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Abstract: The paper overviews our recent work on the
synthesis of metasurfaces and related concepts and applications. The synthesis is based on generalized sheet transition conditions (GSTCs) with a bianisotropic surface
susceptibility tensor model of the metasurface structure.
We first place metasurfaces in a proper historical context
and describe the GSTC technique with some fundamental
susceptibility tensor considerations. On this basis, we next
provide an in-depth development of our susceptibilityGSTC synthesis technique. Finally, we present five recent
metasurface concepts and applications, which cover
the topics of birefringent transformations, bianisotropic
refraction, light emission enhancement, remote spatial
processing, and nonlinear second-harmonic generation.
Keywords: bianisotropy; electromagnetics; metasurfaces.

1 Introduction
Metamaterials reached a peak of interest in the first
decade of the 21st century. Then, due to their fabrication
complexity, bulkiness, and weight and their limitations
in terms of losses, frequency range, and scalability, they
became less attractive and were progressively superseded
by their two-dimensional counterparts, the metasurfaces
[1–5].
The idea of controlling electromagnetic waves with
electromagnetically thin structures is clearly not a new
concept. The first example is probably that of Lamb who
studied the reflection and transmission from an array
of metallic strips, already back in 1897 [6]. Later, in the
*Corresponding authors: Karim Achouri and Christophe Caloz,
Department of Electrical Engineering, École Polytechnique de
Montréal, Montréal, GC H3T 1J4, Canada,
e-mail: karim.achouri@polymtl.ca (K. Achouri);
christophe.caloz@polymtl.ca (C. Caloz). http://orcid.org/00000002-6444-5215 (K. Achouri)

1910s, Marconi used arrays of straight wires to realize
polarization reflectors [7]. These first two-dimensional
electromagnetic structures were later followed by a great
diversity of systems that emerged mainly with the developments of the radar technology during World War II. Many
of these systems date back to the 1960s. The Fresnel zone
plate reflectors, illustrated in Figure 1A, were based on the
concept of the Fresnel lens demonstrated almost 150 years
earlier and used in radio transmitters [8]. The frequencyselective surfaces (FSS), illustrated in Figure 1B, were
developed as spatial filters [9, 10]. The reflectarray antennas [11] were developed as the flat counterparts of parabolic reflectors and were initially formed by short-ended
waveguides [12]. They were later progressively improved
and the short-ended waveguides were replaced with
microstrip printable scattering elements in the late 1970s
[13, 14], as shown in Figure 1C. The transmissive counterparts of the reflectarrays are the transmitarrays, which
were used as array lens systems and date back to the 1960s
[15–17]. They were first implemented in the form of two
interconnected planar arrays of dipole antennas, one for
receiving and one for transmitting, where each antenna
on the receiver side was connected via a delay line to an
antenna on the transmit side, as depicted in Figure 1D.
Through the 1990s, the transmitarrays evolved from interconnected antenna arrays to layered metallic structures
that were essentially the functional extensions of FSS
[18–20] with efficiency limited by the difficulty to control
the transmission phase over a 2π range while maintaining
a high enough amplitude. Finally, compact quasi-transparent transmitarrays or phase-shifting surfaces, able to
cover a 2π-phase range, were demonstrated in 2010 [21].
The aforementioned Fresnel lenses, FSS, reflectarrays, and transmitarrays are the precursors of today’s
“metasurfaces”.1

1 Thus far, and throughout this paper, we essentially consider metasurfaces illuminated by waves incident on the them under a nonzero
angle with respect to their plane, i.e. space waves, which represent
the metasurfaces leading to the main applications. However, meta
surface may also be excited within their plane, i.e. by surface waves
or leaky waves, as in Refs. [22–26].
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The objective of this paper is twofold. First, it will
present a general framework for the synthesis of the aforementioned metasurface surface susceptibility functions
for arbitrary (amplitude, phase, polarization, propagation direction, and waveform) specified fields. From this
point, the physical structure (material and geometry of
the scattering particles, substrate parameters, and layer
configuration, thickness, and size) is tediously but
straightforwardly determined, after the discretization of
the susceptibility functions, using scattering parameter
mapping. The synthesis of metasurfaces has been the
objective of many researches in recent years [42, 80–90].
Second, the paper will show how this synthesis framework provides a general perspective of the electromagnetic transformations achievable by metasurfaces and
then present subsequent concepts and applications.

φ6

Source

Figure 1: Examples of two-dimensional wave manipulating structures: (A) Fresnel zone plate reflector, (B) reflectarray, (C) interconnected array lens, and (D) FSS.

From a general perspective, metasurfaces can be used
to manipulate the polarization, the phase, and the amplitude of electromagnetic fields. A rich diversity of metasurface applications has been reported in the literature to
date and many more are expected to emerge. These applications are too numerous to be exhaustively cited. Some
of the most significant ones are reported in Refs. [27–35]
(polarization transformations), Refs. [36–42] (absorption), and Refs. [43–56] (wavefront manipulations). More
sophisticated metasurfaces, transforming both phase and
polarization, have been recently realized. This includes
metasurfaces producing beams possessing angular orbital
momentum [57] or vortex waves [58–63], holograms [64,
65], and stable beam traction [66]. Additionally, nonreciprocal transformations [67–71], nonlinear interactions [72–
74], analog computing [75, 76], and spatial filtering [77–79]
have also been reported.
To deploy their full potential, metasurfaces must be
designed efficiently. This requires a solid “model” that
both simplifies the actual problem and provides insight
into its physics. Metasurfaces are best modeled, according to Huygens principle, as “surface polarization current
sheets” via continuous (locally homogeneous) bianisotropic surface susceptibility tensorial functions. Inserting the corresponding surface polarization densities into
Maxwell equations results in electromagnetic sheet transition conditions, which consist in the key equations to
solve in the design of metasurfaces.

2 Sheet transition conditions
The general synthesis problem of a metasurface is represented in Figure 2. As mentioned in Section 1, the
metasurface is modeled as an electromagnetic sheet (zerothickness film).2 In the most general case, a metasurface is
z=0
x

ψt (r)

Ly

z
y

ψi (r)
Lx

ψr (r)

χ ( ρ) = ?

t << λ

Figure 2: Metasurface synthesis problem.
The metasurface to be synthesized lies in the xy-plane at z = 0. The
synthesis procedure consists of finding the susceptibility tensors
characterizing the metasurface, χ( ρ ), in terms of specified arbitrary
incident [ψi(r)], reflected [ψr(r)], and transmitted [ψt(r)] waves.
2 This approximation is justified by the fact that a physical metasurface is electromagnetically very thin, so that it cannot support significant phase shifts and related effects, such as Fabry-Perot resonances.
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made of an array of polarizable scattering particles that
induce both electric and magnetic field discontinuities.
It is therefore necessary to express the discontinuities
of these fields as functions of the electric and magnetic
surface polarization densities (P and M). The rigorous
boundary conditions that apply to such an interface have
been originally derived by Idemen [91].
For a metasurface lying in the xy-plane at z = 0, these
transition conditions follow from the idea that all the
quantities in Maxwell equations can be expressed in the
following form:
N

f ( z ) = { f ( z )} + ∑ fk δ( k ) ( z ),
k =0

(1)

where the function f(z) is discontinuous at z = 0. The first
term of the right-hand side of Eq. (1) is the “regular part”
of f, which corresponds to the value of the function everywhere except at z = 0, whereas the second term is the
“singular part” of f, which is an expansion over the kth
derivatives of the Dirac delta distribution (corresponding
to the discontinuity of f and the kth derivatives of f).
Most often, the series in Eq. (1) may be truncated at
N = 0, so that only the discontinuities of the fields are
taken into account, whereas the discontinuities of the
derivatives of the fields are neglected. With this truncation, the metasurface transition conditions, known as
the generalized sheet transition conditions (GSTCs), are
found as3
zˆ × ∆H = j ωP − zˆ × ∇M z ,

(2)

P 
∆E × zˆ = j ωµ0 M − ∇  z  × zˆ ,
 ε0 

(3)

zˆ ⋅ ∆D = −∇⋅ P ,

(4)

zˆ ⋅ ∆B = − µ0∇⋅ M ,

(5)

where the terms on the left-hand sides of the equations
correspond to the differences of the fields on both sides of
the metasurface, which may be expressed as
0+

∆Ψ u = uˆ ⋅ ∆Ψ z =0− = Ψ u ,t − ( Ψ u ,i + Ψ u ,r ), u = x , y , z ,

(6)

where Ψ represents any of the fields E, H, D, or B, the
subscripts i, r, and t denote the incident, reflected, and
3 Note that these relations can also be obtained following the more
traditional technique of box integration, as demonstrated in Ref. [92].
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transmitted fields, and P and M are the electric and
magnetic surface polarization densities, respectively.
In the general case of a linear bianisotropic metasurface, these polarization densities are related to the acting
(or local) fields, Eact and Hact, by [93–95]:
P = ε0 N αee ⋅ Eact +

