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1 Additional atomic-force
microscopy sample figure

The film quality is highly related to the power, pressure,
and gas flow rate. In order to obtain better quality film,
which is not broken, extremely low chamber pressure
(around 1 × 10−8T), and specific power and gas flow are re-
quired. We tried different combinations of power and gas
flow rate, and then successfully grew a film that was not
broken, as shown by the atomic-force microscopy (AFM)
picture in Figure 2. The AFM image with higher resolution
of a small area of the 2.5 nmfilmused in thiswork is shown
in Figure S1.
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1. Additional atomic-force microscopy sample figure 

The film quality is highly related to the power, pressure, and gas flow rate. In order to obtain better 

quality film, which is not broken, extremely low chamber pressure (around 
81 10 T), and specific 

power and gas flow are required. We tried different combinations of power and gas flow rate, and then 

successfully grew a film that was not broken, as shown by the atomic-force microscopy (AFM) picture in 

Figure 2. The AFM image with higher resolution of a small area of the 2.5 nm film used in this work is 

shown in Figure S1. 

 

 

 

Figure S1. AFM picture of the top surface of the 2.5 nm gold thin film (left) and thickness distribution (right). 

 

2. Material property extraction method 

The main aim behind our extraction strategy is to obtain the n and k values from measured reflection and 

transmission (RT) curves through a multilayer transfer matrix code by using a two-dimensional Newton 

iteration method. The following steps describe the basics of this process. 
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Figure S1: AFM picture of the top surface of the 2.5 nm gold thin film
(left) and thickness distribution (right).
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2 Material property extraction
method

The main aim behind our extraction strategy is to obtain
the n and k values frommeasured reflection and transmis-
sion (RT) curves through a multilayer transfer matrix code
by using a two-dimensional Newton iterationmethod. The
following steps describe the basics of this process.

#1: Initial values of n0 and k0 are substituted into the
multilayer transfer matrix code to calculate the re-
flection (R) and transmission (T).

#2: The calculatedR andT values are comparedwith the
experimentally measured values of R and T. The dif-
ferences fR and fT are used to build a Jacobian ma-
trix for the Newton iteration method and obtain up-
dated values for n and k. The Jacobianmatrix is built
as follows.

First, calculate RT with n and k, and obtain the RT differ-
ence with experimental values of fR and fT . Second, cal-
culate RT with n + ∆n and k, and obtain the RT difference
values fR1 and fT1. Third, calculate RT with n and k + ∆k,
and obtain the RT difference values fR2 and fT2. Then the
Jacobian matrix is constructed as

Jb =
[︃
−sgn (fR) * fR1 −sgn (fR) * fR2
−sgn (fT) * fT1 −sgn (fT) * fT2

]︃
,

where sgn represents the sign function. And the new n, k
values are [︃

nnew
knew

]︃
= Jb∖

[︃
fR
fT

]︃
.

#3: Theupdated n and k values are substitutedback into
the multilayer transfer matrix code to calculate the
updated value of RT.

These processes are repeated until final values of n and k
are obtained such that differences in the calculated and ex-
perimentally measured RT are smaller than a pre-defined
threshold value. The major feature of our strategy is that
it considers n and k as independent variables, and per-
forms a two-dimensional Newtonmethod. Such a strategy
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enables a quick and efficient estimation of n and k values
corresponding to the experimental RT data.

3 Iteration strategy for the coupled
Schrödinger–Poisson equation

In what follows, we give more details of the computa-
tion, by using the Poisson equation, which is crucial for
an efficient, robust numerical solution of the coupled
Schrödinger–Poisson equation.

The starting point is the expression for the free elec-
tron density (Eq. (2) in the paper):

ρk
[︁
V (m)

]︁
= m
π}2

∑︁
k=1

|φk|2
∞∫︁
Ek

dE
1 + e(E−µ)/kBT

, (S1)

wherewewrite ρk
[︁
V (m)

]︁
to stress that the electron density

depends on themth iteration electric potential V (m). Direct
integration of Eq. (S1) leads to

ρk
[︁
V (m)

]︁
= Nq

∑︁
k=1

|φk|2
{︁
ln

[︁
1 + e(Ek−µ)/kBT

]︁
(S2)

−(Ek − µ)/kBT
}︀
,

where Nq = mkBT/π}2. Similar to Ref. [1], using the per-
turbation theory, andassuming a change in the electric po-
tential as δV = V (m+1) − V (m), the electron density is not
hard to obtain as

ρk
[︁
V (m) + δV

]︁
= Nq

∑︁
k=1

|φk|2 {ln [1 (S3)

+e(Ek−µ+qδV)/kBT
]︁
− (Ek − µ + qδV)/kBT

}︁
,

where q is the charge for an electron. Substituting Eq. (S3)
into the Poisson equation, we have

∇2V (m+1) = qNqε
∑︁
k=1

|φk|2 {ln [1 (S4)

+ e
(︁
Ek−µqV (m+1)−qV (m)

)︁
/kBT

]︂
− (Ek − µ +qV (m+1) − qV (m))/kBT

}︁
.

