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Abstract: In this paper we introduce a property and use this property to prove some common fixed point theorems in
b-metric space. We also give some fixed point results on b-metric spaces endowed with an arbitrary binary relation
which can be regarded as consequences of our main results. As applications, we applying our result to prove the
existence of a common solution for the following system of integral equations:

b b
x(1) :/Kl(t,r,x(r))dr, x(t) = sz(t,r,x(r))dr,

where a,b € R witha < b, x € C[a, b] (the set of continuous real functions defined on [a,b] € R) and K1, K> :
[a,b] x [a,b] x R — R are given mappings. Finally, an example is also given in order to illustrate the effectiveness
of such result.
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1 Introduction

The famous Banach contraction mapping principle first appeared in explicit form in Banach’s thesis in 1922 where
it was used to establish the existence of a solution for an integral equation. Since then, because of its simplicity and
usefulness, it has been generalized in several directions over the years. One of the most interesting generalization
is an extension of the class of Banach contraction mappings to the class of weak contraction mappings which was
first introduced by Alber et al. [1] in the setting of Hilbert spaces. Afterwards, Rhoades [2] considered the class of
weak contraction mappings in the setting of metric spaces and proved that the result of Alber et al. [1] is also valid in
complete metric spaces. Fixed point theorems and applications for weak contraction mappings have been considered
in [3-7] and references therein.
On the other hand, in 1984, Khan et al. [8] introduced the concept of an altering distance function as follows:

Definition 1.1. The function ¢ : [0, 00) — [0, 00) is called an altering distance function if the following properties
hold:
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(1) @ is continuous and non-decreasing;
(2) ¢(t) =0ifandonly ift = 0.

In 2011, Choudhury et al. [9] generalized the concept of weak contraction mappings by using an altering distance
function and proved fixed point theorem for such mappings. Recently, Roshan et al. [10] studied some coincidence
point results for four mappings satisfying generalized weak contractive conditions in the framework of partially
ordered h-metric spaces (b-metric spaces in the sense of Czerwik [11]).

Inspired by the results of Roshan et al. [10], we introduce some new properties in the setting of b-metric spaces
and using such properties, prove some coincidence point and common fixed point theorems for four mappings
satisfying generalized weak contractive condition in the setting of h-metric spaces. We also prove some fixed point
results in b-metric spaces endowed with a binary relation which generalize and improve the results of Roshan et al.
[10] and several fixed point results in metric spaces and b-metric spaces.

Finally, as applications, we show the existence of a common solution for a system of the following integral
equations:

x(t) = [P Kyt r,x(r))dr,
x(t) = [P Ka(t,r,x(r))dr,
where a,b € R with a < b, x € Cla, b] (the set of continuous real value functions defined on [a,b] € R) and
K1,K> :|a,b] x [a,b] x R — R are the mappings satisfying some conditions. Furthermore, we give some example

ey

to illustrate the existence of a common solution for a system of the integral equations.

2 Preliminaries

In this section, we recollect some essential notations, required definitions and basic results coherent with the
literature. Throughout this paper, we denote by N, R and R the sets of positive integers, non-negative real numbers
and real numbers, respectively.

In 1993, Czerwik [11] introduced the concept of a b-metric space as follows:

Definition 2.1 ([11]). Let X be a nonempty set and s > 1. Suppose that the mapping d : X x X — R satisfies the
Sfollowing conditions: forall x,y,z, € X,

(BM1) d(x,y) =0ifandonly if x = y;

(BM2) d(x,y) =d(y,x);

(BM3) d(x.y) < s[d(x,z) +d(z. y)].

Then (X, d) is called a b-metric space with coefficient s.

Any metric space is a b-metric space with s = 1 and so the class of b-metric spaces is larger than the class of metric
spaces. Now, we give some known examples of b-metric spaces as follows:

Example 2.2. Let X = R and define a mappingd : X x X — Ry by
d(x,y) = |x =y

forall x,y € X. Then (X, d) is a b-metric space with coefficient s = 2.

Example 2.3. The set [,(R) with0 < p < 1, where

IpR) := {{xn} CR: Z |xn|? < o0},

n=1

together with the mapping d : I, (R) x [, (R) — R4 defined by

de.y) = (Y lxn — yul?)7

n=1
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forallx = {x,}.y = {yn} € [p(R) is a b-metric space with coefficient s = 2% > 1. The above result also holds
for the general case l,(X) with O < p < 1, where X is a Banach space.

Example 2.4. Let p be a given real number in (0, 1). The space

1
L,[0.1] := x:[O,l]—>R‘ /|x(t)|"dt<1 ,
0

together with the mapping d : Lp[0,1] x Lp[0,1] — R4 defined by
1 L
4
at.y) = [ kO - ywrrar)
0

forall x,y € Lp[0,1] is a b-metric space with constant s = 25 > 1.

Next, we give the concepts of b-convergence, b-Cauchy sequence, b-continuity, completeness and closedness in a
b-metric space.

Definition 2.5 ([12]). Let (X, d) be a b-metric space. Then a sequence {xn} in X is called:
(1) b-convergent if there exists x € X such that d(xy,x) — 0 as n — oo. In this case, we write l_i)m Xn = X,
n o0

(2) a b-Cauchy sequence if d(x,, X;m) — 0asn,m — oo.

Proposition 2.6 ([12]). In a b-metric space (X, d), the following assertions hold:
(1) a b-convergent sequence has a unique limit;

(2) each b-convergent sequence is a b-Cauchy sequence;

(3) in general, a b-metric is not continuous.