1
N αem ⋅ H act ,
c0

(7)

M = N αmm ⋅ H act +

1
N αmm ⋅ Eact ,
η0

(8)

where the αab tensors represent the polarizabilities of a given
scatterer, N is the number of scatterers per unit area, c0 is
the speed of light in vacuum, and η0 is the vacuum impedance.4 This is a “microscopic” description of the metasurface response that requires an appropriate definition of
the coupling between adjacent scattering particles. In this
work, we use the concept of susceptibilities rather than
the polarizabilities to provide a “macroscopic” description
of the metasurface, which allows a direct connection with
material parameters such as εr and µr . To bring about the
susceptibilities, relations (7) and (8) can be transformed
by noting that the acting fields, at the position of a scattering particle, can be defined as the average total fields
minus the field scattered by the considered particle [97], i.e.
part
Eact = Eav − Escat
. The contributions of the particle may be
expressed by considering the particle as a combination of
electric and magnetic dipoles contained within a small disk,
and the field scattered from this disk can be related to P and
M by taking into account the coupling with adjacent scattering particles. Therefore, the acting fields are functions of the
average fields and the polarization densities. Upon substitution of this definition of the acting fields in Eqs. (7) and (8),
the expressions of the polarization densities become
P = ε0 χee ⋅ Eav +

1
χ ⋅ H ,
c0 em av

(9)

M = χ mm ⋅ H av +

1
χ ⋅ E ,
η0 me av

(10)

where the average fields are defined as
Ψ u ,av = uˆ ⋅ Ψav =

Ψ u ,t + ( Ψ u ,i + Ψ u ,r )
2

, u = x , y , z ,

(11)

where Ψ corresponds to E or H.
4 Despite being indeed quite general, these relations are still restricted to “linear” and “time-invariant” metasurfaces. The synthesis of
nonlinear metasurfaces has been approached using extended GSTCs
in Ref. [96].
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3 Susceptibility tensor
considerations
Before delving into the metasurface synthesis, it is important to examine the susceptibility tensors in Eqs. (9) and
(10) in the light of fundamental electromagnetic considerations pertaining to reciprocity, passivity, and loss.
The “reciprocity” conditions for a bianisotropic metasurface, resulting from the Lorentz theorem [93], read
χTee = χee , χTmm = χ mm , χ Tme = − χem ,

(12)

where the superscript T denotes the matrix transpose
operation.5
Adding the property of losslessness, resulting from the
bianisotropic Poynting theorem [93], restricts Eq. (12) to
χTee = χ∗ee , χTmm = χ∗mm , χ Tme = χ∗em ,

(13)

which characterize a simultaneously passive, lossless,
and reciprocal metasurface.
Conditions (12) and (13) establish relations between
different susceptibility components of the constitutive
tensors. Therefore, requiring the metasurface to be reciprocal or reciprocal and lossless/gainless, as often practically
desirable, reduces the number of independent susceptibility components [80, 98, 99] and hence reduces the diversity
of achievable field transformations, as will be shown next.

4 Metasurface synthesis
4.1 General concepts
We follow here the metasurface synthesis procedure6
introduced in Ref. [80], which seems to be the most

5 These conditions are identical to those for a bianisotropic medium
[93, 94], except that the metasurfaces in Eq. (12) are surface instead
of volume susceptibilities.
6 The “synthesis” procedure consists of determining the physical
metasurface structure for specified fields. The inverse procedure is
the “analysis”, which consists of determining the fields scattered by
a given physical metasurface structures for a given incident field and
is generally coupled (typically iteratively) with the synthesis for the
efficient design of a metasurface [100]. The overall design procedure
thus consists of the combination of the synthesis and analysis operations. This paper focuses on the direct synthesis of the susceptibility
functions, as this is the most important aspect for the understanding
of the physical properties of metasurfaces, the elaboration of related
concepts, and the development of resulting applications.

general approach reported to date. This procedure
consists of solving the GSTC equations (2)–(5) to determine the unknown susceptibilities in (9) and (10) required
for the metasurface to perform the electromagnetic transformation specified in terms of the incident, reflected, and
transmitted fields. Note that Eqs. (4) and (5) are redundant
in system (2)–(5) due to the absence of impressed sources,
so that Eqs. (2) and (3) are sufficient to fully describe the
metasurface and synthesize it. Consequently, only the
transverse (tangential to the metasurface) components
of the specified fields, explicitly apparent in (6) and (11),
are involved in the synthesis, although these fields may
generally include longitudinal (normal to the metasurface) components as well. According to the uniqueness
theorem, the longitudinal components of the fields are
automatically determined from the transverse fields.
GSTC equations (2) and (3) form a set of (inhomogeneous) coupled partial differential equations due
to the partial derivatives of the normal components of
the polarization densities, Pz and Mz. The resolution of
the corresponding inverse problem is nontrivial and
requires involved numerical processing. In contrast, if
Pz = Mz = 0, the differential system reduces to a simple
algebraic system of equations, most conveniently admitting closed-form solutions for the synthesized susceptibilities. For this reason, we will focus on this case in
this section, whereas a transformation example with
nonzero normal susceptibilities will be discussed in
Section 4.4.
Enforcing that Pz = Mz = 0 may a priori seem to represent an important restriction, particularly, as we shall
see, in the sense that it reduces the number of degrees
of freedom of the metasurface. However, this is not a
major restriction as a metasurface with normal polarization currents can generally be reduced to an equivalent
metasurface with purely tangential polarization currents,
according to Huygens theorem. This restriction mostly
affects the realization of the scattering particles that are
then forbidden to exhibit normal polarizations, which
ultimately limits their practical implementation.7

7 Moreover, in the particular case where all the specified waves are
normal to the metasurface, the excitation of normal polarization
densities does not induce any discontinuity in the fields. This is because the corresponding fields, and hence the related susceptibilities, are not functions of the x and y coordinates, so that the spatial
derivatives of Pz and Mz in Eqs. (2) and (3) are zero, i.e. do not induce
any discontinuity in the fields across the metasurface. Thus, susceptibilities producing normal polarizations can be ignored, and only
tangential susceptibility components must be considered, when the
metasurface is synthesized for normal waves.
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Substituting the constitutive relations (9) and (10)
into the GSTCs (2) and (3) with Mz = Pz = 0 leads to
zˆ × ∆H = j ωε0 χee ⋅ Eav + jk0 χem ⋅ H av , 

(14)

∆E × zˆ = j ωµ0 χ mm ⋅ H av + jk0 χ me ⋅ Eav ,

(15)

where k0 = ω/c0 is the free-space wavenumber and where
the susceptibility tensors only contain the tangential susceptibility components. This system can also be written in
matrix form
xx
 ∆H y   χ ee

  yx
 ∆H x   χ ee

 =  xx
 ∆E y   χ me

  yx
 ∆E x   χ me

xy
χ ee

xx
χ em

yy
χ ee

yx
χ em

xy
xx
χ me
χ mm
yy
yx
χ me
χ mm

xy
  E x ,av 
χ em
 

yy
χ em   E y ,av 
⋅
 ,
xy  
χ mm
  H x ,av 

yy  
χ mm
  H y ,av 

(16)

where the tilde symbol indicates normalized susceptibilities, related to the nonnormalized susceptibilities in (14)
and (15) by
xx
 χee
 yx
 χee
 xx
 χ me
 yx
 χ me

xy
χee

xx
χem

yy
χee

yx
χem

xy
xx
χ me
χ mm
yy
yx
χ me
χ mm

xy

χem

yy
χem 
=
xy 
χ mm

yy 
χ mm


 j xx
j xy
j xx
j xy 
χ em
χ
χ ee
 ωε χ ee
k0
k0 em 
ωε0
0

 
 j yx
j yy
j yx
j yy 
χ ee −
χ
− χ em
− χ em 
−
k0
k0
ωε0 ee
 ωε0

=
.
j
j
j
j
xx
xy
xx
xy
 − χ me



− χ me −
χ
−
χ 
ωµ0 mm
ωµ0 mm 
k0
 k0


j yx
j yy 
j yy
 j χ yx



χ
χ
χ
 k me
k0 me
ωµ0 mm
ωµ0 mm 
0
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chosen, each of them naturally corresponding to different
field transformations. This approach thus requires an
educated selection of the susceptibility quadruplet that is
the most likely to enable the specified operation, within
existing constraints.10
These considerations immediately suggest that a
second possibility would be to augment the number of
field transformation specifications, i.e. allow the metasurface to perform more independent transformations, which
may be of great practical interest in some applications. We
would have thus ultimately three possibilities to resolve
(16): (a) reducing the number of independent unknowns,
(b) increasing the number of transformations, and (c) a
combination of (a) and (b).
As we shall see in the forthcoming sections, the
number N of physically or practically achievable transformations for a metasurface with P susceptibility parameters, N(P), is not trivial; specifically, N(P) = P/4, which
may be expected from a purely mathematical viewpoint,
is not always true.

