (32) from (31) gives

(d2aiel —alBle})by + (aF A}l —dl Bc?)bs =o. (35)

Similarly, substracting (34) from (33) yields
(a343¢} - a3 B33 )by + (a3 A%} — a3 BEc3 )bs = 0. (36)
Noting (17), we obtain from (32) and (33) b1 = b3 = 0. Inserting them into equations (31) and (33) gives b, = 0
and b4 = 0, respectively.
Inserting b1 = b3 = 0 into equation (18) gives y; = 0. Inserting by = b = b3 = y1 = 0 into equations (27)
and (28) gives respectively
0
(S0 + e —iwiln)y2 =0 (37)
and
20
S+ +iwdIn)ys = 0. (38)
Noting that w(]) is a simple eigenvalue of A, we have rank(f]0 + e—iw} fzo — iw(])ln) = rank(f]O + efw? f20 +
iw(l’ln) = n — 1. Therefore, from Lemma 3.1 we obtain y, = klcll,y3 = kzclz, where k1, ko are constants to be
determined. Inserting b1 = by = b3z = y; = 0and y, = klcll into equation (20), we get

. —iw®
4ilF (I + e7™1 f)kycf = 0. (39)
From the defining system (16) we know that 41'112(1,Z + e—iw} fzo)cll = —1, thus we get k; = 0 and consequently
y2 = 0. Analogously, inserting by = by = b3 = y1 = 0and y3 = k2c12 into equation (22) shows that
411 (1, + ™ fOkre? =0,

which together with the defining system (16) gives y3 = 0.
Similarly, we obtain y4 = y5 = 0 based on (24),(29),(26) and (30). In a word, we have now y = 0. Hence, H,?
is injective. In a similar fashion, we can prove that A l(,) is surjective. Which ends the proof. O
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Remark 3.3. In fact, the regularity conditions (17) in Theorem 3.2 and (10) in Theorem 2.2 are equivalent, and thus
they are equivalent to the regularity condition c) in Definition 2.1. To see this, one only need to simply calculate each
entry of the matrix appeared in condition (10) in Theorem 2.2 using the techniques applied in Theorem 5 in [22]. As
a consequence, the assumption (17) holds naturally again if x° is a double Hopf point of (2) at (A, 1) = (A%, u9).

Noting that system (16) is of finite dimension, Theorem 3.2 shows that (16) can be solved by classical iterative
methods. Since (16) is still of high dimension, we propose therefore using the Newton downhill method as a solver
to get a widely convergent iteration, i.e.

Vka1 = vk —8[Jm () T H(vg), kK =0,1,2, ... (40)

where Jg (+) is the Jacobian matrix, 0 < § < 1 is the downhill factor to be determined such that | H(vk41)| <
|| H (v )|l with || - || some vector norm.

4 Numerical example

We illustrate our theoretical findings by a numerical example. To this end, we consider the following class-B laser
model with incoherent delayed feedback [24]

X1(0) =W —x1(1) = x1(0)(x2(t) + yx2(t = 7)),

$2(0) = r(x1(0) — Daao), @b

where x;(¢) and x»(¢) denote the population density and the photon density respectively, W, r, y are parameters
satisfying W > 1,0 <y < 1,r >> 1,and T > 0 is time delay. For the physical meanings of these parameters, we
refer the reader to [24].

It is easy to check that system (41) has two equilibria, (W,0) and (1, %). At the positive equilibrium
1, %) system (41) undergoes the double Hopf bifurcation for certain critical values of bifurcation parameters 7°
and y, see [14] for detail. As an illustration of our method, we will show how to apply the techniques developed in
this paper to calculate numerically such bifurcation points.

As indicated by [14], in this experiment, we fix W = 1.5 and r = 1000 and take y and T as parameters. Then,
after a change of time scale t = T's and using ¢ to represent the time again, we reformulate (41) as

X(1) = f(x(@).x(t =1).T.y) (42)

with x () = (x1(t), x2(t))7 and

_ | TS5 =x1 (1) = x1 (1) (x2(r) + yx2(r — 1)))
fa@),x=1.I.y) = (IOOOT(xl(t) — Dxa() )

For any given x € R?, the derivatives of f with respect to the first and the second variables at x are respectively
given by
—T—-Txx—-T -T
Al T,y) = ( X2 yXx2 X1 )

10007 x» 10007 (x1 — 1)

and

0 —-Tyx1
x,T,y) = .
falx,x, T, y) (0 0 )

Inserting the above notations into (16) gives the defining system of equations for the double Hopf points of (41).

We then choose / 11 =1 12 = (1,0) and 121 = 122 = (0, 1) and apply the Newton downhill method (40) to the
resulting defining system. We list the results in Table 1 and 2 with the initial values, the corresponding zeros of the
defining system and the number of iterations required. We found from Table 1 and 2 that the method has the ability
to find each double Hopf point of the underlying time delayed model.



DE GRUYTER OPEN Computation of double Hopf points for delay differential equations =——— 813

Table 1. Initial values applied to the Newton downhill method and the corresponding convergent results, as well as the number of
iterations required to converge.

| #iter | initial value zero
22 | 1.0000 1.0000 + 0.0000:
0.2000 0.2538 — 0.0000:

1.0000 — 1.0000: 0.0193 + 0.0042;

1.0000 — 1.0000: 0.0478 — 0.2192¢
1.0000 — 1.0000: 0.0193 —-0.0042:

1.0000 — 1.0000: 0.0478 + 0.2192;

1.0000 1.1327 4+ 0.0000:

17.0000 25.2691 - 0.0000:

1.0000 — 1.0000; | —0.0027 + 0.0000:

1.0000 — 1.0000: 0+ 0.2500:

1.0000 — 1.0000; | —0.0027 + 0.0000:

1.0000 — 1.0000: 0-0.2500:

0.7000 0.9701 + 0.0000:

5.0000 3.1248 + 0.0000:

‘ # iter ‘ initial value zero
23 | 1.0000 1.0000 — 0.0000:
0.5000 0.3095 —0.0000:

1.0000 —1.0000:
1.0000 —1.0000:
1.0000 —1.0000:
1.0000 —1.0000:

0.0316 + 0.0100:
0.1395 —0.4392i
0.0316 —0.0100:
0.1395 4+ 0.4392i

1.0000 0.8534 + 0.0000:
25.0000 19.0260 + 0.0000:
1.0000 —1.0000; | —0.0088 + 0.0000:
1.0000 —1.0000: 0+ 0.2500;
1.0000 —1.0000; | —0.0088 4+ 0.0000:
1.0000 —1.0000: 0-0.2500:

0.4000
16.0000

0.6154 + 0.0000:
9.3385 + 0.0000:

5 Conclusion

We presented in this paper an alternative method for calculating the double Hopf points of DDEs. Through
investigating in detail the eigenspace associated with the distinct purely imaginary eigenvalues, we proposed a
finite dimensional defining system that is proved to be regular at the double Hopf point and enable us to calculate
such points and the corresponding eigenvalues, eigenfunctions, critical bifurcation parameters simultaneously. The
analysis is performed for the case of DDEs with one constant delay, while the method can be straightforwardly
extended to more general cases, for example the case of multiple-delay, where one only needs to analyze the
eigenspace associated with the purely imaginary eigenvalues and insert the corresponding relations into (16)
correctly to find a regular defining system of equations that can be solved iteratively.
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Table 2. Initial values applied to the Newton downhill method and the corresponding convergent results, as well as the number of
iterations required to converge (continued).
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