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Abstract: Shallow clouds are a major source of uncertainty in climate predictions. Several different sources of
the uncertainty are possible—e.g., from different models of shallow cloud behavior, which could produce differing predictions and ensemble spread within an ensemble of models, or from inherent, natural variability of
shallow clouds. Here, the latter (inherent variability) is investigated, using a simple model of radiative statistical equilibrium, with oceanic and atmospheric boundary layer temperatures, T o and T a , and with moisture q
and basic cloud processes. Stochastic variability is used to generate a statistical equilibrium with climate variability. The results show that the intrinsic variability of the climate is enhanced due to the presence of shallow
clouds. In particular, the on-and-off switching of cloud formation and decay is a source of additional climate
variability and uncertainty, beyond the variability of a cloud-free climate. Furthermore, a sharp transition
in the mean climate occurs as environmental parameters are changed, and the sharp transition in the mean
is also accompanied by a substantial enhancement of climate sensitivity and uncertainty. Two viewpoints
of this behavior are described, based on bifurcations and phase transitions/statistical physics. The sharp
regime transitions are associated with changes in several parameters, including cloud albedo and longwave
absorptivity/carbon dioxide concentration, and the climate state transitions between a partially cloudy state
and a state of full cloud cover like closed-cell stratocumulus clouds. Ideas of statistical physics can provide a
conceptual perspective to link the climate state transitions, increased climate uncertainty, and other related
behavior.

1 Introduction
Clouds have long been recognized as a leading source of uncertainty in future climate predictions [5, 7, 9,
41]. Furthermore, different cloud types can have different impacts. For example, to a certain degree, deep
convective clouds have been seen to have a net radiative forcing that is less substantial than other cloud
types, due to a near cancellation of their longwave and shortwave cloud–radiative feedbacks [15, 23, 33].
On the other hand, of particular importance for climate are shallow clouds, which can potentially have a
substantial net cooling effect [6, 14].
A variety of simple models have helped to elucidate fundamental aspects of the climate system and water
vapor and cloud feedbacks [2, 3, 20, 21, 25, 27, 32, 34, 35]. These models vary in their treatments of clouds and
the hydrological cycle, and the climate system that is modeled is, for example, sometimes a particular region
of deep convection or shallow convection and sometimes a two-box model that connects two such regions.
Despite these and other differences, it is common in all of these models to treat climate circulations and cloud
processes in idealized ways, and to analyze climate as a steady equilibrium.
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One of the main questions of interest in the present paper is: What is the uncertainty in the climate state
due to the presence of shallow clouds? Such a question is motivated by the results of [6] and others, which
suggest that marine boundary layer clouds are one of the main sources of uncertainty in predictions of climate
and climate change. As a further question, one could ask: Is the uncertainty due to the use of an ensemble of
models with different shallow cloud parameterizations, which might lead to different climate predictions from
different models, or is it an inherent uncertainty from the natural variability of shallow clouds? The answer
could potentially be a combination of these two effects, and a full answer is beyond the scope of the present
paper. In the present paper, the aim is to focus on the latter: to investigate a simple model of shallow clouds
and climate, and to assess the impact of shallow clouds on the model’s “natural” variability. One particular
model will be investigated in detail here, and, since the answer could potentially depend on the particular
model, some extensions are also discussed in section 6.
It is difficult to investigate the question of uncertainty and variability by using steady equilibrium models
described in a paragraph above. While one could investigate uncertainty with respect to model parameters
using a steady equilibrium model, a dynamically evolving model is a natural setting to investigate uncertainty
with respect to intrinsic dynamics and variability of the (model) climate system. For this reason, a simple
dynamical model is used here with stochastic forcing to represent unresolved processes and to generate a
climate that is not a steady equilibrium but a statistical steady state.
A variety of choices must be made in formulating a simple model. In the present paper, one simplification
of note is the use of a regional model (as opposed to a global model), with a focus on the descending branch
region of the Walker and/or Hadley cells where shallow clouds are most prominent. The regional approach
has also been used by, e.g., [21], but for deep convective regions rather than shallow cloud regions, and by,
e.g., [2] in a steady, deterministic model for shallow cloud regions but with a hydrological cycle that is not
completely free to vary since it must satisfy certain assumed constraints. A more comprehensive approach
would be a two-box model or other approach for representing both the ascending and descending branches
of the Walker and/or Hadley circulations; such an approach is advantageous because it provides a more complete version of a climate system, although even this approach does not fully represent a complete climate
system, and it comes at the expense of greater complexity and a larger number of parameters and parameterizations. For these reasons, a regional model is explored here for a focus on shallow clouds, and interesting
questions related to more complete versions of the climate system will be left as future work.
A potentially valuable framework for understanding clouds and climate is the paradigm of phase transitions from statistical physics [44]. To fit this paradigm, the cloud fraction could be taken as an indicator
of the “phase” in the transition from a non-cloudy state (phase indicator equals 0) to a cloudy state (phase
indicator equals 1). If shallow clouds do represent a phase transition in the sense of other systems from statistical physics, then a variety of cloud and climate processes could be viewed as interconnected, providing
an umbrella of conceptual understanding. For instance, the cloud fraction, climate uncertainty, and climate
sensitivity may all together display singular behavior at the phase transition, analogous to an order parameter (or phase indicator, such as mean magnetization), its variance, and susceptibility in other systems. In
the context of shallow clouds, the possibility of a phase transition was suggested by [38], following earlier
analyses of phase transitions and criticality in deep convection by [30]. In the present paper, a further step
is taken to consider not just the phase indicator (cloud fraction, precipitation, or something similar) but also
temperature. What is the behavior of temperature and temperature variance (uncertainty) associated with a
phase transition in cloudiness? Such a question is tied to other main questions of this paper—the impact of
shallow clouds on temperature and uncertainty—although now phrased in the potentially revealing framework of statistical physics.
The paper is organized as follows. The stochastic model is described in section 2, followed by analyses
of its climatological mean state (section 3) its variability/uncertainty (section 4), and climate sensitivity (section 5), with an emphasis on changes that arise as the shallow cloud fraction changes, from non-cloudy to
cloudy. Additional physical effects and parameter sensitivities are investigated in section 6. The connection
with the statistical physics concept of phase transitions is then explored in section 7. Conclusions are summarized in section 8.
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2 Model Description
Here we describe an interactive model for temperature and moisture dynamics with cloud–radiative feedbacks. The goal is to have a model that is similar in complexity to the simplest models of radiative equilibrium
[as in textbooks such as [31] chap. 6], but in addition incorporating basic moisture and cloud processes, and
also stochastic variability.
In this spirit, the model is characterized by three variables: ocean surface temperature T o , atmospheric
boundary layer temperature T a , and total water (vapor plus liquid) integrated from the surface to the top of
the boundary layer, q. As such, the model consists of two equations for energy balance – one for the ocean
surface and one for the boundary layer – and one equation for moisture balance in the boundary layer. The
evolution equations are taken to be
dT o
= F rad,o − ρ o L v E s − F sens ,
(1)
dt
dT a
∆z a c a ρ a
= F rad,a + F cloud + F sens + F a ,
(2)
dt
dq
= Es − Ec + ξ + Fq .
(3)
dt
The parameters ∆z, c, ρ a , and ρ o represent respectively, the layer thickness, specific heat, and density of the
air or water of each layer. Lists of dry and moist parameter values are given in Tables 1 and 2, respectively,
and described further in the text below.
∆z o c o ρ o