From the fact that, in (3) above, we need the following lemma about the b-convergent sequences for our results:

Lemma 2.7 ([13]). Let (X, d) be a b-metric space with coefficient s > 1 and let {x,}, {yn} be b-convergent to the
points x,y € X , respectively. Then we have

1
—d(x,y) < liminf d(xn. y,) < limsup d(x,. yn) < s7d(x, y).
s n—oo n—o00

In particular, if x =y, then we have lim d(xy, y,) = 0. Moreover, for all z € X, we have
n—oo
1
—d(x,z) <liminf d(x,,z) <limsup d(x,,z) < sd(x, z).
N n—oo n—oo

Definition 2.8 ([12]). A b-metric space (X,d) is said to be b-complete if every b-Cauchy sequence in X
b-converges.

Definition 2.9 ([12]). Let (X.d) and (X’,d’) be two b-metric spaces. A function f : X — X’ is said to be
b-continuous at a point x € X if it is b-sequentially continuous at x, that is, whenever {x,} is b-convergent to x,
{fxn}is b-convergent to fx.

Definition 2.10 ([12]). Let Y be a nonempty subset of a b-metric space (X, d). The closure of Y is denoted by Y
and it is the set of limits of all b-convergent sequences of points in Y, that is,

Y = {x € X : there exists a sequence {x,} in Y so that lim x, = x).
n—oo

Definition 2.11 ([12]). Let (X,d) be a b-metric space. Then a subset Y C X is said to be closed if, for each
sequence {x,} in Y which b-converges to an element x, we have x € Y (i.e, Y =Y).
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In 1986, Junck [14] introduced the concept of compatibility in metric space. Now, we give this concept in b-metric
space.

Definition 2.12. Let (X, d) be a b-metric space with coefficient s > 1 and f,g : X — X be two mappings. The
pair (f, g) is said to be compatible if

lim d(fgxn.gfxn) =0
n—oo

whenever {x,, } is a sequence in X such that

lim fx, = lim gx, =t
n—oo n—oo

forsomet € X. If s = 1, then it becomes compatible in the sense of Junck [14].
In [15], Junck gave the following concept:

Definition 2.13 ([15]). Ler f and g be two self mappings on a nonempty set X. The pair ( f, g) is said to be weakly
compatible if f and g commute at their coincidence point (i.e., fgx = gfx whenever fx = gx).

The weak compatibility leads to the compatibility but its converse need not be true.
In 2014, Hussain et al. [16] introduced the concept of «-completeness in metric spaces. Inspired by this concept,
we give this concept in b-metric spaces as follows:

Definition 2.14. Let (X, d) be a b-metric space with coefficient s > 1 and let ¢ : X x X — [0,00) be a given
mapping. The b-metric space X is said to be o-complete if every Cauchy sequence {x,} C X with

a(xp, Xp4+1) =1

foralln € N converges in X.
In 2014, Sintunavarat [17] (see also [6]) introduced the useful concept of transitivity for mappings as follows:

Definition 2.15. Let X be a nonempty set. The mapping @ : X x X — [0,00) is said to be transitive if, for
Xx,y,z € X, we have
alx,y) =21, a(y,z2) 21 = alx,z) = 1.

3 Main results

In this section, we introduce some new properties and establish coincidence point and common fixed point theorems
by using these concepts.

Definition 3.1. Let X be a nonempty set, o : X X X — [0,00) and f, g : X — X be three mappings. The ordered
pair (f, g) is said to be:

(1) a-weakly increasing if a(fx,gfx) > 1and a(gx, fgx) > 1forallx € X;

(2) partially a-weakly increasing if a(fx,gfx) > 1forall x € X.

Throughout this paper, for a self mapping f* on a nonempty set X and a point x € X, we use the following notation:
Tl x) i ={ueX: fu=x}.

Definition 3.2. Let X be a nonempty set, o : X x X — [0,00) and f,g,h : X — X be four mappings such that

F(X) Ch(X) and g(X) C h(X). The ordered pair (f, g) is said to be:

(1) a-weakly increasing with respect to h if, for all x € X, we have a(fx,gy) = 1forall y € h~'(fx) and
a(gx, fy) = 1forally € h~1(gx);
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(2) partially a-weakly increasing with respect to h ifa(fx, gy) = 1 forall y € h='(fx).

Remark 3.3. From Definition 3.2, we have the following assertions:

(1) If h = Ix (: the identity mapping on X ), then Definition 3.2 reduces to Definition 3.1;

) If g = f, then we say that [ is a-weakly increasing with respect to h (partially a-weakly increasing with
respect to h). Also, if h = Ix, then we say that [ is a-weakly increasing (partially a-weakly increasing).

Definition 3.4. Ler (X,d) be a b-metric space, @ : X x X — [0,00) and f,g : X — X be three mappings. The
pair (f, ) is said to be a-compatible if

ngmood(fgx"’ gfxn) =0
whenever {x,} is a sequence in X such that
a(xp, xp41) = 1
foralln € Nand
lim fx, = lim gx, =t
n—0o0 n—oo
forsomet € X.

Definition 3.5. Let (X, d) be a b-metric space, o : X x X — [0,00) and f : X — X be two mappings. We say that
[ is a-continuous at a point x € X if, for each sequence {x,} in X with x,, — x asn — oo and a(x, xp+1) > 1
foralln € N, we have

i S = £ (,Jim ).

