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Abstract: This document provides supplementary informa-
tion to “Bound states in the continuum and strong phase
resonances in integrated Gires–Tournois interferometer”.
Discussion of the scattering channels of the integrated Gires–
Tournois interferometer is presented. Detailed derivations
of the bound state in the continuum (BIC) condition and
of the topological charge of the BIC are given. Influence of
the non-radiative losses on the resonant optical properties
of the structure is discussed.

1 Scattering channels

Let us discuss the scattering channels of the investigated
integrated structure. As it is mentioned in the main text of
the paper, in the general case, the scattered field contains
the reflected TE- and TM-polarized guided modes of the
waveguide in region A as well as a continuum of “parasitic”
non-guided waves scattered out of the waveguide. However,
let us show that this is not the case at relatively large angles
of incidence 𝜃.

From the dispersion relation of a slab waveguide [1], it
follows that 𝑛TE,inc > 𝑛TM,inc > max(𝑛sub, 𝑛sup), where
𝑛TE,inc and 𝑛TM,inc are the effective refractive indices of
the TE- and TM-polarized guided modes of the waveguide
in region A, and 𝑛sub and 𝑛sup are the refractive indices of
the substrate and the superstrate, respectively. A similar
inequality can be written for the slab waveguide with the
thickness ℎ𝑟: 𝑛TE > 𝑛TM > max(𝑛sub, 𝑛sup), where 𝑛TE

and 𝑛TM are the respective effective refractive indices of
the TE- and TM-polarized guided modes in the ridge re-
gion. Assuming that ℎ𝑟 > ℎ𝑎, we obtain the inequalities
𝑛TE > 𝑛TE,inc and 𝑛TM > 𝑛TM,inc [1]. Finally, for the
example considered in this work, all these inequalities can
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Fig. 1: Effective refractive indices of TE (solid red lines) and
TM (solid blue lines) guided modes in Region A and in the ridge
region. Effective refractive index of the BIC (dashed red line)
supported by the structure at 𝑤 = 470 nm (see the point marked
with “1” in Fig. 2 of the main text of the article). Refractive
indices of the substrate and superstrate (dashed black lines).

be combined into the following inequality:

𝑛TE > 𝑛TE,inc > 𝑛TM > 𝑛TM,inc > 𝑛sub > 𝑛sup. (1)

The values of these (effective) refractive indices are shown in
Fig. 1. In addition, the effective refractive index of the BIC
supported by the structure with the ridge width 𝑤 = 470 nm

is shown.
Since all the interfaces of the structure are parallel to

the 𝑦 axis, the wave vector component 𝑘𝑦 = 𝑘0𝑛TE,inc sin 𝜃

is conserved for all the waves constituting the solution of the
diffraction problem. Here, 𝑘0 = 2𝜋/𝜆 is the wavenumber and
𝜆 is the free-space wavelength. From Eq. (1), it follows that
there exist angles of incidence 𝜃 > arcsin(𝑛sub/𝑛TE,inc), at
which all the non-guided waves scattered out of the waveg-
uide to the superstrate and substrate become evanescent.
A comprehensive description of this scattering cancellation
mechanism can be found elsewhere [2–4].

If the angle of incidence is further increased and satisfies
the inequality 𝜃 > arcsin(𝑛TM,inc/ 𝑛TE,inc), the reflected
TM-polarized mode in region A also becomes evanescent.
Thus, in this regime, a single scattering channel remains
open, namely, the reflected TE-polarized guided mode.
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2 Influence of the non-radiative
losses

There are two main reasons that limit the quality factor of
the modes of photonic structures: radiative losses (which
include mode leakage to open scattering channels and scat-
tering due to surface roughness) and non-radiative losses
(absorption). In the case of BICs, as it is shown in the
main text of the article, the leakage to open channels can
be completely prevented by finely tuning the parameters
of the structure. On the contrary, non-radiative losses are
always present in real structures due to nonzero absorption.
Although GaP, which is considered as the ridge material
in the present work, is highly transparent in the frequency
range of interest [5, 6], in this section we investigate the
impact of absorption on the Q-factor of the modes. Let us
note that the losses due to the surface roughness, which
belong to the scattering (radiative) losses, can also be mod-
eled as nonradiative losses by adding a thin absorbing layer
to the surface of the structure [7].

In the presence of absorption losses, bound states in the
continuum collapse into finite-Q resonances (quasi-BICs),
and the Q-factor of the resonances near BICs decreases.
This effect is demonstrated by Fig. 2 showing the quality
factor of the resonance near the BIC, which is marked
with “1” in Fig. 2(a) of the main text of the article, for
different absorption losses introduced in the ridge region.
Interestingly, for the considered example, the quality factor
𝑄 of the quasi-BIC is approximately the inverse of the
extinction coefficient 𝑘 of the ridge material: 𝑄 ≈ 𝑘−1.