Table 1: Parameters associated with ‘dry’ components of the model.

parameter
S
σ
∆z o
∆z a
co
ca
Tf
ρo
ρa
a l0
a lf
as
a sf
τs

value
436 Wm−2
5.67 × 10−8 Wm−2 K −4
10 m
2000 m
4184 J kg−1 K −1
1005 J kg−1 K −1
265 K
1000 kg m−3
0.885 kg m−3
0.24
0.72
0.05
0.15
6 days

Physical Description
Solar flux at top of free troposphere
Stefan-Boltzmann constant
Ocean surface layer thickness
Atmospheric cloudy boundary layer thickness
Specific heat (ocean)
Specific heat (atmosphere)
Free troposphere temperature
Density of ocean water
Density of boundary layer air
Dry air longwave absorptivity
Free troposphere longwave absorptivity
Boundary layer shortwave absorptivity
Free troposphere shortwave absorptivity
Atmospheric sensible heating time constant

The source terms are illustrated schematically in Fig. 1 and can be divided into three categories, as described further in the subsections below. First, the moisture and cloud processes (section 2.1) are surface
evaporation E s , cloud latent heating F cloud , and cloud-top mixing and evaporation E c . Second, the radiative heating/cooling terms (section 2.2) for the ocean and atmospheric boundary layer are F rad,o and F rad,a ,
respectively, and they include water vapor feedback and cloud feedback. Third, the non-interactive source
terms (section 2.3) are the two constants F a and F q – representing environmental warming and environmental moistening/drying respectively – and the (stochastic) turbulent fluctuations, ξ . Finally, a sensible heat
term does not fit within these categories, but it is given by
F sens (T o , T a ) = C a

To − Ta
,
τ sens

(4)
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Table 2: Parameters associated with Cloud and Water Vapor.

parameter
a l1
τe
τt
qf
Ac
q0
q1
Lv
D*

value
0.66
6 days
6 days
10 mm
0.6
−260 mm
1 mm K −1
2.4 ×106 J kg−1
1
0.3 mm hr− 2

Physical Description
Cloud/Water vapor enhanced absorptivity
sea surface evaporation time constant
cloud top mixing with free troposphere
Free troposphere water content
Cloud top albedo
Saturation function offset constant
Saturation function linear constant
Latent heat of vaporization of water
Stochastic forcing coefficient

where C a = ∆z a c a ρ a . The parameter τ sens is the timescale for sensible heat flux, and following [29] it is set
equal to the sea surface evaporation time constant, τ e .

Longwave
radiative
cooling

Solar
radiative
heating

Warm, dry,
subsiding air

Reflected
solar
radiation
Cloud latent heating
and evaporative cooling

Entrainment
and mixing

~1 km

Surface fluxes:
heat & moisture
Sea surface

Figure 1: Schematic diagram of the physical processes included in the boundary-layer climate model in (1)–(3).

2.1 Moisture and cloud processes
The surface evaporation is represented using a standard bulk parameterization of
E s (T o , q) =

q sat (T o ) − q
.
τe

(5)

While the time scale τ e is typically taken to be a function of wind speed in many applications of such a
bulk formula, its value here is chosen to be 6 days and to be a constant, partly for simplicity and partly
because the present framework does not have dynamically active winds; an extended version of the model
with dynamically active winds is an interesting future direction. The saturation water vapor q sat (T) is given
by
q sat (T) = q0 + q1 T,
(6)
where q0 and q1 are constant parameters. Here, q sat is similar to the Clausius-Clapeyron relation, which
describes the temperature dependence of the saturation vapor pressure, although here it is an empirical formula applied to the boundary-layer column. This linear form of the saturation water vapor is similar to the
empirical dependence seen in the observational analysis of [28] for deep convection, except here modified for
shallow convection. A temperature dependence of q1 = 1.0 mm K−1 is used here for boundary layer clouds,
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which is about 25% of the temperature sensitivity used by [28] for deep convection. The value q0 was chosen
to be −260.0 mm and was determined by setting q sat (300 K) = 40.0 mm. The surface evaporation E s also
imparts a cooling of ρ o L v E s on the sea surface in (1).
The model presented in this paper is intended to represent a single ∼1×1 km2 or 5×5 km2 column within a
region of inhomogeneous cloud cover. Therefore, as a simple choice, we represent the cloud state of the system as either having a cloud present or not having a cloud present using a Heaviside cloud indicator function:
(
σc =

1
0

if q ≥ q sat (T a )
if q < q sat (T a ).