Let (X, d) be a b-metric space with coefficient s > 1 and f,g, R, S : X — X be four mappings. Throughout this
paper, unless otherwise stated, for all x, y € X, let

d(Sx,gy)er(Ry,fx)}.

M (x,y) := max {d(Sx,Ry),d(Sx,fx),d(Ry,gy), s

Now, we give a coincidence point result in this paper.

Theorem 3.6. Let (X, d) be a b-metric space with coefficients > 1,0 : X x X — [0,00) and f,g,R,S : X > X
be five mappings such that f(X) € R(X) and g(X) C S(X). Suppose that, for all x,y € X, we have

a(Sx,Ry) =1 or a(Ry,Sx) > 1= y(s>°d(fx.gy)) < ¥ (Ms(x,y)) — p(Ms(x, y)), 2)

where Y, ¢ : [0, 00) — [0, 00) are altering distance functions. If the following conditions hold:

(1) (X,d) is a-complete;

(2) f,g, Rand S are a-continuous;

(3) the pairs (f, S) and (g, R) are a-compatible;

(4) the pairs (f, g) and (g, f) are partially a-weakly increasing with respect to R and S, respectively;

(5) « is a transitive mapping,

then the pair (f,S) and (g, R) have a coincidence point z € X. Moreover, if «(Rz,Sz) > 1 or a(Sz, Rz) > 1,
then z is a coincidence point of f,g, R and S.

Proof. Let xo be an arbitrary point of X. Choose x; € X such that fxo = Rx; and x> € X such that gx; = Sx».
Now, we can construct a sequence {z; } defined by

Zop+1 = RXopn41 = fXon, Zon+42 = SXon42 = gX2n+1

for all n € N U {0}. Since x; € R~!(fx0), x2 € S~ '(gx1) and the pair (f,g) and (g, f) are partially a-weakly
increasing with respect to R and S, respectively, we have

a(z1,22) = a(fxo0,gx1) > 1, «(z2,23) = a(Sxa, fx2) > 1.
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Repeating this process, we obtain
a(zn,zn+1) > 1 3)

for all n € N U {0}. Furthermore, by the transitive property of ¢, we have
a(z2n, z2n+2) > 1 C))

and
a(zon+1,z2n43) > 1 (5)

foralln € N.
Now, we will complete the proof in three steps:

Step I. We prove that klim d(zk,zxk4+1) = 0. For all k € N U {0}, we define di := d(zk,zk+1). We assume
—> 00

that di, = 0 for some ko € N U {0}, which implies that zx, = zx,41. If ko = 2n such that n € N U {0}, then
Zon = Zap+41- Next, we show that zo, 41 = z2,4-2. Since @ (Sx2,, Rx2p+1) = @ (225, Z2n+1) = 1, we have

Y (s°d(z2n41.22n42)) = ¥ (s>d(fX2n. §X2n+1))
< Y (Ms(x25, X2n+1)) — @(Ms (X2, X21n4+1)), (6)

where

Mg (X2, X2541)

d(Sx2n,8x2n+1), d(Rx2p 41, fx2n)}
2s
d(zan, zan+2) + d(22n+1722n+1)}
2s

= max {d(szn, Rx2p+1),d(Sx2n, fx2n), d(RX2n41,8X2n+1)-

= max {d(Zva 22n4+1),d (220, 22n4+1), d(Z220n41, 220 +2),

d(Zzn,Zzn+2)}

2s

0+ d(zan+1. Z2n+2)}
2

= max {0, 0,d(z2n41.22n+2),

< max {0, 0,d(zon41.22n42),

= d(z2n+1,22n+2)-
Therefore, from (6), we have

d(z2n. 22n+2) })
2s
d(z2n, )
Z2n 2i2n+2 })

Y (s3d(zan+1,22n+2)) < ¥(d(Zan+1,22n42)) — ¢(maX {d(22n+l»22n+2),
< Y(s2d(zant1. 22n42)) — sﬂ(max {d(22n+1»22n+2)a

This implies that
d(z2n,22n+2)
go(max {d(22n+1722n+2)’ (Zis”‘*‘» =0
and so
d(z2n+1,22n42) = 0.
Therefore, we have z2, 41 = z2,42. Similarly, if ko = 2n + 1 such that n € N U {0}, then z5,41 =
Zop42 gives Zop42 = zap4-3. Consequently, the sequence {z;,} becomes constant for k > ko and hence
limg — 00 d(zk, ik +1) = 0. This completes this step.
Therefore, we will suppose that
di = d(zk,zk+1) > 0 @)

for all k € N U {0}. Next, we show that

d(zx 41,2k 42) < d(2k, 2k +1) ¥

for all k € N U {0}. Assume that
d(zg+1.2k+2) > d(Zk, 2x+1)
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for some k € N U {0}. If k = 2n such that n € N U {0}, then we have

d(zan+1.22n4+2) > d(z2n, Z22n+1)-

Since
a(Sx2u, Rxopt1) > 1,

using (2), we obtain

Y (s2d(zan+41.22n42)) = ¥ (s>d(fx2n. 8X2n41))
< Y (Ms(xon, X2n+1)) — @(Ms(X25, X2n+1)), ©)

where

Mg (X2, X2541)

d(Sxz,, gx + d(Rx , fx
=maX{d(Sx2n»Rx2n+1)ad(Sx2nvfx2n),d(Rx2n+lvgx2n+l)v (Sx2n, §X2n+1) (Rxan+1..f 2n)}

2s
d(z2n,22n+2) + d(Zan+1,22n+1)
= max {d(22n,Zzn+1),d(22n,22n+1),d(22n+1,22n+2), o Zant T ntleand }
d(zon.zan+1) + d(Zan+1, 22042
< max {d(22n,22n+1),d(22n+1,22n+2), n:Zant1) 2( il zand )}

= d(z2n41, Z2n+2).