4.2 Four-parameter transformation

(17)

System (16) contains four equations for 16 unknown
susceptibilities. It is therefore heavily underdetermined
and cannot be solved directly.8 This leaves us with two distinct resolution possibilities.
The first possibility would be to reduce the number of
susceptibilities from 16 to 4 to obtain a fully determined
(full-rank) system. Because there exists many combinations of susceptibility quadruplets,9 different sets can be
8 Even if it would be solved, this would probably result in an in
efficient metasurface, as it would use more susceptibility terms than
required to accomplish the specified task.
9 Mathematically, the number of combinations would be 16!/
[(16 − 4)!4!] = 1820, but only a subset of these combinations represents physically meaningful combinations.

We now provide an example for the approach where the
number of susceptibility parameters has been reduced to
4, or P = 4, so that system (16) is of full-rank nature. We
thus have to select four susceptibility parameters and
set all the others to zero in Eq. (17). We decide to consider
the simplest case of a monoanisotropic (eight parameters
χ uv
= 0, u, v = x, y) axial (four parameters χ uv
= 0 for
em,me
ee,mm
u ≠ v, u, v = x, y) metasurface, which is thus characterized
xx
xx
yy
yy
, χ ee
, χ mm
, so that Eq.
by the four parameters χ ee
and χ mm
(16) reduces to the diagonal system:
xx
 ∆H y   χ ee
0
0
0   E x ,av 
 


 
yy
0   E y ,av 
 ∆H x   0 χ ee 0
 ⋅
 .

 =
xx
 ∆E y   0 0 χ mm 0   H x ,av 


 
yy  
0 χ mm
 ∆E x   0 0
  H y ,av 

(18)

This metasurface is a “birefringent” structure [101],
with decoupled x- and y-polarized susceptibility pairs
xx
χee
=

j ∆H y

ωε0 E x ,av

yy
, χ mm
=

j ∆E x

ωµ0 H y ,av

(19)

and
10 For instance, the specification of a reciprocal transformation,
corresponding to the metasurface properties in Eq. (12), would automatically preclude the selection of off-diagonal pairs for χee,mm .
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yy
χee
=

− j ∆E y
− j ∆H x
xx
, χ mm
=
,
ωε0 E y ,av
ωµ0 H x ,av

x

(20)

respectively.11 In these relations, according to Eqs. (6) and
(11), ΔHy = Hy,t – (Hy,i + Hy,r), ΔEx,av =(Ex,t + Ex,i + Ex,r)/2, and so
on. By synthesis, the metasurface with the susceptibilities
(19) and (20) will exactly transform the specified incident
field into the specified reflected and transmitted fields, in
an arbitrary fashion, except for the constraint of reciprocity as the susceptibility tensor in Eq. (18) inherently satisfies Eq. (12).
It should be noted that the example of Eq. (18), with
four distinct susceptibility parameters, is a very particular
case of a four-parameter transformation as the components in Eqs. (19) and (20) are decoupled from each other,
which is the origin of birefringence. Now, birefringence
may be considered as a “pair” of distinct and independent transformations (one for x-polarization and one for
y-polarization), i.e. N(4) = 2 > 4/4. Thus, the specification
of four susceptibility parameters may lead to more than
one transformation, which, by extension, already suggests that P susceptibilities may lead to more than P/4
transformations, as announced in Section 4.1 and will be
further discussed in Section 4.3.
Thus far, the fields have not be explicitly specified in
the metasurface described by Eq. (18). Because the metasurface can perform arbitrary transformations under the
reservation of reciprocity, it may for instance by used
for polarization rotation, which will turn to be a most
instructive example here. Consider the reflectionless
metasurface, depicted in Figure 3, which transforms the
polarization of a normally incident plane wave. The fields
corresponding to this transformation are

11π
24

z

E
H
x

y

π
8
E

H

y

Figure 3: Polarization reflectionless rotating metasurface.
The metasurface rotates the polarization of a linearly polarized
normally incident plane wave from the angle π/8 to the angle
11π/24 with respect to the x-axis (rotation of π/3). The metasurface
is surrounded on both sides by vacuum, i.e. η1 = η2 = η0.

Et ( x , y ) = xˆ cos(11 π / 24) + yˆ sin(11 π / 24),
Ht ( x, y) =

1
[ − xˆ sin(11 π / 24) + yˆ cos(11 π / 24)].
η0

(25)

(26)

Inserting these fields into Eqs. (6) and (11) and substituting the result in (19) and (20) yields the susceptibilities
1.5048
j ,
k0

(27)

0.88063
j.
k0

(28)

xx
yy
χee
= χ mm
=−

yy
xx
χee
= χ mm
=

and

Note that, in this example,12 the aforementioned
double transformation reduces to a single transformation,
N(4) = 1 = 4/4, because the specified fields possess both xand y-polarizations. The susceptibilities do not depend on
the position as the specified transformation, being purely
normal, only rotates the polarization angle and does not
affect the direction of wave propagation.
The negative and positive imaginary natures of
xx
yy
yy
xx
χee = χ mm
= χ mm
and χee
in (27) and (28) correspond to
absorption and gain, respectively. These features may
be understood by noting, with the help of Figure 3, that
polarization rotation is accomplished here by attenuation

11 If the two electric and the two magnetic susceptibilities in (19)
xx
yy
xx
yy
and (20) are equal to each other ( χee = χee and χ mm = χ mm), the monoanisotropic metasurface in Eq. (18) reduces to the simplest possible
case of a monoisotropic metasurface and hence performs the same
operation for x- and y-polarized waves.

12 Incidentally, the equality between the electric and magnetic susceptibilities results from the specification of zero reflection in addition to normal incidence. The reader may easily verify that, in the
presence of reflection, the equalities do not hold.

Ei ( x , y ) = xˆ cos( π / 8) + yˆ sin( π / 8),
Hi ( x, y) =

1
[ − xˆ sin( π / 8) + yˆ cos( π / 8)],
η0

(21)

(22)

Er ( x , y ) = 0,

(23)

H r ( x , y ) = 0,

(24)
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and amplification of (Ex,i, Hy,i) and (Ey,i, Hx,i), respectively.
Moreover, this metasurface can rotate the polarization
“only” by the angle π/3 when the incident wave is polarized at a π/8 angle.13 This example certainly represents an
awkward approach to rotate the field polarization.
A more reasonable approach is to consider a “gyrotropic” metasurface, where the only nonzero susceptixy
xy
yx
yx
, χee
, χ mm
. This corresponds to a
bilities are χee
and χ mm
different quadruplet of tensor parameters than in Eq. (18),
which illustrates the aforementioned multiplicity of possible parameter set selection. With these susceptibilities,
system (16) yields the following relations:
xy
χee
=

yx
χee
=

χ

xy
mm

=

j ∆H y

,

(29)

− j ∆H x
,
ωε0 E x ,av

(30)

ωε0 E y ,av

− j ∆E y

ωµ0 H y ,av

j ∆E x
yx
,
χ mm
=
ωµ0 H x ,av

(31)
xx
yy
χ me
= χ me
=

(32)

which, upon substitution of the fields in (21) to (26),
become
xy
xy
χee
= χ mm
=−

yx
yx
χee
= χ mm
=

whose direction of polarization rotation is independent
of the direction of wave propagation [70, 102]. However,
contrary to conventional Faraday rotators [93], this metasurface is also reflectionless due to the presence of both
electric and magnetic gyrotropic susceptibility components (Huygens matching). The positive and negative
imaginary susceptibilities indicate that the metasurface
is simultaneously active and lossy, respectively. It is this
combination of gain and loss that allows perfect rotation
in this lossless design. This design is naturally appropriate
if Faraday rotation is required. However, it is not optimal
in applications not requiring nonreciprocity, i.e. reciprocal gyrotropy, where the required loss and gain would
clearly represent a drawback.
Reciprocal gyrotropy may be achieved using bianisotropic chirality, i.e. which involves the parameter set
xx
yy
xx
yy
χem
, χem
, χ me
. Following the same synthesis proand χ me
cedure as before, we find
xx
yy
χem
= χem
=−

,

1.1547
j ,
k0

1.1547
j .
k0

(33)

(34)

Contrary to the susceptibilities in (27) and (28), those
in (33) and (34) perform the specified π/3 polarization
rotation “irrespectively” of the initial polarization of the
incident wave due to the gyrotropic nature of the metasurface. It appears that these susceptibilities violate the
reciprocity conditions in Eq. (12), and the metasurface
is thus “nonreciprocal”, which is a necessary condition
for polarization rotation with this choice of susceptibilities. Thus, the metasurface is a Faraday rotation surface,
13 If, for instance, the incident was polarized along x only, then only
the susceptibilities in Eq. (27) would be excited and the resulting
transmitted field would still be polarized along x, just with a reduced
amplitude with respect to that of the incident wave due to the loss
induced by these susceptibilities.
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2
3k0
2
3k0

j ,

j.