(7)

Hence, a shallow cloud in the boundary layer is present when the boundary-layer total water exceeds the
saturation water vapor. While this is a somewhat crude parameterization since it is applied to the boundarylayer-averaged total water, it is in line with the other crude parameterizations that arise in such a simple setup.
Although spatial variation is not explicitly captured in this model, the temporal variability of the single column is modeled and provides similar statistical variation. In section 6, we explicitly model spatial variability
with one–dimensional eddy diffusion and find similar behavior as the standard model. Therefore, this paper focuses on the single column model given by (1)–(3) with greater temporal cloud fraction corresponding
to greater spatial cloud fraction. The cloud indicator function σ c will be used in defining several interactive
sources below, such as cloud latent heating and cloud–radiative feedback.
Boundary-layer moisture loss due to evaporation and cloud-top mixing is given by
E c (T a , q) =

1
(q − q f )σ c .
τt

(8)

Notice the factor of σ c , which signifies that E c is active only if a cloud is present. The time scale τ t is chosen to
be 6 days, which is similar to the value of 4 days estimated by [8]. The free troposphere water vapor, q f , was
chosen to be 10.0 mm, which is ∼ 25% of typical boundary-layer q values in this model. The relative value
of q f to q was chosen to allow for a simple parameterization of the cloud-top mixing between the relatively
moist, cloudy boundary layer and the relatively dry, free troposphere.
Cloud latent heating is defined as
F cloud (T o , T a , q) = ρ o L v σ c C d ,

(9)

where C d is the rate of condensation of water in the boundary layer. A saturation adjustment scheme is used
to specify C d . To determine the form of C d , we separate total water q into its contributions from water vapor,
q v , and liquid water, q l , so that q = q v + q l . By separating the different source terms in (3), the separate
evolution equations for water vapor and liquid water can be written as
dq v
= −σ c C d + E s + F q + ξ ,
dt
dq l
= σc Cd − σc Ec .
dt

(10a)
(10b)

[Note that equations (10a) and (10b) do not explicitly appear in the model and are mentioned here only to derive C d .] The form of C d is then found by enforcing a constraint: the water vapor cannot exceed the saturation
level. Therefore, if saturation is reached, then the water vapor equals the saturation value and we must have
the constraint
dq v dq sat (T a )
=
if q ≥ q sat (T a ),
(11)
dt
dt
until the total water drops below saturation (i.e., until q < q sat (T a )). Applying this constraint to (10a) and
solving for C d gives
dq sat (T a )
Cd = Es + Fq + ξ −
.
(12)
dt
Such a formula is commonly used in large-eddy simulations (LES) and cloud-resolving models (CRMs) [12, 13,
16]. Here it is being used with boundary-layer-integrated quantities, q and T a , which is outside its range of
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normal use, but allows a simple parameterization that maintains physical consistency between (i) the amount
of latent heating and (ii) the amount of water converted between vapor and liquid. To find the influence of C d
on temperature evolution, (12) can be used to write the cloud latent heating as


d
F cloud = ρ o L v σ c E s + F q + ξ − q sat (T a )
dt


dq sat (T a ) dT a
= ρo Lv σc Es + Fq + ξ −
(13)
dT a
dt


dT a
= ρ o L v σ c E s + F q + ξ − q1
.
dt
Using this form of F cloud , (2) becomes
∆z a c a ρ a

dT a
dT a
= ρ o L v σ c (E s + F q + ξ − q1
) + F rad,a + F sens + F a .
dt
dt

(14)

Gathering the two time derivative terms together on the left hand side, the final form of the evolution equation
for T a becomes


dT a
1
=
ρ o L v σ c (E s + F q + ξ ) + F rad,a + F sens + F a .
(15)
dt
∆z a c a ρ a + ρ o L v σ c q1

2.2 Radiative transfer and cloud feedback
The radiative transfer of the model is designed to be of similar complexity to textbook radiative equilibrium
models [e.g., chapter 6 of [31]], although with the added effects of some highly idealized cloud and moisture
feedbacks. A summary of the radiative fluxes included in the model is shown in Fig. 2. The mathematical form
for each of the fluxes is given in the following paragraphs.
The downward shortwave fluxes are
F1

=

S(1 − a sf ),

(16a)

F2 (T a , q)

=

S(1 − a sf )(1 − a s )(1 − A c σ c ),

(16b)

F3 (T a , q)

=

S(1 − a sf )A c σ c .

(16c)

Here, F1 represents the solar flux that has passed through the free troposphere and is incident at the top
of the boundary layer; F2 represents the solar flux incident on the sea surface (so it has not been absorbed
in the atmosphere nor reflected by clouds); and F3 is the solar radiation that is returned back to the free
troposphere due to cloud-top reflection. In (16), S is the solar constant averaged over a diurnal cycle to average
over day/night variations in the shortwave solar flux. The parameters a s and a sf represent the shortwave
absorptivity of the boundary layer and free troposphere, respectively. These parameters were set to a s = 0.05
and a sf = 0.15, which are similar to solar absorptivity values used in simple radiative equilibrium models
[chapter 6 of [31]]. The parameter A c is the (boundary-layer) cloud top shortwave albedo; its value was chosen
to be 0.6, consistent with estimates of stratocumulus solar albedo [43]. Notice that the cloud-top reflection
terms include the product A c σ c so that they are only active when a cloud is present (σ c = 1).
The longwave fluxes are
F4 (T a , q) = a lf σT f4 ,