Since 1 is nondecreasing and
M (x2n, X2n+1) < d(Z2n+1,22n42),

we have
Y (Ms(x2n, X2n+1)) < ¥(d(Z2n+1,22n+2))-

Now, the inequality (9) implies that
V(s d(z2n+1.22n42)) < Y (d(Z2n+1.22042)) = 9(Ms (X2n. X20+1)).

which is possible only Mg (x2,, X2,41) = 0, thatis, d(z2,+1, Z2n+2) = 0, which contradicts (7). Hence we have

d(zan+1.22n+2) < d(z2n, Z22n+1)-
Therefore, (8) is proved for k = 2n. Also, we have

d(z2n.z2n4+1) = Ms(x2n, X2041)-
Similarly, we can shown that

d(z2n+42.22n+43) < d(Z2n+1,22n42) = Ms(X2n41, X2n4-2) (10)

foralln € NU{0}. Hence the inequality (8) holds and then {d(zx, zx41)} is a nonincreasing sequence of nonnegative
real numbers. Since {d(zx, zx+1)} is bounded below, there exists r > 0 such that

lim d(zk,zk+1) =7 (11)
k—o0
and then
lim Mg (xg, Xk41) = 1. (12)
k—o0
Furthermore, we get
Y (s2d(Zk41. 2k 42)) < ¥ (d(Zk. Zk+1)) — @(Ms(Xkc. Xk 1)) 13)

for all k € N U {0}. Letting k — oo in (13), using (11), (12) and the continuity of v, ¢, we have

Y (s>r) < ¥ (r) —o(r).



DE GRUYTER OPEN Existence of a common solution for a system of nonlinear integral equations =—— 135

This implies that ¢(r) = 0. From the property of ¢, we have r = 0 and so

lim d(zx,zk+1) =0.
k—oc0

(14)

Step II. We now claim that {z, } is a b-Cauchy sequence in X. That is, for any € > 0, there exists k € N such that
d(zm,zn) < €, forallm,n > k. Assume that there exists ¢ > 0 for which we can find subsequences {z,; )} and

{Znw)} of {zn} such that n(k) > m(k) > k and
(a) m(k) =2t and n(k) = 2¢' + 1, where t,¢t’ € N;
(b)
d(Zmkys Znioy) = €

(¢) n(k) is the smallest number such that the condition (b) holds, i.e.,
d(Zmk), Znik)—1) < €.
By the triangle inequality, (15) and (16), we obtain

€ = dGEmk)s Znk))
< sldCzmi) znky—1) + dCEnk)—1-Znk))]
< se + d(Zn(k)—l,Zn(k))~

Taking limit supremum as k — oo in (17) and using (14), we have
€ < limsupd (zpm(k), Zn(k)) < S€.
k—o0

From the triangle inequality, we have

d(Zmkys Zny) < SAEmu)s Zny+1) + d(Znior+15 Zn )]

and
d(Zmkys Znky+1) < SlAEmky» Znioy) + Aoy Zno+1)]-
Taking limit supremum as kK — oo in (19) and (20), from (14) and (18), it follows that

€ < S(lim supd (Zm (k). Zn(k)+1))

k—o0
and

lim supd (Zm k) Zn (k) +1) < 57€,
k—o0

This implies that

< lim supd (Zm(k)- Znk)+1) < 7€
k—o0

Again, using above process, we get

€ . 5
— < limsupd(z, k), Zmk)+1) < S7€.
k—o0

2}

Finally, we obtain that

d(Zmoys Znior+1) = s[dCEmacys Zmaor+1) + dZmioy+15 Zno+1)]-

Taking limit supremum as k — oo in (23), from (14) and (21), we obtain that
€ .
— < limsupd (Zm (k) 41+ Zntk)+1)-
s k—o00

By similar method, we have

1im Supd (Zpm (k) +1+ Znk)+1) < 8°€.

k—o0

5)

16)

A7)

18)

19

(20)

21

(22)

(23)

(24)

(25)
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From (24) and (25) implies that
€ .
= < lim supd(zm(k)+1,zn(k)+1) < s3e. (26)
s k—o0

Since « is transitive, we have
A (Zmk)+1> Znk)+1) = 1.

From (2), it follows that

V(2 dEmao+1.Znir+1)) = V(2 A Xm)s 8Xnk)))
< Y (Ms(Xmk)s Xnk)) — @(Ms (Xm(k)y» Xn(k))) (27)

where

M (Xpm(k)» Xn(k)) = max {d(Sxm(k), Rxp()), d(SXmky, [Xmx))» d(RXn (ks §Xn(k))

d(SXmk). 8Xnk)) + d(Rxp k). fxm(k))}
2s

= max {d(Zm(k), Znk)) dZmky Zmk)+1)- dZnk)s Znk)+1)-

d(Zmy Znky+1) + d(Zniy Zm(k)—l—l)}
2s '

Taking limit supremum as k — oo in the above equation and using (14), (18), (21), (23) and (22), we have

€ 4 €
S S .
€ = max (e, =—= % < limsupM,(x X < max {se,
{ % } = pMs(Xm k) Xn(k)) < { r

s2e + sZe
— ¢ = S€.
k—o0

Also, we can show that

€ €
S+S

sZe + s2e
— = S€

€ = max {e, 3
K

} < liminf Mg (X, k), Xn(k)) < max %se,
k—o0

Taking limit supremum as k — oo in (27), we have

o0 =v(6(5))

< 1#(3311111 supd (Zm (k)+1, Zn(k)-‘rl))

k—o00

< 1//(1irn supMs (xm(k), xn(k)) — (p(lim inst (xm(k), xn(k))
k—o0

k—o0

= Y(se) —(e). (28)
This implies that ¢(€) < 0 and so ¢ = 0, which is a contradiction. Therefore, {z, } is a b-Cauchy sequence.