(35)

(36)

The corresponding metasurface is readily verified to
be reciprocal, passive, and lossless, as the susceptibility (35) and (36) satisfies condition (13). Therefore, if the
purpose of the metasurface is to simply perform polarization rotation in a given direction, without specification for
the opposite direction, this design is the most appropriate
of the three discussed, as it is purely passive, lossless, and
working for all incident polarizations.
Note that metasurfaces (33)–(36) correspond to
N(4) = 1 = 4/4.

4.3 M
 ore-than-four-parameter
transformation
In the previous section, we have seen how system (16) can
be solved by reducing the number of susceptibilities to
P = 4 parameters to match the number of GSTCs equations
and we have also seen some of the resulting single-transformation (N = 1, e.g. monoisotropic structure) or doubletransformation (N = 2, e.g. birefringence) metasurface
possibilities.
However, as mentioned in Section 4.1, the general
system of equation (16), given its 16 degrees of freedom
(16 susceptibility components), corresponds to a
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metasurface with the potential capability to perform “more
transformations” than a metasurface with 4 parameters,
or generally less than 16 parameters, N(16) > N(P < 16). In
what follows, we will see how system (16) can be solved for
several “independent” transformations, which includes
the possibility of differently processing waves incident
from either sides. To accommodate for the additional
degrees of freedom, a total of four wave transformations
are considered instead of only one as done in Section 4.2,
so that (16) becomes a full-rank system. The corresponding equations related to system (16) may then be written in
the compact form:
 ∆H y 1

 ∆H x 1

 ∆E y 1

 ∆E x 1

∆H y 2 ∆H y 3 ∆H y 4 

∆H x 2 ∆H x 3 ∆H x 4 
=
∆E y 2 ∆E y 3 ∆E y 4 

∆E x 2 ∆E x 3 ∆E x 4 

xx
 χ ee
 yx
 χ ee
 xx
 χ me
 yx
 χ me

xy
χ ee

xx
χ em

yy
χ ee

yx
χ em

xy
xx
χ me
χ mm
yy
yx
χ me
χ mm

 E x 1,av

 E y 1,av
⋅
 H x 1,av

 H y 1,av

xy

χ em

yy
χ em

xy 
χ mm 
yy 
χ mm




(37)

E x 2,av E x 3,av E x 4,av 

E y 2,av E y 3,av E y 4,av 
,
H x 2,av H x 3,av H x 4,av 

H y 2,av H y 3,av H y 4,av 

where subscripts 1–4 indicate the electromagnetic fields
corresponding to four distinct and “independent” sets of
waves.14 The susceptibilities can be obtained by matrix
inversion conjointly with the normalization (17). The
resulting susceptibilities will, in general, be all different
from each other. This means that the corresponding metasurface is both active/lossy and nonreciprocal.
Consider, for example, a metasurface with P = 8
parameters. In such a case, system (16) is underdetermined as it features four equations in eight unknowns.
This suggests the possibility to specify more than one
transformation, N > 1. Let us thus consider, for instance,
a monoanisotropic (eight-parameter) metasurface and
see whether such a metasurface can indeed perform

14 It is also possible to solve a system of equations that contains less
than these 16 susceptibility components. In that case, less than four
wave transformations should be specified so that the system remains
fully determined. For instance, two independent wave transformations (possessing both x- and y-polarizations) could be solved with
eight susceptibilities. Similarly, three wave transformations could be
solved with 12 susceptibilities.

two transformations. The corresponding system for two
transformation reads
 ∆H y 1

 ∆H x 1

 ∆E y 1

 ∆E x 1

∆H y 2 

∆H x 2 
=
∆E y 2 

∆E x 2 

xx
xy
 χ ee
χ ee
0
0   E x 1,av
 yx yy
 
0   E y 1,av
 χ ee χ ee 0
⋅

xx
xy  
 0 0 χ mm χ mm   H x 1,av

yx
yy  
 0 0 χ mm χ mm   H y 1,av

E x 2,av  

E y 2,av 
.
H x 2,av 

H y 2,av 

(38)

This system (38), being full-rank, automatically
admits a solution for the eight susceptibilities, i.e. N = 2.
The only question is whether this solution complies with
practical design constraints. For instance, the electric
and magnetic susceptibility submatrices are nondiagonal
and may therefore violate the reciprocity condition (12). If
nonreciprocity is undesirable or unrealizable in a practical situation, then one would have to try another set of
eight parameters.
If this eight-parameter metasurface performs only two
transformations, then one may wonder what is the difference with the four-parameter birefringent metasurface
in Eq. (18), which can also provide two transformations
with just four parameters. The difference is that the twotransformation property of the metasurface in Eq. (18) is
restricted to the case where the fields of the two transformations are orthogonally polarized,15 whereas the twotransformation property of the metasurface in Eq. (38) is
completely general.
As an illustration of the latter metasurface, consider
the two transformations depicted in Figure 4. The first
transformation, shown in Figure 4A, consists of reflecting
at 45° a normally incident plane wave. The second transformation, shown in Figure 4B, consists of fully absorbing
an incident wave impinging on the metasurface under 45°.
In both cases, the transmitted field is specified to be zero
for the first and second transformations. The transverse
components of the electric fields for the two transformations are, at z = 0, given by
Ei,1 =

2
2
− jk x
( xˆ + yˆ ), Er,1 =
( − cos θ r xˆ + yˆ )e x ,
2
2

(39)

15 For instance, if the fields of the first transformation are only
x-
polarized, the fields of the second transformation are only y-
polarized.
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A

B
θr = 45°

θi = 45°

λ0
100

λ0
100
x

x

z

z

Figure 4: Example of double-transformation metasurface: (A)
first transformation [corresponding to subscript 1 in Eq. (38)]: the
normally incident plane wave is fully reflected at a 45° angle and (B)
second transformation [corresponding to subscript 2 in Eq. (38)]:
the obliquely incident plane wave is fully absorbed.

Ei,2 =

2
− jk x
(cos θ i xˆ + yˆ )e x ,
2

(40)

respectively.
The synthesis is then performed by inserting the
electric field (39) and (40), and the corresponding magnetic fields, into Eq. (38). The susceptibilities are then
straightforwardly obtained by matrix inversion in Eq. (38).
For the sake of conciseness, we do not give them here, but
we point out that they include nonreciprocity, loss and
gain, and complex spatial variations.
This double-transformation response is verified by
full-wave simulation and the resulting simulations are
plotted in Figure 5. The two simulations in this figure
have been realized in the commercial FEM software

A

1

10

1103

COMSOL, where the metasurface is implemented as a
thin m
 aterial slab of thickness d = λ0/100.16 The simulation corresponding to the transformation of Figure 4A
is shown in Figure 5A, whereas the simulation corresponding to the transformation of Figure 4B is shown in
Figure 5B. The simulated results are in agreement with
the specification [Eqs. (39) and (40)], except for some
scattering due to the nonzero thickness of the full-wave
slab approximation.
The example just presented, where both transformations 1 and 2 include all the components of the fields,
corresponds to N(8) = 2 = 8/4, i.e. N(P) = P/4. However,
in the same manner as the birefringent metasurface
of (19) and (20), featuring N(4) = 2 > 4/4, i.e. specifically N(P) = P/2, the metasurface in Eq. (38) may lead
to N(P) > P/4. This depends essentially on whether the
specified transformations are composed of fields that
are either only x- or y-polarized or both x- and y-polarized. The two transformations given by the fields (39)
and (40) are both x- and y-polarized, which thus limits
the number of transformations to N(P) = P/4. If the
transformation given by Eq. (40) was specified such that
Eiy, 2 = 0 (i.e. no polarization along y), then this would
release degrees of freedom and hence allow a triple
transformation, i.e. N(8) = 3 > 8/4. In addition, if the first
transformation, given by Eq. (39), also had transverse
components of the electric field polarized only along x
or y, then we could achieve N(8) = 4 > 8/4 transformations. These considerations illustrate the necessity to
perform educated selections in the metasurface synthesis procedure, as announced in Section 4.1.
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Figure 5: Eight-parameter metasurface simulations: COMSOL
simulated normalized absolute value of the total electric field
corresponding to (A) the transformation in Figure 4A and (B) the
transformation in Figure 4B.