F5 (T a , q) = a lf (1 − a l )σT f4 ,

F7 (T o , T a , q) = σT o4 ,

F6 (T a , q) = a l σT a4 ,

F8 (T o , T a , q) = (1 − a l )σT o4 ,

(17)

where σ is the Stefan–Boltzmann constant, and a l and a lf represent the longwave absorptivities of the boundary layer and free troposphere, respectively. In defining the longwave fluxes, we set the emissivity equal to
the longwave absorptivity. [Note that a l includes cloud feedback and moisture feedback and is therefore not
a constant; see further description in (18) below.] F4 represents the longwave radiation emitted from the free
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Figure 2: Schematic diagram of the shortwave and longwave fluxes at the sea surface, top of the atmospheric boundary layer,
and top of the atmosphere. The number labels correspond to the fluxes in (16)–(17). For instance, F3 corresponds to the shortwave flux of solar radiation that passes through the free troposphere and is reflected by clouds at the top of the atmospheric
boundary layer.

troposphere, and F5 represents the portion of F4 that passes through the boundary layer unabsorbed and
is incident on the sea surface. F6 represents the longwave radiation emitted from the boundary layer. F7
represents the longwave radiation emitted from the sea surface. F8 represents the portion of F7 that passes
upward through the boundary layer unabsorbed. This formulation for the longwave emission from the ocean
and atmospheric layers is consistent with [31], section 6.4.3.
Cloud feedback and moisture feedback are represented in two ways: through reflection of shortwave radiation (as described above) and also through the boundary layer longwave absorptivity, a l . We define this
absorptivity with a simple linear function of moisture that is capped at a maximum value upon cloud formation:



q
q
+ σc 1 −
.
(18)
a l (T a , q) = a l0 + a l1
q sat
q sat
This linear dependence was chosen because it was the simplest paramterization that captured enhancement
of longwave absorptivity due to water vapor. The base, or dry air, absorptivity is represented by a l0 . Longwave
absorptivity increases linearly with increasing moisture level relative to saturation and levels off at a l = a l0 +
a l1 when a cloud forms. The base longwave absorptivity was chosen to be a l0 = 0.24 and the water vapor
enhanced absorptivity was chosen to be a l1 = 0.66 by setting a l = a l0 + a l1 = 0.9. The chosen value for a l and
the relative values of a l0 and a l1 were motivated by the fact that longwave absorption is dominated by water
vapor in the atmosphere, and, upon cloud formation, the boundary layer behaves as a nearly perfect black
body in the infrared spectrum.
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In terms of these fluxes, the net radiative flux at the sea surface and boundary layer are given by
F rad,o = F2 + F5 + F6 − F7 ,

(19a)

F rad,a = (F1 − F2 − F3 ) + (F4 − F5 ) + (F7 − F8 ) − 2F6 ,

(19b)

where a factor of 2 appears in the term −2F6 to account for radiation emitted in two directions (toward space
and toward the Earth’s surface), consistent with section 6.4.3 of [31]. These net fluxes, F rad,o and F rad,a , are
the terms that appear in the dynamical model in (1)–(3).

2.3 External or non-interactive sources
The source terms F a , F q , and ξ are included to represent effects that are not explicitly resolved in the model.
For instance, environmental warming F a is a constant parameter, and it represents heat sources that are not
explicitly resolved in the model, such as subsiding warm air from the free troposphere or lateral movement of
warm air into the column. Environmental drying F q is a similar type of constant parameter, and it represents
processes such as lateral movement of moisture out of the column or entrainment into the boundary layer
of dry air from the free troposphere. Note that F a and F q have different units, W m−2 and mm day−1 , respectively, even though we represent both with the same symbol F (with different subscripts), in order to highlight
that they play a similar role in the model. The stochastic forcing term ξ represents turbulent fluctuations in
moisture sources, and it is represented in idealized form as white noise. Specifically, ξ = D* Ẇ(t), where Ẇ(t)
is white noise, and the constant parameter D* represents the magnitude of the turbulent fluctuations.

2.4 Setup for numerical simulations
To generate a climate simulation, the model dynamics in (1)–(3) are numerically integrated using simple
standard methods (see section 2.5 for description of numerical methods). The initial conditions for each simulation are given by:
T o |t=0 = 300 K,

(20a)

T a |t=0 = 290 K,

(20b)

q|t=0 = 25 mm.

(20c)

Each simulation was run for a duration of 12 years with a timestep of ∆t = 0.25 hours. The final 3 years of data
was used for computing statistics to characterize the mean climate state, and the initial 9 years of data were
ignored to allow the system to reach statistical equilibrium. While only a few years were typically needed as
spin-up to reach statistical equilibrium, 9 years were allowed in order to be conservative.
A suite of over 1000 simulations was carried out in order to assess the impact of different parameters. The
main parameters that were varied were the external or non-interactive sources, F a and F q . Different F q values
were explored from 0 to roughly -4 mm day−1 at increments of 0.1 mm day−1 , and F a values were explored from
0 to 50 W m2 at increments of approximately 2 W m2 , for a total of 40 × 40 = 1600 different parameter values.
In addition, the longwave absorptivity was also varied as a proxy for carbon dioxide (CO2 ) concentration in
section 5, and many other changes to the parameterizations were explored in sections 6 and 7.
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2.5 Numerical Methods
To solve (1)–(3) numerically, simple standard methods are used (see e.g., [11, 17]). The equations are discretized using the Euler–Maruyama method:
∆t
n
(F n
− ρ o L v E ns − F sens
),
∆z o c o ρ o rad,o
∆t
[ρ o L v σ c (E ns + ξ n + F q )
= T an +
∆z a c a ρ a + ρ o L v σ c q1

T on+1 = T on +
T an+1

n
n
+ F rad,a
+ F sens
+ F a ],

q

n+1

n

=q +

∆t(E ns

−

E nc

n

+ ξ + F q ).