To proceed further, we drop the first term on the right side
of Eq. (S4). This approximation is justified because most
of the electrons are below Fermi energy µ, which is a key
characteristic of gold. With this approximation, finally we
have {︃

∇2 + q
2Nq
εkBT

∑︁
k=1

|φk|2
}︃
V (m+1) (S5)

= − qNqεkBT
∑︁
k=1

|φk|2
{︁
Ek − µ − qV (m)

}︁
.

This is the equation that we use to update the electric
potential V from the previous potential together with the
eigen energies and eigen wave functions.

4 Eigen state and wave functions
for the gold quantum well

In this section, we provide detailed information regard-
ing the self-consistent solution of the coupled Schrödinger
equation and Poisson equation. More specifically, in Fig-
ure S2 we show the wave functions and eigen energies for
2.5 nm and 15 nm thickness gold quantum wells.

As can be shown here, there are seven discrete energy
states that the electrons can occupy below the Fermi en-
ergy level (5.53 eV) for the 2.5 nm gold quantum well. As
the thickness of the quantum well increases, separation
between eigen energies becomes smaller (it is roughly in-
versely proportional to the square of the well thickness).
For the 15 nm quantum well, we have a total of 59 discrete
energy states below the Fermi energy level. As expected, as
thickness increases further, the discrete energy levels of a
quantumwell become “continuous,” and the response for
such a thick quantum well converges to that of bulk gold.

Another point to be noted is related to the symmetry of
the quantum well. As shown in Figure S2, the gold quan-
tum well indeed shows an asymmetric shape because dif-
ferent materials (air and quartz) are present on each side
of the quantum well. But this asymmetry has little impact
on thewave functions: thewave functions for such a quan-
tum well are almost symmetric. The reason for this is that
the barrier potential on both sides of the quantum well is
very high and the energy difference between air and quartz
is small.

5 Reflection and transmission
curves for multiple incident
angles and different
polarizations

In this section, we show the RT experimental data mea-
sured for 45- and 30-degree incident angles, with both S-
polarization and P-polarization for the 2.5 nm gold film.
Figure S4(a) and (b) compares the n, k values that were
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rk V (m) +dVéë ùù= Nq jk

2

k=1

ù ln 1+ e(Ek-m+qdV )/kBTéë ùù- (Ek - m + qdV) / kBT{ },                   (S3) 

where q is the charge for an electron. Substituting Eq. (S3) into the Poisson equation, we have 

ù 2V (m+1) =
qNq

e
jk

2

k=1

ù ln 1+ e(Ek-m+qV(m+1)
-qV(m)

)/kBTé
ë

ù
ù
- (Ek - m + qV (m+1) - qV (m)) / kBT{ }   .     (S4) 

To proceed further, we drop the first term on the right side of Eq. (S4). This approximation is justified 

because most of the electrons are below Fermi energy μ, which is a key characteristic of gold. With this 

approximation, finally we have 
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This is the equation that we use to update the electric potential V from the previous potential together with 

the eigen energies and eigen wave functions.  

 

4. Eigen state and wave functions for the gold quantum well 

In this section, we provide detailed information regarding the self-consistent solution of the coupled 

Schrödinger equation and Poisson equation. More specifically, in Figure S2 we show the wave functions 

and eigen energies for 2.5 nm and 15 nm thickness gold quantum wells.  

      

Figure S2. Eigen energies and wave functions for the 2.5 nm (left) and 15 nm (right) quantum wells. The values of 

the eigen energies are indicated by the height of each horizontal line (red), while the black line indicates the Fermi 

energy level. 

      As can be shown here, there are seven discrete energy states that the electrons can occupy below the 

Fermi energy level (5.53 eV) for the 2.5 nm gold quantum well. As the thickness of the quantum well 

increases, separation between eigen energies becomes smaller (it is roughly inversely proportional to the 

square of the well thickness). For the 15 nm quantum well, we have a total of 59 discrete energy states 

below the Fermi energy level. As expected, as thickness increases further, the discrete energy levels of a 

Figure S2: Eigen energies and wave functions for the 2.5 nm (left) and 15 nm (right) quantum wells. The values of the eigen energies are
indicated by the height of each horizontal line (red), while the black line indicates the Fermi energy level.

quantum well become “continuous,” and the response for such a thick quantum well converges to that of 

bulk gold.      

     Another point to be noted is related to the symmetry of the quantum well. As shown in Figure S2, the 

gold quantum well indeed shows an asymmetric shape because different materials (air and quartz) are 

present on each side of the quantum well. But this asymmetry has little impact on the wave functions: the 

wave functions for such a quantum well are almost symmetric.  The reason for this is that the barrier 

potential on both sides of the quantum well is very high and the energy difference between air and quartz 

is small. 