Step III. We will show that f; g, R and S have a coincidence point. From Step II, we show that {z,,} is a b-Cauchy
sequence in X . Since the inequality (3) holds, by the «-completeness of h-metric space X, there exists z € X such
that

ngmood(zn, z)=0

and so
m d(zopp1,2) = lim d(Rx2p41,2) = lim d(fx2,2) =0 (29)
and
lim d(22n+2,2) = lim d(SXQ,1+2,Z) = lim d(g)Czn+1,Z) =0. (30)
n—oo n—o0 n—oo

From (29) and (30), we have fx3;, — z and Sxp, — z asn — oo. Since (f, S) is a-compatible, by (4), we have

lim d(Sfxan, fSx2n) = 0. 31)
n—oo
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By (4), the a-continuity of S, f and Lemma 2.7, we obtain
nli)mood(Sfxzn,Sz) =0= ngmood(foZn,fz). (32)
By the triangle inequality, we have

d(Sz. fz) < s[d(Sz.Sfx2n) + d(Sfx2n. f2)]
< 5d(Sz,Sfx2n) + [d(Sfx2n, [Sx2n) + d(fSx2n, 2)] (33)

for all n € N U {0}. Taking limit as » — oo in the above inequality and using (23) and (31), we obtain
d(Sz, fz) <0.

This implies that d(Sz, fz) = 0 and so fz = Sz, that is, z is a coincidence point of f and S. Similarly, we can
prove that z is also a coincidence point of g and R.
Finally, we prove that z is a coincidence point of f; g, R and S provide that

a(Rz,Sz)>1 or a(Sz,Rz) > 1. (34)
From (2) and (34), we have
Y(s7d(fz,82)) < Y (My(2,2) — p(My(2, 2)), (35)
where s IR
M (z,z) = max {d(Sz, Rz),d(Sz, fz),d(Rz, gz), (52,82) ;—s (Rz, fz)}
=d(Sz,Rz)
=d(fz,g2).

Therefore, (35) implies
Y(s’d(fz,82)) < ¥ (d(fz.82)) — p(d(fz, g2)).
Now we obtain that
v(d(fz.g2)) =0.

This implies that d( fz, gz) = 0 and so
fz=gz=Rz=Sz.

Hence z is a coincidence point of f, g, R and S. This completes the proof. O
Next, we give an example to illustrate Theorem 3.6.

Example 3.7. Let X = R and b-metric d : X x X — [0, 00) be given by d(x,y) = |x — y|? forall x,y € X.
Define mapping f,g,R,S : X - X anda : X x X — [0,00) by

L1 .
frm sinh™" x, x € [0, 00); (36)
-0.2, x € (—00,0),
sinh™! (3). x € [0. 00):
_ 37
gx g_o,z, x € (—00,0), 7
Ry — sinh 6x, x € [0, 00); (38)
-0.2, x € (—00,0),
inh 12 s
gy - )sinh12x, x € [0, 00); (39)
—0.2, x € (-00,0),
and
I, x>y and x,y € [0, 00);
o, y) = vy y €[0.00) (40)
0, otherwise.
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It is easy to see that (X, d) is an a-complete b-metric space with coefficient s = 2. Also, we can see that f, g, R and
S are o-continuous.

To prove that (£, g) is partially a-weakly increasing with respect to R. Let x, y € X be such that y € R™1(fx),
that is, Ry = fx. By the definition of f and R, we divide two cases, that is,

x,y €[0,00) or x,y € (—00,0).
If x,y € [0, 00), then we have
sinh 6y = sinh™! x

and so
_ sinh ™! (sinh ™! x)
=

Since sinhx > sinh™! x for all x > 0, we have 12x > sinh ™! (sinh_l X) or
o —1 L —1 1. —1,—1 . —1 1
fx =sinh™ " x > sinh <E sinh™ " (sinh x)) = sinh (Ey) =gy.

Ifx,y € (—00,0), then fx = gy and so a(fx,gy) = 1. Hence (f, g) is partially «-weakly increasing with respect
to R.

To prove that (g, f) is partially a-weakly increasing with respectto S. Let x, y € X be such that y € S~ (gx),
that is, Sy = gx. By the definition of g and S, we divide two cases, that is,

x,y €[0,00) or x,y € (—00,0).

If x,y € [0, 00), then we have
sinh 12y = sinh™! g
and so . .
sinh™ " (sinh™" 5
12

=
~

y:

Since sinh x > sinh™! x for all x > 0, we have

sinh™!(sinh ™! £
> sinh ™! (sinh_1 {> > #
2 12

N =

and so 1
gx = sinh™! % > sinh™! (E sinh ™! (sinh_1 %)) =sinh~ !y = fy.