(21)

(22)
(23)

Note that (22) is based on (15), the reformulated version of (2). In brief, this method essentially follows a forward Euler discretization, and the stochastic forcing term is interpreted in the Ito sense and is approximated
in a non-anticipating way, meaning that the updated temperature and moisture state at time t n+1 = (n + 1)∆t
is influenced only by past forcing at time t n = n∆t. The stochastic forcing term is ξ (t) = D* Ẇ(t) in continuum form, and in discretized form it is ξ n ∆t = D* ∆W n , which is a Gaussian random variable with mean of
0 and variance of D2* ∆t, since the variance of the Wiener increment ∆W n is ∆t. Since ξ (t) is proportional to
white noise, the values of ξ (t) at different times are statistically independent (e.g., for time steps n and m, the
values of ξ n and ξ m with n ≠ m are statistically independent in the discrete time version). In practice, this
means that a new sample ξ n is drawn from a Gaussian distribution at each time step n, independent of all
previous samples ξ n−1 , ξ n−2 , etc. For the standard version of the model, we chose a value for the stochastic
1
forcing coefficient (D* = 0.3 mm hr− 2 ) that yielded a climatological standard deviation in the boundary layer
temperature of 1–3 Kelvin. We briefly discuss the influence of different values of the noise strength on the
cloud fraction in section 7.
Example time series are shown below in section 4. In brief, the stochastic forcing drives a random, turbulent evolution of the moisture. A cloud is formed when the moisture fluctuation rises to the saturation
level, and the cloud will dissipate if the moisture sink (evaporation and cloud-top mixing) is strong enough
to overcome the moisture sources. At the same time, the saturation water vapor q sat (T a ) is itself evolving and
influencing cloud formation and dissipation.
As one consistency check, we have compared results with the textbook model of [31]. That model uses
a single atmospheric layer and applies a globally averaged cloud albedo of 0.3. To compare this case to our
model without moisture, we fixed the cloud indicator to be on (σ c = 1) with a cloud albedo of 0.3 and removed all other cloud/moisture dependencies in the model. We also removed the interaction with the free
troposphere. With these modifications, our model equilibrated with a sea surface temperature of T o ≈ 295K
and boundary layer temperature of T a ≈ 255K which is comparable to the values from the model in [31].

3 Shallow-Cloud Impact on Mean Climate
We now apply this model to simulate the evolution of the atmosphere-ocean system. Since the model in (1)–(3)
is highly idealized and similar in complexity to textbook models of radiative equilibrium [chapter 6 of [31]], the
model predictions will not be as accurate as comprehensive global climate models that include atmospheric
circulations and other complexities. Nevertheless, the trends in the model’s climate state can provide useful
information, and here we ask: How do shallow clouds impact the mean climate state?
The mean climate state is described in Fig. 3 in terms of temperature and cloud fraction, where we define
cloud fraction to be the ratio between the time that clouds are present to the total time (i.e., the final 3 years
of simulation time). To explore a variety of environmental conditions, we consider many different values
for environmental warming F a and drying F q . Changes in these parameters are meant to represent different
regions of the tropics and/or subtropics within different parts of the subsiding branch of the Walker and/or
Hadley circulation. For larger amounts of environmental warming and/or drying, the system resides in a state
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with relatively low cloud fraction as shown in Fig. 3a. As environmental warming and/or drying is lessened,
the cloud fraction gradually increases until reaching a maximum value of about 0.8. The mean boundary
layer temperature displays a similar type of behaviour (Fig. 3b); for larger amounts of environmental warming
and/or drying, the temperature is warmer; and as environmental warming and/or drying is lessened, the
temperature gradually decreases to a minimum value of about 285 K.
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Figure 3: Shallow-cloud impact on mean boundary layer temperature. (A) Cloud fraction as a function of environmental warming
F a and drying F q . (B) Mean boundary layer temperature as a function of environmental warming and drying. (C) Mean boundary
layer temperature as a function of cloud fraction.

To more clearly quantify the impact of shallow clouds on climate, the correspondence between cloud fraction and temperature is shown in Fig. 3c. This figure panel is created by binning the corresponding values
of cloud fraction and temperature from Fig. 3a and 3b, and by finding the average temperature value corresponding to each cloud fraction bin. In brief, greater cloud fraction is associated with colder temperature.
Physically, the greater cloud fraction causes more solar radiation to be reflected, leading to cooler temperatures; at the same time, lower temperatures cause a lower value of saturation water vapor, thereby further
promoting the presence of clouds. This net cooling effect of shallow clouds has also been illustrated in other
studies [[24] and references therein], and its appearance here suggests that the simple parameterizations of
the present model are somewhat reasonable. Furthermore, note that this mean climate behavior is produced
here in a model where a cloud indicator is determined dynamically and interactively, based on dynamically
evolving temperature and water content, rather than specifying a prescribed cloud fraction. The (stochastic)
dynamical evolution here also allows the study of climate variability, as discussed in subsequent sections.
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4 Shallow-Cloud Impact on Climate Uncertainty
Since the present model includes (stochastic) dynamical evolution, it provides not only a mean climate but
also climate fluctuations. The fluctuations are a measure of the uncertainty in the mean climate prediction,
and here we ask: What is the impact of shallow clouds on climate uncertainty?
To measure the size of the climate fluctuations, the variance in the boundary layer temperature is shown
in Fig. 4. In brief, the variance in temperature displays similar behavior to that of mean temperature (Fig. 3).
More specifically, for large amounts of environmental warming and/or drying, the system resides in a state
with relatively low variance in temperature. As the environmental warming and/or drying is lessened, the
variance in the temperature increases.
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Figure 4: Shallow-cloud impact on variance in boundary layer temperature. (A) Variance in boundary layer temperature as a
function of environmental warming F a and drying F q . (B) Variance in boundary layer temperature as a function of cloud fraction.