0

4.4 M
 etasurface with nonzero normal
polarizations
Thus far, we have discarded the possibility of normal
polarizations by enforcing Pz = Mz = 0 in Eqs. (2)–(5). This
is not only synthesis-wise convenient, as this suppresses
the spatial derivatives in Eqs. (2)–(5), but also typically
justified by the fact that any electromagnetic field can be
produced by purely tangential surface currents/polarizations according to Huygens theorem. It was accordingly
claimed in Ref. [103] that these normal polarizations, and
corresponding susceptibility components, do not bring
16 The synthesis technique yields the susceptibilities for an ideal
zero-thickness metasurface. However, the metasurface sheet may
be “approximated” by an electrically thin slab of thickness d (d  λ)
with volume susceptibility corresponding to a diluted version of the
surface susceptibility, i.e. χvol = χ/d [80].
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about any additional degrees of freedom and can thus be
completely ignored. It turns out that this claim is generally not true: in fact, Pz and Mz provide extra degrees of
freedom that allow a metasurface to perform a larger
number of distinct operations for “different incident field
configurations” and “at different times”.
Huygens theorem “exclusively” applies to a “single”
(arbitrarily complex) combination of incident, reflected,
and transmitted waves. This means that any metasurface,
possibly involving normal polarizations, which performs
the specified operation for such a single combination
of fields, can be reduced to an equivalent metasurface
with purely transverse polarizations. However, Huygens
theorem does not apply to case of waves impinging on the
metasurface at “different times”. Indeed, it is in this case
impossible to superimpose the different incident waves to
form a total incident field as they are not simultaneously
illuminating the metasurface. Consequently, a purely tangential description of the metasurface is incomplete, and
normal polarizations thus become necessary to perform
the synthesis.
In fact, the presence of these normal susceptibility
components greatly increases the number of degrees of
freedom as the susceptibility tensors are now 3 × 3 matrices instead of 2 × 2 as in Eq. (16). This means that, for
the four relevant GSTCs equations, we have now access
to 36 unknown susceptibilities, instead of only 16, which
increases the potential number of electromagnetic transformations from 4 to 9, provided that these transformations include fields that are independent from each
other.
The synthesis of metasurfaces with nonzero normal
polarization densities may be performed following similar
procedures as those already discussed. As before, one
needs to balance the number of unknown susceptibilities to the number of available equations provided by the
GSTCs. Depending on the specifications, this may become
difficult as many transformations may be required to
obtain a full-rank system. Additionally, if the specified
transformations involve changing the direction of wave
propagation, then system (2)–(5) becomes a coupled
system of partial differential equations in terms of the susceptibilities as the latter would now depend on the position. This generally prevents the derivation of closed-form
solutions of the susceptibilities, which should rather be
obtained numerically. However, we will now provide an
example of a synthesis problem, where the susceptibilities are obtainable in closed form.
More specifically, we discuss the synthesis and
analysis of a reciprocal metasurface with controllable
angle-dependent scattering [104–106]. To synthesize this

x
z
Et,3

Ei,1

θt,3

θi,1

Et,2

Ei,2
θi,3

θt,1
Ei,3

Et,1

Figure 6: Multiple scattering from a uniform bianisotropic reflectionless metasurface.

metasurface, we consider the three “independent”17 transformations depicted in Figure 6.
Specifying these three transformations allows one
to achieve a relatively smooth control of the scattering response of the metasurface for any nonspecified
incidence angles.
For simplicity, we specify that the metasurface does not
change the direction of wave propagation, which implies
that it is uniform, i.e. susceptibilities are not functions of
position. Moreover, we specify that it is also reflectionless
and only affects the transmission phase of p-polarized
incident waves as function of their incidence angle.
To design this metasurface, we consider that it may
be composed of a total number of 36 susceptibility components. However, as all the waves interacting with the
metasurface are p-polarized, most of these susceptibilities
will not be excited by these fields and thus will not play a
role in the electromagnetic transformations. Accordingly,
the only susceptibilities that are excited by the fields are
xx
xz
xy
 χee

 0 χem
0 χee
0




χee =  0 0 0  , χem =  0 0 0 ,
 χ zx 0 χ zz 
 0 χ zy 0
ee
ee
em

(41)

 0 0 0
 0 0 0 
 yx


yz 
yy
χ me =  χ me 0 χ me  , χ mm =  0 χ mm
0 ,
 0 0 0 
 0 0 0

(42)

17 It is essential to understand that these three sets of incident and
transmitted waves “cannot” be combined, by superposition, into a
single incident and a single transmitted wave because these waves
are not necessarily impinging on the metasurface at the same time.
This means that Huygens theorem cannot be used to find purely tangential equivalent surface currents corresponding to these fields.
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xx
xz
xy
∆H y = − j ωε0 ( χee
E x ,av + χ ee
E z ,av ) − jk0 χ em
H y ,av ,

(43)

yy
xy
zy
∆E x = − j ωµ0 χ mm
H y ,av + jk0 ( χ em
E x ,av + χ em
E z ,av )

xz
zz
zy
− χee ∂ x E x ,av − χee ∂ x E z ,av − η0 χem ∂ x H y ,av ,

(44)

where the spatial derivatives only apply to the fields and
not to the susceptibilities as the latter are not functions
space due to the uniformity of the metasurface.
System (43) and (44) contains two equations in six
unknown susceptibilities and is thus underdetermined.
To solve it, we apply the multiple transformation concept
discussed in Section 4.3, which consists of specifying
three independent sets of incident, reflected, and transmitted waves. These fields can be simply defined by their
respective reflection (R)18 and transmission (T) coefficients
as well as their incidence angle (θi). In our case, the metasurface exhibits a transmission phase shift, φ, which is the
j φ( θ )
function of the incidence angle, i.e. T = e i .
Let us consider, for instance, that the three incident
plane waves impinge on the metasurface at θi,1 = − 45°,
θi,2 = 0°, and θi,3 = + 45° and are transmitted at θt = θi with
transmission coefficients T1 = e−jα, T2 = 1, and T3 = ejα, where
α is a given phase shift. Solving relation (43) and (44)
with these specifications yields the following nonzero
susceptibilities:

T ( θ i ) = −1 +

A

18 Here, R = 0 as the metasurface is reflectionless by specification.

 α
1 − j 2 sin( θ i )tan  
 2

,

(46)

1

|T | = 1

|T | = 1

|T | = 1

0

45

0.8
0.6
0.4
0.2
0
–90

–45

90

θi (°)

B
135

(45)

It can be easily verified that these susceptibilities
satisfy the reciprocity, passivity, and losslessness conditions (13).
As susceptibility (45) corresponds to the only solution
of system (43) and (44) for our specifications and as these
susceptibilities correspond to the excitation of normal
polarization densities, the normal polarizations are
indeed useful and provide additional degrees of freedom.
This proves the claim in the first paragraph of this section
that normal polarizations lead to metasurface functionalities that are unattainable without them.

2

while the reflection coefficient is R(θi) = 0.
To illustrate the angular behavior of the transmission coefficient in Eq. (46), it is plotted in Figure 7 for a

∠T = 90°

90
Phase (°)

 α
2 2
xz
zx
tan   .
χee
= χee
=

k0
2

Now that the metasurface has been synthesized, we
analyze its scattering response for all (including nonspecified) incidence angles. For this purpose, we substitute susceptibility (45) into (43) and (44) and consider an
incident wave, impinging on the metasurface at an angle
θi, being reflected and transmitted with unknown scattering parameters. System (43) and (44) can then be solved to
obtain these unknown scattering parameters for any value
of θi. In our case, the analysis is simple because the metasurface is uniform, which means that the reflected and
transmitted waves obey Snell laws. The resulting angulardependent transmission coefficient is

Amplitude

where the susceptibilities not excited have been set to
zero for simplicity. To satisfy the aforementioned specification of reciprocity, condition (12) must be satisfied. This
xy
yx
xz
zx
zy
yz
= χee
, χem
= − χ me
= − χ me
. As a conimplies that χee
and χem
sequence, the total number of independent susceptibility
components in (41) and (42) reduces from 9 to 6.
Upon insertion of (41) and (42), the GSTCs in Eqs. (2)
and (3) become

45

∠T = 0°

0
–45

∠T = –90°

–90
–135
–90

–45

0

45

90

θi (°)
Figure 7: Transmission amplitude (A) and phase (B) as functions of
the incidence angle for a metasurface synthesize for the transmission coefficients T = {e−j90°;1;ej90°} (and R = 0) at the respective
incidence angles θi = { − 45°;0°; + 45°}.
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specified phase shift of α = 90°. As expected, the transmission amplitude remains unity for all incidence angles,
whereas the transmission phase is asymmetric around
broadside and covers about a 220°-phase range.