 

5. Reflection and transmission curves for multiple incident angles and different polarizations 

In this section, we show the RT experimental data measured for 45- and 30-degree incident angles, with 

both S-polarization and P-polarization for the 2.5 nm gold film. Figure S4 (a) and (b) compares the n, k 

values that were extracted from the RT curves with 45 degrees of incident angle for both P- and S-

polarization. As shown here, the n, k values from S- and P-polarization are almost the same.   

Figure S4 (c) and (d) shows the RT curves with an incident angle of 30 degrees for S- and P-polarization, 

respectively. The theoretical RT curves shown here are calculated using our multilayer transmission code 

with the n, k values extracted from 45-degree P-polarization for an incident angle of 30 degrees for S- and 

P-polarization, respectively. As can be shown here, the calculated RT curves agree with experimental 

results quite well. 

              

 

Komentarz [rb2]: Exeter/AU: Figure 
S4 comes right after S2. Should figures 
be renumbered? 

Figure S4: The refractive index (a) and extinction coeflcient (b) extracted from a 45-degree incident angle with P-polarization (blue curve) and
S-polarization (red curve). The reflection and transmission curves for 30-degree S-polarization (c) and P-polarization (d). The theoretical RT
curves in (c) and (d) are obtained by using our multilayer transmission code with the n, k values from 45-degree P-polarization for an incident
angle of 30 degrees for both S- and P-polarization.

extracted from the RT curves with 45 degrees of incident
angle for both P- and S-polarization. As shown here, the n,
k values from S- and P-polarization are almost the same.

Figure S4(c) and (d) shows the RT curves with an in-
cident angle of 30 degrees for S- and P-polarization, re-
spectively. The theoretical RT curves shown here are cal-

culated using our multilayer transmission code with the
n, k values extracted from 45-degree P-polarization for an
incident angle of 30 degrees for S- and P-polarization, re-
spectively. As can be shown here, the calculated RT curves
agree with experimental results quite well.
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6 Permittivity of the gold film on quartz with different thicknesses

Figure S4. The refractive index (a) and extinction coefficient (b) extracted from a 45-degree incident angle with P-

polarization (blue curve) and S-polarization (red curve). The reflection and transmission curves for 30-degree S-

polarization (c) and P-polarization (d). The theoretical RT curves in (c) and (d) are obtained by using our multilayer 

transmission code with the n, k values from 45-degree P-polarization for an incident angle of 30 degrees for both S- 

and P-polarization. 

 

6. Permittivity of the gold film on quartz with different thicknesses 

 

Figure S5. Permittivity of the gold film on a quartz substrate with different thicknesses. The dot, square, 

and cross points represent the experimental data and the lines are the theoretical calculation from our 

quantum electrostatic model. 

 

 

7. Impact of interband transition on n, k in the visible wavelength range 

This section discusses the impact of interband transition. We plot the n, k data from 500 nm to 2000 nm 

for gold films of different thicknesses in Figure S6. As can be seen, the agreement between theoretical 

calculation and experiment is very good for wavelengths longer than 1000 nm.  In the visible wavelength 

range, especially for wavelengths shorter than 800 nm, there is a difference between theory and 

experiment. This is the effect of interband transition, which is not included in our current model. 

The focus of this paper is to explore the behavior of free electrons under the impact of quantum 

confinement. However, similar to Ref. [4], the interband transition might be captured by adding a term 

that represents interband transitions to the expression of the permittivity. Indeed, as one can see from 

Figure S6 (b–d), the differences of n and k between theory and experiment for 7, 15, and 30 nm are 

almost the same. The fact that the 2.5 nm case is slightly different might be related to the impact of 

quantum confinement effect.          
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Figure S5: Permittivity of the gold film on a quartz substrate with different thicknesses. The dot, square, and cross points represent the
experimental data and the lines are the theoretical calculation from our quantum electrostatic model.

 

Figure S6. Refractive index and extinction coefficient extracted from experimental RT curves together with the 

theoretical calculation result for 2.5, 7, 15, and 30 nm gold films.  
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Figure S6: Refractive index and extinction coeflcient extracted from experimental RT curves together with the theoretical calculation result
for 2.5, 7, 15, and 30 nm gold films.

7 Impact of interband transition on n, k in the visible wavelength range
This section discusses the impact of interband transition. We plot the n, k data from 500 nm to 2000 nm for gold films
of different thicknesses in Figure S6. As can be seen, the agreement between theoretical calculation and experiment
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is very good for wavelengths longer than 1000 nm. In the visible wavelength range, especially for wavelengths shorter
than 800 nm, there is a difference between theory and experiment. This is the effect of interband transition, which is
not included in our current model.

The focus of this paper is to explore the behavior of free electrons under the impact of quantum confinement. How-
ever, similar toRef. [4], the interband transitionmight be capturedbyaddinga term that represents interband transitions
to the expression of the permittivity. Indeed, as one can see from Figure S6 (b–d), the differences of n and k between
theory and experiment for 7, 15, and 30 nm are almost the same. The fact that the 2.5 nm case is slightly different might
be related to the impact of quantum confinement effect.
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