To more clearly quantify the influence of shallow clouds, Fig. 4b shows the correspondence between (i)
cloud fraction and (ii) variance in the boundary-layer temperature. This panel is created using the same type
of binning procedure that was used earlier in Fig. 3c, except here by binning corresponding values of cloud
fraction (Fig. 3a) and temperature variance (Fig. 4a). In short, Fig. 4b shows that greater cloud fraction is
associated with higher variance in temperature. In other words, shallow clouds are associated with greater
climate uncertainty [4, 6, 26].
It is the inherent variability of shallow clouds that leads to the model’s greater climate uncertainty. To
illustrate the switching behaviour of the cloudy state and its impact on atmosphere temperature, figures 5 and
6 show time series plots of several variables for strong and weak environmental drying, respectively. Figure
5a shows the evolution of the boundary layer temperature with an environmental drying of −4.0 mm/day.
With strong environmental drying of −4.0 mm/day, shown in Figure 5, the boundary layer water content is
well below saturation for much of the time series (Fig. 5b), leading to a predominantly cloud free system
(Fig. 5c). The inset of figure 5c shows the cloud events near 0.75 years over a range of 4 days. These rare
cloud events persist for up to ∼1 hour. On the other hand, with weak environmental drying of −0.2 mm/day,
shown in Figure 6, the boundary layer water content fluctuates very near saturation (Fig. 6b), resulting in
more frequent cloud events (Fig. 6c). The inset of figure 6c shows the cloud events over the same 4 day span
as the inset of figure 5c. The cloud events in the case of weak environmental drying persist over several hours
and up to ∼1 day. Due to the succession of cloud events and the associated latent heating, etc., the system
undergoes larger variations in the temperature, in comparison to the relatively small temperature variations
in the case of Fig. 5 which included few cloud events.
In trying to connect the results of this simple model with global climate change in nature, one simplification of relevance is that this is a local, not global, model over the ocean. Therefore, the model represents the
local temperature and local uncertainty. One would expect the local uncertainty to also influence the global
uncertainty, through various connections in the climate system, but one would also expect a large local un-
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Figure 5: Time series for a case with little occurrence of clouds: F q = −4.0 mm/day and F a = 10.0 W/m2 . (A) Time series for the
boundary layer temperature over one year. (B) Time series for the total water q and saturation point q s over one year. (C) Time
series for the boundary-layer cloud indicator over one year. (inset) Time series for the cloud indicator over a span of 4 days near
the cluster of cloud events near 0.75 years in (C).

certainty to confer a smaller global uncertainty, since the variance of the globally averaged temperature is
influenced by shallow cloud regions as well as many other regions of the globe, so the shallow cloud influence would have a smaller impact on the globally averaged temperature. It would be interesting in the future
to move beyond the local framework here. As one step in this direction, a spatially varying version of this
boundary-layer model is mentioned in section 6.
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Figure 6: Time series for a system with significant amounts of cloud occurrence: F q = −0.2 mm/day and F a = 10.0 W/m2 . (A)
Time series for the boundary layer temperature over one year. (B) Time series for the total water q and saturation point q s over
one year. (C) Time series for the boundary-layer cloud indicator over one year. (inset) Time series for the cloud indicator over
the same 4 day span as the inset in figure 5c.

5 Shallow-Cloud Impact on Climate Sensitivity
Given the earlier results that show the impact of shallow clouds on mean climate and climate uncertainty,
we now investigate whether shallow clouds may have an impact on climate sensitivity. Specifically, we investigate the sensitivity of the mean temperature to changes in atmospheric carbon dioxide, with a particular
emphasis on how shallow clouds might influence the sensitivity.
For the setup, as in section 3 we consider the mean climate in terms of cloud fraction and boundary layer
temperature, except now over different levels of longwave absorptivity and environmental drying. Changes in
the longwave absorptivity are meant to represent variations in atmospheric CO2 over long timescales. Since
the model has two longwave absorptivities—one for the boundary layer and one for the free troposphere—we
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vary them both in unison to represent changes in atmospheric CO2 throughout all levels of the atmosphere.
In particular, for this analysis we defined a net longwave absorptivity as 1 − (1 − a l0 )(1 − a lf ), to represent the
fraction of longwave radiation emitted from the sea surface that would be absorbed by the boundary layer
(via a l0 ) or free troposphere (via a lf ) combined. This “net a l ” parameter was set by specifiying the dry air
transparency factor (1 − a l0 )(1 − a lf ) for the combined boundary layer and free troposphere system. To ensure
proportionally consistent changes in absorptivity between the boundary layer and free troposphere, we also
maintain the ratio a lf /a l0 = 3, which maintains the same ratio of these parameters that was used in the
standard parameter values.
The climate sensitivity results are shown in Figure 7. Broadly speaking, Figures 7a,b show that, as carbon dioxide concentration increases (i.e., as net longwave absorptivity a l increases), the climate warms and
becomes less cloudy.
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Figure 7: Shallow-cloud impact on climate sensitivity. (A) Cloud fraction as a function of combined longwave absorptivity (Net
a l ) from both the boundary layer and free troposphere. (B) Mean boundary layer temperature as a function of environmental
drying (F q ) and combined longwave absorptivity. (C) Boundary layer temperature sensitivity to changes in combined longwave
absorptivity. (D) Same as (C) except only including Net a l > 0.75, excluding the region of sharp increase in cloud fraction. (E)
Boundary layer temperature sensitivity to changes in combined longwave absorptivity as a function of cloud fraction.

Interestingly, also in Figure 7a,b, a very sharp transition occurs as the absorptivity decreases: the cloud
fraction rapidly switches to a regime with 100% cloud coverage, and the temperature undergoes a rapid cooling. A similar type of climate transition was also recently reported by [37], who investigated a more realistic
but still somewhat simplified setup involving a large-eddy simulation (LES) of stratocumulus clouds, coupled
with a simple model of the larger-scale circulation. A hysteresis behavior was also reported by [37], and the
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possibility of hysteresis in the present simple model would be interesting to investigate in further detail in
the future. (See section 7 for some brief discussion of hysteresis effects.)
Explicit plots are shown in Figures 7c,d of the sensitivity of the climate to changes in longwave absorptivity. The sensitivity dT a /da l was determined by performing a cubic spline fit to the T a data in figure 7b and
taking the derivative of the fit with respect to the net longwave absorptivity. The climate is most sensitive near
the sharp increase in cloud fraction. Away from the sharp increase, the climate sensitivity is lower by an order
of magnitude, and it is illustrated more clearly in Figure 7d, which shows the climate sensitivity excluding
the region of sharp increase in cloud fraction. For strong amounts of environmental drying, the system has
relatively low sensitivity to changes in longwave absorptivity. For weaker amounts of environmental drying,
the system becomes more sensitive to changes in longwave absorptivity.
The correspondence between cloud fraction and climate sensitivity is shown in figure 7e. The plot is
created using data from figure 7a and 7d, which excludes the extremely high sensitivity of figure 7c and is
therefore a conservative estimate. The climate sensitivity is about 60% greater for a climate with 80% cloud
fraction compared to a climate without clouds. Generally speaking, increasing cloud coverage is associated
with increasing climate sensitivity.