4.5 R
 elations with scattering parameters
and implementation
We have seen how a metasurface can be synthesized to
obtain its susceptibilities in terms of specified fields. We
shall now investigate how the synthesized susceptibilities
may be related to the shape of the scattering particles that
will constitute the metasurfaces to be realized. Here, we
will only present the mathematical expressions that relate
the susceptibilities to the scattering particles. The reader
is referred to [42, 83–90, 98, 107, 108] for more information
on the practical realization of these structures.
The conventional method to relate the scattering particle shape to equivalent susceptibilities (or material parameters) is based on homogenization techniques. In the
case of metamaterials, these techniques may be used to
relate homogenized material parameters to the scattering
parameters of the scatterers. From a general perspective,
a single isolated scatterer is not sufficient to describe an
homogenized medium. Instead, we shall rather consider
a periodic array of scatterers, which takes into account
the interactions and coupling between adjacent scatterers, hence leading to a more accurate description of
a “medium” compared to a single scatterer. The susceptibilities, which describe the macroscopic responses of
a medium, are thus naturally well-suited to describe the
homogenized material parameters of metasurfaces. It
follows that the equivalent susceptibilities of a scattering
particle may be related to the corresponding scattering
parameters, conventionally obtained via full-wave simulations, of a periodic array made of an infinite repetition
of that scattering particle [83, 84, 109, 110].
Because the periodic array of scatterers is uniform
with subwavelength periodicity, the scattered fields obey
Snell laws. More specifically, if the incident wave propagates normally with respect to the array, then the reflected
and transmitted waves also propagate normally. In most
cases, the periodic array of scattering particles is excited
with normally propagating waves. This allows one to
obtain the 16 “tangential” susceptibility components in
Eq. (37). However, it does not provide any information
about the normal susceptibility components of the scattering particles. This is because, in the case of normally
propagating waves, the normal susceptibilities do not
induce any discontinuity of the fields, as explained in

Section 4.1. Nevertheless, this method allows one to match
the tangential susceptibilities of the scattering particle to
the susceptibilities found from the metasurface synthesis
procedure and that precisely yields the ideal tangential
susceptibility components.
It is clear that the scattering particles may, in addition to their tangential susceptibilities, possess nonzero
normal susceptibility components. In that case, the scattering response of the metasurface, when illuminated
with obliquely propagating waves, will differ from the
expected ideal behavior prescribed in the synthesis. Consequently, the homogenization technique serves only as
an initial guess to describe the scattering behavior of the
metasurface.19
We will now derive the explicit expressions relating
the tangential susceptibilities to the scattering parameters
in the general case of a fully bianisotropic uniform metasurface surrounded by different media and excited by normally incident plane waves. Let us first write system (37)
in the following compact form:
∆ = χ ⋅ Av ,

(47)

where matrices ∆, χ and Av correspond to the field differences, the normalized susceptibilities, and the field averages, respectively.
To obtain the 16 tangential susceptibility components
in Eq. (37), we will now define four transformations by
specifying the fields on both sides of the metasurface. Let
us consider that the metasurface is illuminated from the
left with an x-polarized normally incident plane wave.
The corresponding incident, reflected, and transmitted
electric fields read
Ei = xˆ , Er = S11xx xˆ + S11yx yˆ , Et = S21xx xˆ + S21yx yˆ ,

(48)

uv
, with a, b = {1, 2} and u, v = {x, y}, are
where the terms Sab
the scattering parameters with ports 1 and 2 corresponding to the left and right sides of the metasurface, respectively, as shown in Figure 8.
The medium of the left of the metasurface has the
intrinsic impedance η1, whereas the medium on the right
has the intrinsic impedance η2. In addition to Eq. (48), three
other cases have to be considered, i.e. y-polarized excitation incident from the left (port 1) and x- and y-polarized

19 Note that is possible to obtain all 36 susceptibility components of
a scattering particle provided that the four GSTC relations are solved
for nine independent sets of incident, reflected, and transmitted
waves. In practice, such an operation is particularity tedious and is
thus generally avoided.
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S = M1−1 ⋅ M 2 ,

PBC

S S 
S =  11 12  ,
 S21 S22 

x
z
y
Port 1

Figure 8: Full-wave simulation setup for the scattering parameter
technique leading to the metasurface physical structure from the
metasurface model based on Eq. (47).
The unit cell is surrounded by PBCs and excited from ports 1 and 2.

excitations incident from the right (port 2). Inserting these
fields into Eq. (37) leads, after simplification, to matrices
∆ and Av given below:
∆=
 −N / η + N ⋅ S / η + N ⋅ S / η −N / η + N ⋅ S / η + N ⋅ S / η 
2
1
2
11
1
2
21
2
2
2
2
12
1
2
22
2

,
 − N ⋅ N − N ⋅ N ⋅ S 11 + N ⋅ N ⋅ S 21 N ⋅ N − N ⋅ N ⋅ S + N ⋅ N ⋅ S 
 1 2
1
2
1
2
1
2
1
2
12
1
2
22 

(49)
Av =


I + S11 + S21
I + S12 + S22
1

.
2  N / η − N ⋅ S / η + N ⋅ S / η − N / η − N ⋅ S / η + N ⋅ S / η 
1
1
1
11
1
1
21
2
1
2
1
12
1
1
22
2

(50)
where the matrices Sab , I , N 1 and N 2 are defined by

 0 −1
N1 = 
,
 1 0 

 1 0
I =
,
 0 1 

1 0
N2 = 
.
 0 −1

(52)

where the scattering parameter matrix, S , is defined as

Port 2

xx
xy
 Sab

Sab
Sab =  yx yy  ,
 S S 
ab
ab
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(51)

Now, the procedure to obtain the susceptibilities of a
given scattering particle is as follows: first, the scattering
particle is simulated with periodic boundary conditions
(PBCs) and normal excitation. Second, the resulting scattering parameters obtained from the simulations are used
to define the matrices in Eqs. (49) and (50). Finally, the
susceptibilities corresponding to the particle are obtained
by matrix inversion of Eq. (47).
Alternatively, it is possible to obtain the scattering
parameters of a normally incident plane being scattered
by a uniform metasurface with known susceptibilities
[111]. This can be achieved by solving Eq. (47) for the
scattering parameters. This leads to the following matrix
equation:

(53)

and matrices M1 and M 2 are obtained from Eqs. (47), (49),
and (50) by expressing the scattering parameters in terms
of the normalized susceptibility tensors. The resulting
matrices M1 and M 2 are given below:
M1 =
 N / η − χ / 2 + χ ⋅ N /(2 η ) N / η − χ / 2 − χ ⋅ N /(2 η ) 
2
1
ee
em
1
1
2
2
ee
em
1
2

,
 − N ⋅ N − χ / 2 + χ ⋅ N /(2 η ) N ⋅ N − χ / 2 − χ ⋅ N /(2 η )
1
2
me
mm
1
1
1
2
me
mm
1
2

(54)
M2 =
 χ / 2 + N / η + χ ⋅ N /(2 η ) χ / 2 + N / η − χ ⋅ N /(2 η ) 
ee
2
1
em
1
1
ee
2
2
em
1
2

.




 χ me / 2 + N 1 ⋅ N 2 + χ mm ⋅ N 1 /(2 η1 ) χ me / 2 − N 1 ⋅ N 2 − χ mm ⋅ N 1 /(2 η2 )

(55)
Thus, the final metasurface physical structure is
obtained by mapping the scattering parameters (53)
obtained from the discretized synthesized susceptibilities by Eq. (52) via Eqs. (54) and (55) to those obtained by
full-wave simulating metasurface unit cells with tunable
parameters, in an approximate periodic environment, as
illustrated in Figure 8. Unfortunately, there is currently
no straightforward method to relate the susceptibilities
found from the synthesis to the specific geometry of the
scattering particles and one therefore has to strongly
rely on numerical simulations and optimizations in that
step of the synthesis. Note that group theory has been
proposed as a potential mathematical tool to relate the
geometry of the scattering particles to their effective susceptibilities [112–114]. However, this approach has not
been widely used thus far, and less elegant but still quite
efficient empirical approaches are preferred at this point.
A typical unit cell structure allowing arbitrary
designs, at least at microwave frequencies, is a stack of
three metallic layers separated by dielectric spacers [86,
115–117]. In this structure, the metallic layers may for
instance take the shape of Jerusalem crosses similar to
that depicted in Figure 8. The advantage of this geometry
is that the x- and y-polarizations may be almost independently controlled by varying the dimensions of the arms
of the crosses.
The unit cell may be longitudinally symmetric (same
outer layers) or asymmetric. In the symmetric case,
the two lowest resonant modes of the entire structure
may be decomposed into even and odd modes, which
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respectively correspond to electric and magnetic dipolar
resonances. Controlling the overall response of the unit
cell is thus achieved by tuning its electric and magnetic
responses, which leads to different values of the susceptibilities. Due to symmetry, the magnetic response is
controlled by changing only the two outer layers as, for
the odd mode, there is no current flowing on the middle
layer. In contrast, the geometry of the three layers affects
the electric response. Accordingly, the general procedure
to implement a unit cell so that it exhibits the susceptibilities obtained from the synthesis is as follows: first,
the magnetic susceptibility is obtained by changing the
geometry of the unit cell outer layers. Then, the electric
susceptibility is obtained by changing the geometry of
the remaining middle layer. If the unit cell is asymmetric,
then the two lowest resonances cannot split into even and
an odd modes as they are now coupled to each other. Due
to this asymmetry, and resulting mode coupling, the unit
cell exhibits more degrees of freedom, which incidentally
allows one to implement bianisotropic metasurfaces.
Implementing unit cell structures made of three
metallic layers is also possible at optical frequencies [83].
However, such structures are practically difficult to realize
using current fabrication processes. A more practical
optical unit cell structure would be one based on dielectric resonators [118–120]. Such resonators, which naturally possess electric and magnetic resonances, typically
have a cylindrical or elliptical cross-section for isotropic
or anisotropic field control, respectively. Their design is
much simpler than that of the three-layer structures, as
their responses are generally controlled by tuning only
the radius for the cylindrical ones and the ellipticity and
orientation for the elliptical ones.
Due to the subwavelength unit cell period of metasurfaces, coupling between the scattering particles is
unavoidable. However, strong coupling is not necessarily
detrimental. Indeed, it may help reducing the overall unit
cell size via increased field interactions and it may also be
leveraged to increase the bandwidth of the structure [121].
In cases where coupling would be detrimental, it is
practically difficult to address it otherwise than resorting
to brute-force numerical optimization tools of full-wave
simulation software. Nevertheless, in the case of spatially
varying metasurfaces, it is possible to reduce the detrimental effects of coupling by ensuring slow spatial variations compared to the unit cell size. Then, the scattering
particles of adjacent unit cells are almost identical to each
other, meaning that the coupling between them is also
almost identical to that when they were initially simulated
in a perfectly periodic environment. This greatly simplifies the realization of spatially varying metasurfaces as
their implementation becomes much less cumbersome.