Ifx,y € (—00,0), then gx = fy andsoa(gx, fy) = 1. Hence (g, f) is partially a-weakly increasing with respect
to R.

Furthermore, f(X) = g(X) = S(X) = R(X) = {-0.2} U [0, 00). Next, we will show that (f,S) is «-
compatible. Suppose that {x,} is a sequence in X such that

a(xp, Xptr1) =1

foralln € N and
nli>mood(t, fxn) = nli)mood(t, Sxp) =0

for some t € X. Therefore, we have x,, € [0,00) and x;; > X, 41 for alln € N and so

lim |sinh™!x, —¢z| = lim |sinh12x, —t| = 0.
n—oo n—oo

The continuity of hyperbolic sine and inverse hyperbolic sine functions imply that

s —1
. . . sinh™ " ¢
lim |x,; —sinh¢| = lim |x, — ———| =0.
n—o0 n—00 12
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. .. : _ sinh—1 ¢
By the uniqueness of the limit, we get sinht = *55—. But we have

sinh™ !¢
12

sinht = <~ t=0.

Thus we have t = 0. Therefore
lim d(fSxp.Sfx,) = lim |fSx, —Sfx,|> =0.
n—oo n—oo

Similarly, we can prove that (g, R) s also a-compatible. Define two functions ¥, ¢ : [0, 00) — [0, 00) by ¥ (¢) = bt
and ¢(t) = (b — 1)t forallt € [0,00), where b € (1, 18).

Next, we show that the condition (2) holds with the functions W and ¢. Assume that «(Sx,Ry) > 1 or
a(Ry, Sx) > 1. From the definition of S and R, we conclude that x,y € [0, 00). Using the Mean Value Theorem
simultaneously for the hyperbolic sine function and inverse hyperbolic sine functions, we have

Y (s>d(fx.gy)) = 8b| fx — gy|?
2

= 8h|sinh ! x — sinh™! g

2
Y

X — 2
2

< 8b

s [12x — 6y|?
144

b . . 2
ﬁ| sinh 12x — sinh 6y|

IA

IA

|Sx — Ry|?

=d(Sx,Ry)

= Ms(x,y)

= ¥ (Ms(x.y)) — o(Ms(x. y)).

This implies that (2) holds. Therefore, all the conditions of Theorem 3.6 are satisfied. Then we can conclude that
1, g, R and S have coincidence point, that is, a point 0.

Theorem 3.8. Let (X, d) be a b-metric space with coefficients > 1,0 : X x X — [0,00) and f,g,R,S : X > X
be five mappings such that f(X) € R(X) and g(X) € S(X) and R(X) and S(X) be b-closed subset of X. Suppose
that, for all x,y € X, we have

a(Sx,Ry) > 1 or a(Ry,Sx)>1= y(s°d(fx,gy)) < ¥(Ms(x,y)) — (M (x,y)), (41)

where Y, ¢ : [0, 00) — [0, 00) are altering distance functions. If the following conditions hold:

(1) (X,d) is a-complete;

(2) X is a-regular, i.e., if {x,} is sequence in X such that «(xy,Xn4+1) = 1 foralln € Nand x,, — x € X as
n — oo, then a(xy,x) > 1foralln € N;

(3) the pairs (f, S) and (g, R) are weakly compatible;

(4) the pairs (f, g) and (g, [) are partially a-weakly increasing with respect to R and S, respectively;

(5) « is a transitive mapping,

then the pair (f,S) and (g, R) have a coincidence point z € X. Moreover, if «(Rz,Sz) > 1 or a(Sz, Rz) > 1,

then z is a coincidence point of f, g, R and S.

Proof. First, we prove the following in Theorem 3.6, that is, there exists z € X such that
lim d(zn,z) =0. (42)
n—oo
Since R(X) is b-closed and {z2,+1} C R(X), it follows that z € R(X). Hence there exists ¥ € X such that

z = Ru and
lim d(22n+|, Ru) = lim d(RXQn+1, Ru) = 0. (43)
n—o00o n—o0o
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Similarly, there exists v € X such that z = Ru = Sv and
lim d(z2,,Sv) = lim d(Sxz,,Sv) =0. (44)
n—oo n—oo

Next, we prove that v is a coincidence point of f and S. Since Rx2,,41 — z = Sv as n — o0, it follows from the
a-regularity of X that «(Rx2,41, Sv) > 1. Therefore, from (41), we have

Y(s3d(fv, gxant1)) < ¥ (Ms(v, X2n4+1)) — (M5 (v, X2041)), 45)

where

d(Sv, gxan+1) + d(Rx2541, fv)}

Mg (v, x2,41) = max {d(Sv, Rx2541),d(Sv, fv),d(Rx2n41,8X2n+1), Y

Taking limit as n — oo in (45) and using Lemma 2.7, we obtain

1
Yisd(fv.2) = y(s* 5d(fv.2)) < ¥(d(f2.2) = p(d(fv.2)),
which implies that fv = z = Sv. Since f and S are weakly compatible, we have
fz=fSv=S8fv=Sz.