6 Discussion of Additional Processes
Many processes were not included in (1)–(3), as the model presented in this paper is intended to be similar in complexity to the simplest radiative equilibrium models [chapter 6 of [31]]. With this goal in mind, we
chose model (1)–(3) as the standard version after considerable exploration, since it was the simplest version
of the model that produced the behaviour discussed in sections 3–5 linking greater cloud fraction to colder
temperatures, increased climate variability, and greater climate sensitivity. In developing this model, several additional processes were explored for interesting behaviour. Here we note a few modifications to the
proposed model that produced no significant changes.
A sea surface albedo of 0.06 was explored in this model. The low albedo had a negligible effect on sea
surface and boundary layer temperature, so it was removed altogether to treat the sea surface as a perfect
black-body.
An evolving free troposphere temperature T f was also explored in the model. The free troposphere temperature was interactive only with shortwave cloud feedback and longwave radiation coming from the sea
surface and boundary layer. Under this model, a free troposphere thickness of ∆z f = 14 km and free tropospheric air density of ρ f = 0.37 kg m−3 were used. Mean climate studies with an evolving free troposphere
changed very little compared to the standard version with fixed free troposphere temperature.
A temperature-dependent stochastic forcing was initially included in the model to represent greater
boundary-layer turbulence at warmer temperatures. This modification had little effect compared to the standard version with fixed stochastic forcing strength.
A time varying solar flux was included in the model to represent day/night variations in the shortwave
solar flux. This modification resulted in oscillations in the boundary layer temperature of about 1-2 Kelvin but
had no effect on the time averaged statistics of the system.
Drizzle can also potentially influence shallow clouds [36, 45]. To explore in the model, a drizzling indicator was also investigated. The system was able to go between cloudy and drizzling states according to
σc = 0

until

q ≥ q sat (T a ) and then

σ drizzle = 0

until

q ≥ q drizzle

σ drizzle = 1

until

q < q sat (T a )

and then

A corresponding precipitation term was added to equation (3) and took the form
P=

q − q drizzle
σ drizzle .
τ drizzle

(24)
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The drizzle time constant was set to τ drizzle = 4 days and the drizzle threshold was given by
q drizzle = q sat (T a ) + 2 mm.

(25)

In tests with drizzle, the drizzle threshold q drizzle was rarely reached and including the possibility of drizzle
states in the model had little impact on the mean climate studies compared to the original model with only
cloudy and non-cloudy states. It would be interesting in the future to explore alternative representations of
drizzle. For instance, one could allow the drizzle to depend on cloud lifetime and to turn on only after cloud
lifetime has exceeded a threshold.
The effects of spatial variability were also considered by treating (1)–(3) as the dynamics at an individual
grid cell of width 1 km or 5 km, and by including eddy diffusion as a simple representation of spatially varying
turbulence effects. Such a setup is similar to [38], except with more detailed representations of different physical processes here. Some initial cases were explored with one-dimensional variability in x but no variability
in the y direction, and they produced essentially the same types of behavior as the standard version of the
model without spatial variability. It would be interesting in the future to further explore spatially variations
or coupling with the larger-scale circulation in some way.
The surface here was treated as an ocean surface, described by temperature T o . It could be interesting
in the future to investigate a similar model over land, in which case it may also be appropriate to include a
second surface variable to represent soil moisture.

7 Phase Transition
A very abrupt transition was seen earlier in Figure 7: the cloud fraction and temperature changed rapidly as
the carbon dioxide concentration (i.e., longwave absorptivity) and environmental drying were varied. This
behavior is reminiscent of a phase transition, and in this section we explore the question: To what extent are
phase transitions seen in this model of shallow clouds and climate?
As background, phase transitions are seen in a variety of contexts in statistical physics, such as magnetism (with two phases—spin-up and spin-down) and water (with three phases—solid, liquid, and gas) [44].
It has been proposed that shallow clouds may also exhibit phase transitions, where the two phases could
be open-cell and closed-cell stratocumulus phases, and/or cloudy and non-cloudy phases as indicated by
cloud fraction [22, 38]. Other possible phase transitions related to deep convection have also been proposed
and investigated in some detail [1, 18, 19, 28, 30, 39, 40]. For shallow clouds, the present model provides an
opportunity to look for phase transitions and to study the relation with many atmospheric quantities of interest, such as cloud fraction, temperature, and environmental factors. This more detailed view could motivate
observational studies and indicate different ways of analyzing conditional statistics in observational data,
along the lines of the analyses of [42] and [10] and references therein.
To investigate the possibility of phase transitions in the model, we considered a variety of possible parameter values. In the standard parameter values of Figures 3–6, no sharp transitions were seen over the
range of environmental warming and drying parameters shown. Nevertheless, beyond the standard parameter values, it was shown in Figure 7 that sharp variations reminiscent of phase transitions could occur for
different values of the CO2 concentration/longwave absorptivity.
Cloud albedo was also found to be a controlling factor for the presence or absence of phase transitions.
Figure 8 shows the mean climate state for a larger value of 0.7 for the cloud albedo, in contrast to the standard
value of 0.6. Many of the general trends from the case of Figure 3 can also be seen in Figure 8, except a new
feature arises: a discontinuous jump appears in the cloud fraction and temperature, as the environmental
forcing is varied, similar to a phase transition. Another feature of phase transitions is seen in Figure 9 in the
temperature variance: the jump in mean temperature is accompanied by a spike in the variance. In other
words, the climate uncertainty has a pronounced spike at the border between the two climate regimes. Furthermore, while the variance is still typically increasing as cloud fraction increases (i.e., climate uncertainty
is associated with shallow clouds), a new feature appears in this scenario with a phase transition in Figure 9c:
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the maximum climate uncertainty is associated with a climate with roughly 70% cloud fraction, and climate
uncertainty slightly decreases for higher cloud fractions. Such behavior is consistent with the occurrence of
a completely cloudy climate state (cloud fraction equals 1), which has lower uncertainty due to its lack of
variability from cloud formation and decay. Finally, climate sensitivity shows a similar type of behavior as
climate uncertainty. Specifically, in Figure 10, when carbon dioxide concentration/longwave absorptivity is
taken as a control parameter, a similar phase transition is seen, where the climate state changes abruptly and
a spike in the climate sensitivity occurs at certain CO2 concentrations.
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Figure 8: Mean climate for a system with increased cloud albedo of A c = 0.7. (A) Cloud fraction as a function of environmental
warming and drying. (B) Mean boundary layer temperature as a function of environmental warming and drying. Note the different temperature range compared with Fig. 3. (C) Line cuts through (B) for F a = 10 W/m2 (filled circles) and F a = 30 W/m2 (open
circles). (D) Mean boundary layer temperature as a function of cloud fraction.