5 Concepts and applications
In the previous section, we have shown several metasurface examples as “illustrations” of the proposed synthesis technique. These examples did not necessarily
correspond to practical designs but, in addition to illustrating the proposed synthesis technique, they did set up
the stage for the development of useful and practical concepts and applications, which is the object of the present
section.
We shall present here five of our most recent works
representing novel concepts and applications of metasurfaces. In the order of appearance, we present our work
on birefringent transformations [98, 122], bianisotropic
refraction [123], light emission enhancement [124], remote
spatial processing [125], and nonlinear second-harmonic
generation (SHG) [96]. The reader is also referred to our
related works on nonreciprocal nongyrotropic isolators
[126], dielectric metasurfaces for dispersion engineering
[127], and radiation pressure control [128].

5.1 Birefringent operations
A direct application of the synthesis procedure discussed
in Section 4, and more specifically of the susceptibilities
in (19) and (20), is the design of birefringent metasurfaces.
These susceptibilities are split into two independent sets
that allow to individually control the scattering of s- and
p-polarized waves. In particular, the manipulation of the
respective transmission phases of these orthogonal waves
allows several interesting operations.
In Ref. [122], we have used this approach to realize
half-wave plates, which rotate the polarization of linearly
polarized waves by 90° or invert the handedness of circularly polarized waves, quarter-wave plates that convert
linear polarization into circular polarization, a polarization beam splitter that spatially separates orthogonally
polarized waves, and an orbital angular momentum generator that generates topological charges that depend
on the incident wave polarization. These operations are
depicted in Figure 9.

5.2 “Perfect” refraction
Most refractive operations realized thus far with a metasurface have been based on the concept of the generalized
law of refraction [43], which requires the implementation
of a phase gradient structure. However, such structures are
plagued by undesired diffraction orders and are thus not
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Half-wave plate

Polarization beam splitter

Quarter-wave plate

OAM generation

Figure 9: Birefringent metasurface transformations presented in
Ref. [122].

fully efficient. It turns out that the fundamental reason for
this efficiency limitation is the symmetric nature of simple
(early as in Ref. [43]) refractive metasurfaces with respect
to the z-direction. This can be demonstrated by the following ad absurdum argument.
Let us consider a passive metasurface surrounded by
a given reciprocal20 medium and denote the two sides of
the structure by indices 1 and 2. Assume that this metasurface “perfectly” refracts (without reflection and spurious diffraction) a wave incident under the angle θ1 in
side 1 to the angle θ2 in side 2, and assume, ad absurdum,
that this metasurface is “symmetric” with respect to its
normal. As it is reciprocally perfectly refracting, it is perfectly matched for both propagation directions: 1–2 and
2–1. Consider first wave propagation from side 1 to side 2.
Due to perfect matching, the wave experiences no reflection and, due to perfect refraction, it is fully transmitted
to the angle θ2 in side 2. Consider now wave propagation
in the opposite direction along the reciprocal (or timereversed) path. Now, the wave incident in side 2 has different tangential field components than that incident in
side 1, assuming θ2 ≠ θ1; therefore, it will see a different
impedance, which means that the metasurface is necessarily mismatched in the direction 2–1. However, this is
in contradiction with the assumption of perfect (reciprocal) refraction. Consequently, the symmetric metasurface
does not produce perfect refraction. Part of the wave incident from side 2 is reflected back; therefore, by reciprocity, matching also did not actually exist in the direction
1–2, so all of the energy of the wave incident under θ1 in
side 1 cannot completely refract into θ2; part of it has to be

20 The quasi-totality of the refracting metasurfaces discussed in the
literature thus far has been reciprocal. The following argument does
not hold for the nonreciprocal case, where perfect refraction could in
principle be achieved by a symmetric metasurface structure.
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transmitted to other directions in side 2, which typically
represents spurious diffraction orders assuming a periodic-gradient metasurface. These diffraction orders are
consistently visible in reported simulations and experiments of symmetric metasurfaces intended to perform
refraction.
It was demonstrated in Refs. [116, 123] that “bianisotropy” was the solution to realize perfect (reciprocal)
refraction (100% power transmission efficiency from θ1
to θ2). In what follows, we summarize the main synthesis
steps for such a metasurface.
Let us consider the bianisotropic GSTC relations
in Eq. (16). For a refractive metasurface, the rotation
of polarization is not required and usually undesired.
Therefore, the relevant nonzero susceptibility components reduce to the diagonal components of χee and χ mm
and the off-diagonal components of χem and χ me . This corresponds to 4 × 2 = 8 susceptibility parameters, leading,
according to Section 4.3, to the double-transformation
full-rank system
 ∆H y 1

 ∆H x 1

 ∆E y 1

 ∆E x 1

∆H y 2 

∆H x 2 
=
∆E y 2 

∆E x 2 

xx
xy
 χ ee
  E x 1,av
0
0 χ em

 
yy
yx
 0 χ ee χ em 0   E y 1,av

 ⋅
xy
xx
 0 χ me χ mm 0   H x 1,av
 yx
yy  
0 χ mm
 χ me 0
  H y 1,av

E x 2,av  

E y 2,av 
,
H x 2,av 

H y 2,av 

(56)

where we naturally specify the second transformation as
the reciprocal of the first one. Assuming that the refraction takes places in the xz-plane and that the waves are all
p-polarized, system (56) reduces to
xx
xy
  E x 1,av E x 2,av 
 ∆H y 1 ∆H y 2   χ ee
χ em
=
⋅



 ,
yx
yy  
 ∆E x 1 ∆E x 2   χ me χ mm   H y 1,av H y 2,av 

(57)

which strictly corresponds to a system that is N(4) = 2,
although the initial goal might have been to perform
refraction in one propagation direction only. An illustration of the first and second transformations is presented in
Figure 10A and B, respectively. Note that subscripts i and
t, respectively, refer to the incident and transmit sides of
the metasurface rather than the incident and transmitted
waves.
The electromagnetic fields on the incident and transmit sides of the metasurface, assuming that the media on
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A

B
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x
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Ψ1,i

z

z

y

y

Figure 10: Representation of the two transformations specified in
system (57): (A) first transformation corresponding to the fields in
(58) and (59) and (B) second transformation corresponding to the
fields in (60) and (61).

both sides are vacuum and that correspond to the first
transformation, read
E x 1,i =

k z ,i
k0

H y 1,i = e

e

− jkx ,i x

− jkx ,i x

, E x 1,t = At

k z ,t
k0

/ η0 , H y 1,t = At e

e

− jkx ,t x

− jkx ,t x

,

(58)

/ η0 ,

(59)

where At is the amplitude of the wave on the transmit side.
The fields corresponding to the second transformation
read
E x 2,i = −

k z ,i
k0

H y 2,i = e

e

jkx ,i x

jkx ,i x

, E x 2,t = − At

k z ,t

/ η0 , H y 2,t = At e

k0

e

jkx ,t x

jkx ,t x

,

(60)

/ η0 .

(61)

refractive metasurface with susceptibility (62)–(64)
corresponds to a reciprocal, passive, and lossless structure, in addition to being immune to reflection and
spurious diffraction, and is hence a perfectly refractive
metasurface.
To demonstrate the performance of the synthesis
method, we have built two bianisotropic refractive
metasurfaces [123]. They respectively transform an incident wave impinging at θi = 20° into a transmitted wave
refracted at θi = − 28° and a normally incident wave into
a transmitted wave refracted at θi = − 70°. The full-wave
simulations corresponding to these transformations are
plotted in Figure 11A and B, respectively. The simulated
power transmission of these two structures is 86.7%
and 83.2%, respectively. These efficiencies are mostly
limited to the inherent dielectric and metallic losses of
the s cattering particles and, to a lesser extent, to the
undesired diffraction orders due to the imperfection
of these particles. A corresponding metasurface was
demonstrated in Ref. [123] with an efficiency (79%) that
is approximately 4% superior to the theoretical limit
of a “lossless” monoanisotropic metasurface, hence
unquestionably demonstrating the superiority of the
bianisotropic design.