Thus z is a coincidence point of f and S. Similarly, it can be shown that z is a coincidence point of pair (g, R). The
rest of the proof follows from similar arguments as in Theorem 3.6. This completes the proof. O

Corollary 3.9. Let (X, d) be a b-metric space with coefficient s > 1, ¢ : X x X — [0,00) and f,g : X — X be
three mappings. Suppose that, for all x,y € X, we have

a(x,y) =1 or a(y,x) = 1= y(sd(fx,gy)) < ¥(Ns(x,y)) — p(Ns(x, ), (46)
where
d(x,gy) +d(y. fx)
2s
and ¥, ¢ : [0, 00) — [0, 00) are altering distance functions. If the following conditions hold:
(1) (X,d) is a-complete;
(2) f and g are a-continuous (or X is a-regular);

Ng(x,y) = max id(x,y),d(x, fx),d(y,gy),

(3) the pairs (f, g) and (g, f) are partially a-weakly increasing;
(4) « is a transitive mapping,
then the pair ( f, g) have a common fixed point in X .

Proof. If R and S are the identity mappings in Theorem 3.6 and Theorem 3.8, then we have this result. (I

4 Fixed point results in h-metric spaces endowed with a binary
relation

In this section, we give some fixed point results in b-metric spaces endowed with a binary relation, which can be
regarded as consequences of the results presented in the previous section.
The following notions and definitions are needed.

Definition 4.1. Let (X, d) be a b-metric space endowed with a binary relation R in X. The b-metric space X is
said to be R-complete if every Cauchy sequence {x,} in X with X, Rxn41 for alln € N converges in X.

Definition 4.2. Let (X,d) be a b-metric space endowed with a binary relation R in X and f : X — X be a
mapping. We say that f is R-continuous if, for any sequence {x,} in X with x, — x € X asn — oo and
XnRxp+1 foralln € N, we have

lim fx, = f(ng)mooxn)

n—oo
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Definition 4.3. Ler (X, d) be a b-metric space endowed with a binary relation R in X and f,g : X — X be two
mappings. The pair (f, g) is said to be R-compatible if

lim d(fgxn,gfxn) =0
n—oo

whenever {x,} is a sequence in X such that
XnRXn+41

foralln € N and
nleoofxn = nll)moogxn =t

forsomet € X.

Definition 4.4. Let X be a nonempty set, R be a binary relation in X and f,g,h : X — X be three mappings such

that f(X) C h(X) and g(X) C h(X). The ordered pair ( f, g) is said to be:

(1) R-weakly increasing with respect to h if, for each x € X, we have (fx)R(gy) for all y € h='(fx) and
(gX)R(fy) forally € h~ " (gx);

(2) partially R-weakly increasing with respect to h if (fx)R(gy) forall y € h—'(fx).

Definition 4.5. Let X be a nonempty set. A relation R on X is said to be transitive if, for x,y,z € X,

xRy and yRz — xRz.

Theorem 4.6. Let (X, d) be a b-metric space with coefficient s > 1 endowed with a binary relation R in X and
f.g, R, S : X — X be four mappings such that f(X) C R(X) and g(X) C S(X). Suppose that, forall x,y € X,
we have

(SOR(Ry) = 1 or (Ry)R(Sx) = 1 = y(s°d(fx,2y)) < V(Ms(x,y)) — p(Ms(x, y)), (47)

where ¥, ¢ : [0, 00) — [0, 00) are altering distance functions. If the following conditions hold:

(1) (X,d) is R-complete;

) f.g.Rand S are R-continuous;

(3) the pairs (f,S) and (g, R) are R-compatible;

(4) the pairs (f, g) and (g, f) are partially R-weakly increasing with respect to R and S, respectively;

(5) R is a transitive relation,

then the pair (f, S) and (g, R) have a coincidence point z € X. Moreover, if (Rz)R(Sz) or (Sz)R(Rz), then z is
a coincidence point of f, g, R and S.

Proof. Consider a mapping « : X x X — [0, c0) defined by

1, xRy;

48
0, otherwise. “48)

a(x,y) =

It is easy to see that all the conditions in Theorem 3.6 hold and so the conclusion of this theorem follows from
Theorem 3.6. O

Theorem 4.7. Let (X, d) be a b-metric space with coefficient s > 1 endowed with a binary relation R in X and
f.g, R, S : X — X be four mappings such that f(X) € R(X), g(X) C S(X) and R(X), S(X) be b-closed subset
of X. Suppose that, for all x,y € X, we have

(SOR(Ry) = 1 or (Ry)R(Sx) = 1 == y(s°d(fx,gy)) < ¥(Ms(x,y)) — p(Ms(x, y)), (49)

where ¥, ¢ : [0, 00) — [0, 00) are altering distance functions. If the following conditions hold:

(1) (X,d) is R-complete;

(2) X is R-regular, i.e., if {x,,} is a sequence in X such that X, Rxy41 foralln € Nand x, - x € X asn — oo,
then x, Rx foralln € N;
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(3) the pairs (f, S) and (g, R) are weakly compatible;

(4) the pairs (f, g) and (g, f) are partially R-weakly increasing with respect to R and S, respectively;

(5) R is a transitive relation,

then the pair (f, S) and (g, R) have a coincidence point z € X. Moreover, if (Rz)R(Sz) or (Sz)R(Rz), then z is
a coincidence point of f, g, R and S.

Proof. The results follow from Theorem 3.8 by considering a mapping « : X x X — [0, 00) given by (48). O

Remark 4.8. Since < is a transitive relation in partially ordered b-metric spaces (X, <, d), Theorems 4.6 and 4.7
are a generalization and an improvement of Theorems 2.1 and 2.2 of Roshan et al. [10].