What is the underlying source of the phase transition or climate regimes in this model? One possibility is
that it is related to multiple climate equilibria. To investigate this possibility, we analyzed the deterministic
version of the model in (1)–(3) and looked for steady-state solutions. Since the dynamical model is only allowed to be completely cloudy (σ c = 1) or non-cloudy (σ c = 0), we also considered a smoothed version of the
model, where the Heaviside function that defines σ c in (7) is smoothed out as a piecewise-linear continuous
function; consequently, the model is allowed to enter into a partially cloudy steady state with any value of
σ c between 0 and 1. The equilibria are illustrated in Figure 11. In brief, we find that the model appears to
have multiple steady states for certain parameter values, in a way that is consistent with the different climate
regimes seen in Figures 3–10. For instance, when a partially cloudy climate state is seen, it is often the case
that a completely cloudy equilibrium state also exists; but the initial conditions in (20) were more conducive
to reaching the partially cloudy climate equilibrium. In fact, using colder initial conditions allowed the system to equilibrate into the completely cloudy state for all values of F q and F a . It would be interesting in the
future to investigate different experimental setups that would allow the possibility of hysteresis, as seen by,
e.g., [37] in other types of models. In the present model, along with these two stable or attracting equilibria,
a third equilibrium state is also often present, and it appears to be unstable. A bifurcation appears to occur
when the “plateau” arises in Figures 8–10: two of the three equilibria disappear, and the completely cloudy
state remains as the only equilibrium state.
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In addition to this deterministic analysis, it is also interesting to see the influence of the noise strength. In
particular, as shown in Figure 12, the completely cloudy climate regime can be eroded if the stochastic noise
(i.e., the turbulent variability) is larger. The larger noise allows for excursions out of the completely cloud
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state, so the system does not stay locked into the completely cloudy climate state forever. This dependence
on noise strength is also reminiscent of phase transitions in other contexts [44]; for instance, in magnetic
systems, the temperature is the indicator of the strength of system noise, and it is the high-temperature case
that lacks the ordered magnetic state (spin 1), analogous to a high-turbulence case that lacks the completely
cloudy state (cloud fraction 1) in the simple climate model.
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Figure 12: Cloud fraction as a function of noise strength D* and F q for a system with F a = 10W /m2 and an increased cloud
albedo of 0.7.
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8 Conclusions
To summarize, our main goal was to investigate how much climate uncertainty arises from the intrinsic dynamics and variability of shallow clouds. A simple stochastic model was formulated to investigate this question, and the model was aimed at the level of complexity of textbook models of radiative equilibrium, except
here including dynamical evolution and a statistical steady state instead of a steady equilibrium.
Significantly higher climate uncertainty was seen for a cloudy climate compared with a non-cloudy climate. A significant source of the inherent variability was the off-and-on switching of cloud formation and decay, beyond the ever-present turbulent variability (represented as stochastic forcing) that is the main source
of variability in the absence of clouds.
The model here is highly idealized, and it would be interesting in the future to explore additional realism. For example, several additional physical processes were investigated and described in section 6, such
as dynamical evolution of the free troposphere, sea-surface-temperature-dependent stochastic forcing, drizzle, and spatial variations. It would also be interesting to consider additional layers of complexity such as a
dynamic height of the boundary layer, or to couple this shallow-cloud model with the large-scale circulation
in some way, such as a two-box model setup.
Phase transitions in the climate state were seen in the model, where cloud cover and temperature
undergo abrupt changes as certain environmental parameters change. One value of the concept of phase
transitions is in providing organizing principles. Specifically, it provides a conceptual umbrella that links
together a variety of statistics and behaviors (such as climate state transitions and associated increases in
climate sensitivity and uncertainty/variance). For deep convection, such a perspective of phase transitions
has been investigated in the past [28, 30], encompassing many aspects, such as precipitation, water vapor,
atmospheric temperature, sea surface temperature, etc. For shallow clouds, the present model provides an
opportunity to look for phase transitions and to study the relation with many atmospheric quantities of
interest, such as cloud fraction, temperature, and environmental factors. The model results could motivate
observational studies and indicate different ways of analyzing conditional statistics in observational data,
along the lines of the analyses of [42] and [10] and references therein. Given the large number of possible
statistics and viewpoints of clouds and climate, the unifying perspective of statistical physics could be
helpful.
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