To ensure power conservation between the incident
and transmitted waves, the amplitude of the transmitted
wave must be At = k z ,i / k z ,t = cos θ i / cos θ t , as shown in
Ref. [123]. Under this condition, the metasurface susceptibilities, obtained by substituting (58), (59) and (60), (61)
into (57) and considering the normalization (17), read
xx
=
χee

yy
χ mm
=

4sin( αx )
β cos( αx ) + β2 − γ 2

,

β2 − γ 2
4sin( αx )
,
4k02 β cos( αx ) + β2 − γ 2

xy
yx
= − χ me
=
χem

2j
γ cos( αx )
,
k0 β cos( αx ) + β2 − γ 2

(62)

(63)

(64)

where α = kx,t – kx,i, β = kz,i + kz,t, and γ = kz,i – kz,t. It can
be easily verified, using Eq. (13), that the bianisotropic

Figure 11: Full-wave simulations showing the performance of two
refractive metasurfaces [123].
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Figure 13: Coherent modulator metasurface.
The signal and control beams are impinging on the metasurface at
different angles to avoid collocation of their source. The amplitude
of the transmitted wave depends on the phase difference between
the two beams by interference.

10
5
0
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Metasurface remote spatial processing, introduced in
Ref. [125], consists of controlling the transmission of a
signal beam through a metasurface by remotely sending
a control beam, which properly interferes with the signal
beam. This interference is thus used to shape the metasurface transmission pattern by varying the phase and/or
amplitude of the control beam.
Figure 12 presents an example of such remote spatial
processing. Initially, the signal beam (in blue) in Figure 2A
is refracted by the metasurface according to some initial
specification. When the control beam (in red) is next added
to the signal beam on the metasurface, as in Figure 12B, it
changes the overall radiation pattern of the metasurface.
We have used this concept to implement remote
spatial switch/modulators. The operation principle of
such a modulator is presented in Figure 13. To avoid the
collocation of the control and signal beam sources, the
control beam impinges on the metasurface at an angle
while the signal beam is normally incident. To independently control the transmission of both beams, they must
be orthogonally polarized on the incident side of the metasurface. However, they must exhibit the same polarization
on the transmit side to interfere. In Ref. [125], we show that
such a transformation can only be achieved using a bianisotropic metasurface, which must also be chiral to rotate
the polarization of the control beam. On the transmit side,
the two beams interfere and the corresponding amplitude
thus depends of the phase difference between them.
The fabricated metasurface performing the operation
depicted in Figure 13 has been experimentally measured,
and the corresponding results are plotted in Figure 14 for
an operating frequency of 16 GHz.
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−30
−35
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18

Frequency (GHz)
Figure 14: Measured transmission coefficients for the metasurface
in Figure 13.
The blue curve is the transmission of the signal beam only, whereas
the black and green curves are the destructive and constructive
interferences of the signal and control beams, respectively.

5.4 Light emission enhancement

Figure 12: Example of a remote spatial processing operation: (A)
signal beam being refracted by the metasurface and (B) superposition of signal and control beams interacting with each other, which
leads to a different transmitted wave.

In the perspective of enhancing the efficiency of lightemitting diodes (LEDs), we have reported in Ref. [124] a
partially reflecting metasurface cavity (PRMC) increasing
the emission of photon sources in layered semiconductor
structures using the susceptibility-GSTC technique presented in this paper. This PRMC simultaneously enhances
the light extraction efficiency (LEE), spontaneous
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emission rate (SER), and far-field directivity of the photon
source.
The LEE is enhanced by enforcing the emitted light to
optimally refract/radiate perpendicularly to the device.
Such refraction suppresses the wave trapping loss, as represented in Figure 15A. The requirement of total normal
refraction, as represented in Figure 15B, is excessively
stringent, leading to susceptibilities with prohibitive
spatial variations, and is not required in this application.
A better strategy consists, as illustrated in Figure 15C, in
allowing partial local reflection and ultimately collecting
the reflected part of the energy by Fabry-Perot resonance
in the PRMC formed with a mirror plane at the bottom of
the slab. The double-metasurface cavity, as depicted in
Figure 15D, is an even more sophisticated design, leading
to dramatic LEE enhancement.
The SER is enhanced by maximizing the confinement
of coherent electromagnetic energy in the vicinity of the
source and leveraging the Purcell effect, which is particularly well achieved in the double-metasurface PRMC
(Figure 15D). Finally, the far-field directivity is maximized
as an optimization tradeoff for maximal overall power
conversion ratio.
Figure 16 shows the full-wave simulated flux densities for the designs of Figure 15A and D, where the latter
features LEE and SER enhancements by factors of 4.0
and 1.9, respectively, with half-power beam width of
22.5°.
The case of a real LED is more complex due to the
incoherence and distribution emission of the quantum
well emitters. Different metasurface strategies are currently being investigated to maximize the power conversion efficiency of a complete LED.
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Figure 16: Full-wave (COMSOL) simulated energy flux densities
for a dipole emitter embedded in a GaN slab: (A) configuration of
Figure 15A and (B) configuration of Figure 15D.
Original images from Ref. [124].

5.5 Second-order nonlinearity
Thus far, we have only discussed linear metasurfaces, i.e.
metasurfaces whose polarization densities are linear functions of the electric and magnetic fields. Given the wealth
of potential applications of nonlinear metasurfaces, it is
highly desirable to develop tools for the design of such
metasurfaces. Therefore, we extended our susceptibilityGSTC technique to the case of a second-order nonlinear
metasurface in Ref. [96].
In this case, the polarization densities can be
written as
P = ε0 χ(1)
⋅ Eav + ε0 χ(2)
: Eav Eav ,
ee
ee

(65)

M = χ(1)
⋅ H av + χ(2)
: H av H av ,
mm
mm

(66)

where χ(1) and χ(2) are to the linear and nonlinear (secondorder) susceptibilities of the metasurface. For the sake of
simplicity, we assume that these susceptibility tensors
are scalar. Being nonlinear, the metasurface will generate
harmonics of the excitation frequency ω0. Consequently,
we have to express the GSTCs in Eqs. (2)–(5) in the timedomain to properly take into account the generation of
these new frequencies. The relevant GSTCs are then, in the
case of x-polarized waves, given by21
− ∆H = ε0 χ(1)
ee

− ∆E = µ0 χ(1)
mm
Figure 15: Radiation of a light source (quantum well) embedded in
a semiconductor (e.g. GaN) substrate: (A) bare structure; (B) reflectionless metasurface, placed on top of the slab, which collimates
the dipole fields; (C) introduction of PRMC; and (D) double-metasurface cavity, with partially reflective top metasurface and fully
reflective bottom metasurface.

0
–1

∂
∂
E + ε χ(2) E 2 ,
∂t av 0 ee ∂t av

(67)

∂
∂ 2
H + µ0 χ(2)
H ,
mm
∂t av
∂t av

(68)

21 In these expressions, the susceptibilities are dispersion less.
Meaning that χ(ω0) = χ(2ω0) = χ(3ω0) = …, as discussed in Ref. [96],
which is essentially equivalent to the conventional condition of
phase-matching in nonlinear optics.
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where E and H are the x-component of the electric field and
the y-component of the magnetic field, respectively. From
these relations, we can either perform a synthesis, i.e.
expressing the susceptibilities as functions of the fields,
or an analysis, i.e. computing the fields scattered from a
metasurface with known susceptibilities. Here, for the
sake of briefness, we will not elaborate on the synthesis
and analysis operations but shall rather present one of the
main results obtained in Ref. [96], which are the reflectionless conditions for the metasurface. The metasurface with
susceptibility (67) and (68) exhibit different reflectionless
conditions for the two propagation directions as, due to the
presence of the square of both the electric and magnetic
fields, relation (67) and (68) is asymmetric with respect to
the z-direction. It follows that the reflectionless conditions
for waves propagating in the forward (+z) direction are
χ(1)
= χ(1)
,
ee
mm 

(69)

η0 χ(2)
= χ(2)
,
ee
mm 

(70)

[2]

[3]

[4]

[5]

[6]
[7]
[8]
[9]
[10]

whereas for backward (-z) propagation they are
χ(1)
= χ(1)
,
ee
mm 

(71)

− η0 χ(2)
= χ(2)
.
mm 
ee

(72)

An important consequences of the fact that the metasurface cannot be matched from both sides is that its SHG
is inherently nonreciprocal.

6 Conclusions

[11]
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[14]
[15]

[16]

We have presented an overview of electromagnetic metasurface designs, concepts, and applications based on a
bianisotropic surface susceptibility tensor model. This
overview probably represents only a small fraction of this
approach, which nevertheless already represents a solid
foundation for future metasurface technology.
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