5 Existence of a common solution for a system of integral
equations

Consider the following system of nonlinear integral equations:

x(t) = [P Ky (t,r,x(r))dr,

50
x(t) = [2 Ka(t.r.x(r))dr, (50)

where a,b € R witha < b, x € Cla, b] (the set of continuous real value functions defined on [a,b] € R) and
K1, K> :[a,b] x [a,b] x R — R are mappings. The purpose of this section is to present the existence theorem for a
solution of the system (50) by using the result in previous section. We furnish an illustrative example to demonstrate
the validity of the hypotheses and degree of utility of our results.

Now, we prove the following result:

Theorem 5.1. Consider the system of integral equations (50). Suppose that the following conditions hold:
(1) K1,K> :[a,b] x [a,b] x R — R are continuous;
(2) forallx € X andt,r € [a,b], we have

b
Ki(t,r,x(r)) < Kz(t,r,/Kl(r,w,x(w))dw)

and
b

Kx(t,r,x(r)) < K3 (l,r,/Kz(r,w,x(w))dw);

(3) there exists p > 1 such that forall x,y € X andr,t € [a,b] with x(v) < y(v) forall v € [a, b], we have
|Ky(t,r,x(r) = Ka(t,r, y(r)| <@, r)(Qx(r) — y()|7)),

where £ : [a, b] X [a,b] — [0, 00) is a continuous function satisfying

b
1
su t,r)Pdr) <
te[af,)b] (Zz/ §@t.r) ) 23p2—3p(b _a)p—l
and Q : [0, 00) — [0, 00) is continuous nondecreasing and satisfying the following conditions:
(21) Q(h) =0ifand only if h = 0;

(R22) Q(h) < hforallh > 0.

Then the system of nonlinear integral equations (50) has a common solution.
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Proof. Let X = Cla,b] andlet f, g : X — X be two mappings which are defined by

b b
(@) = / Ki(t.rox(r)dr.  (gx)(t) = / Ka(t.r. x(r)dr

forall x € X and ¢ € [a, b]. Then the existence of a solution of (50) is equivalent to the existence of a common fixed
point of f and g. Clearly, X with the b-metric given by
d(u,v) = sup [u(t) —v()|”
1

t€la.b

for all u, v € X is a complete h-metric space. Define a mapping o : X x X — [0, co) by

1, x(t) < y(¢t) forallt € [a, b];

a(x,y) = .
(x, ) 0, otherwise.

It is easy to observe that X is a-regular. From the condition (2), the ordered pairs (f, g) and (g, f) are partially
a-weakly increasing.

Next, we will show that the condition (47) holds. To prove this fact, we first choose ¢ € R such that g :=
1 - % > 1. Now, let x, y € X be such that o(x, y) > 1. From condition (3) and the Holder inequality, for each
t € [a, b] we have

@72 |(f0)0) = (g0

p

b
< 23r7=3p /|K1(t,r,x(r)) — Ka(t,r,y(r))|dr
a

b q b
< 23773 / 19dr / K1 (t.r.x(r) = Ka(t.r. y(r))|Pdr
a

a

r

b
< B3P _q)f f £ 1) (Qx(r) — y()|P)Pdr

b
<270 —of | [ewnr @

b
< PP (p —a)§ / E(t.r)7 (QM;(x, ) dr

b
= 237730 (p — gy~ / E(.r)Pdr | (M, (x, y))?

< (QMy(x. )"
= M(x,)” = (Ms(x,y)” = (Q(Ms(x, y))?).

In case of @(y, x) > 1, we also get
@*P21(f X)) — @O < My(x,9)? — (Ms(x, y)” = (M5 (x, )))?).

Hence, we have

Pd(fx.)” = (2 sw 100~ @O1) < Mo(x,3)” = [M(x, )7 = (@M (x, )]

tela.b]

for all x, y € X, where ¥, ¢ : [0, 00) — [0, 00) are the functions defined by ¥ (¢) = % and ¢(¢) = t? — (Q(¢))?
for all ¢ € [0, 00). Thus, by the conditions (£21) and (£22), we can prove that ¢ is the altering distance function.
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Also, it is easy to see that v is the altering distance. Therefore, the condition (47) holds. By using Corollary 3.9,
there exists X € X which is a common fixed point of f and g, that is, X is a common solution for the system (50).
This completes the proof. O

Finally, we provide example to illustrate the Theorem 5.1 presented herein.

Example 5.2. The system of nonlinear integral equations

x(t) = [ Ki(t,r, x(r)) dr,
x(t) = [T Ka(t,r, x(r)) dr,

where x € C[1,5] and K1, K> : [1,5] x [1,5] Xx R — R are defined by

D

Ki(u,v,w) = Ka(u,v,w) =e" +v

forallu,v € [1,5] and w € R, has a common solution.

Proof. Itis easy to see that the system of nonlinear integral equations (51) becomes the system of nonlinear integral
equations (50) witha = 1 and b = 5.

Now, we will show that all conditions in Theorem 5.1 are satisfied. It is easy to see that K1, K> are continuous.
Next, we claim that the condition (2) in Theorem 5.1 holds. Assume that x € C[1,5] and ¢, r € [1,5]. Then we have

5
Ki(t,r,x(r) =e' +r = Kz(t,r,/Kl(r,w,x(w))dw)
1

and

5
Kx(t,r,x(r)) = el +r=K; (t,r,/Kz(r, w,x(w))dw).
1

Hence, the condition (2) in Theorem 5.1 is proved. Also, we can easily prove that the condition (3) in Theorem 5.1
is true. Therefore, all the conditions of Theorem 5.1 hold and then system of nonlinear integral equations (51) has a
common solution. This completes the proof. O
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