Let us also study the behaviour of the structure as
a Gires–Tournois interferometer in the presence of losses.
Figure 3 shows the reflectance |𝑅|2, phase of the reflected
radiation arg𝑅 and group delay (GD) − d arg𝑅/ d𝜔 calcu-
lated at the following parameters: ridge width 𝑤 = 342 nm,
angle of incidence 𝜃 = 46.5∘. Similarly to Fig. 2, along with
the lossless case, three values of the extinction coefficient 𝑘
of the ridge material were considered: 10−6, 10−5, and 10−4.
Expectedly, the introduction of the absorption losses leads
to the appearance of a dip in the reflectance spectrum, with
the minimal reflectance decreasing with an increase in the
extinction coefficient [Fig. 3(a)]. However, the behaviour of
the phase and the group delay is more sophisticated. When
the absorption losses in the ridge are small compared to
the radiative losses, absorption affects neither phase nor
GD. Indeed, the lines corresponding to 𝑘 = 0, 𝑘 = 10−6

and 𝑘 = 10−5 are visually indiscernible in Figs. 3(b) and
3(c). In the case of a relatively high absorption (𝑘 = 10−4),
the reflectance almost vanishes at the resonance, and the
incident wave is almost completely absorbed. A very similar
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Fig. 2: Quality factor of the resonance near the BIC marked
with “1” in the main text of the article for different values of the
extinction coefficient 𝑘 of the ridge material: 𝑘 = 0 (solid blue
line), 𝑘 = 10−6 (solid red line), 𝑘 = 10−5 (dashed red line),
𝑘 = 10−4 (dotted red line).

phenomenon occuring due to a complex interplay between
the leakage and absorption losses was recently studied for
a multilayer plasmonic structure and referred to as critical
coupling regime [8]. Surprisingly, the maximal group delay
near the critical coupling condition exceeds the maximal
GD in the lossless case [Fig. 3(c)], albeit at a low reflectance.

3 Consequences of the unitarity
of symmetric scattering
matrices

Let us consider a symmetric unitary matrix

S2 =

[︂
𝑞1 𝑞𝑐
𝑞𝑐 𝑞2

]︂
.

Since the rows of a unitary matrix are normalized, we obtain

|𝑞1|2 = |𝑞2|2 = 1− |𝑞𝑐|2. (2)

Moreover, we can equate the corresponding elements of the
matrix inverse and of its conjugate transpose (S−1 = S†).
By doing so, we obtain the following useful relations:

𝑞2
𝑑2

= 𝑞*1 , − 𝑞𝑐
𝑑2

= 𝑞*𝑐 ,
𝑞1
𝑑2

= 𝑞*2 , (3)

where 𝑑2 = detS2 = 𝑞1𝑞2 − 𝑞2𝑐 . From the second equation,
we obtain

𝑞1𝑞2
𝑞2𝑐

= 1− |𝑞𝑐|−2, (4)

hence 𝑞1𝑞2/𝑞2𝑐 is a real number. Moreover, this number is
non-positive since |𝑞𝑐| does not exceed unity.
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Fig. 3: Reflectance |𝑅|2 (a), phase arg𝑅 (b), and group delay
GD (c) for different values of the extinction coefficient 𝑘 of the
ridge material: 𝑘 = 0 (solid blue line), 𝑘 = 10−6 (solid red line),
𝑘 = 10−5 (dashed red line), 𝑘 = 10−4 (dotted red line). The
plots were calculated at the ridge width 𝑤 = 342 nm and angle of
incidence 𝜃 = 46.5∘.

Now, let us consider a 3× 3 unitary matrix

S1 =

[︃
𝑟 𝑡1 𝑡2
𝑡1 𝑟1 𝑟𝑐
𝑡2 𝑟𝑐 𝑟2

]︃
.

By equating the matrix inverse to its conjugate transpose,
we obtain the following simple relations:

𝑟1𝑟2 − 𝑟2𝑐
𝑑1

= 𝑟*,
𝑟𝑐𝑡2 − 𝑟2𝑡1

𝑑1
= 𝑡*1,

𝑟𝑐𝑡1 − 𝑟1𝑡2
𝑑1

= 𝑡*2,

𝑟𝑟2 − 𝑡22
𝑑1

= 𝑟*1 ,
𝑡1𝑡2 − 𝑟𝑟𝑐

𝑑1
= 𝑟*𝑐 ,

𝑟𝑟1 − 𝑡21
𝑑1

= 𝑟*2 ,

(5)
where 𝑑1 = detS1. This determinant can be written as
𝑑1 = 𝑟(𝑟1𝑟2 − 𝑟2𝑐 ) + 2(𝑟𝑐𝑡2 − 𝑟2𝑡1)𝑡1 + (𝑟2𝑡

2
1 − 𝑟1𝑡

2
2). Using

Eqs. (5), we obtain 𝑑1 = 𝑑1|𝑟|2 + 2𝑑1|𝑡1|2 + (𝑟2𝑡
2
1 − 𝑟1𝑡

2
2).

Hence,
𝑟2𝑡

2
1 − 𝑟1𝑡

2
2 = 𝑑1

(︁
|𝑡2|2 − |𝑡1|2

)︁
. (6)

4 Coupled-wave model

Let us rewrite the coupled-wave equations (3) and (4) from
the main text of the article in the following form:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

𝑅− 𝑡1𝑈2 − 𝑡2𝑉2 = 𝑟𝐼,

𝑈1 − 𝑟1𝑈2 − 𝑟𝑐𝑉2 = 𝑡1𝐼,

𝑉1 − 𝑟𝑐𝑈2 − 𝑟2𝑉2 = 𝑡2𝐼,

𝑞1e
i𝜑𝑈1 + 𝑞𝑐e

i𝜓𝑉1 − 𝑈2e
−i𝜑 = 0,

𝑞𝑐e
i𝜑𝑈1 + 𝑞2e

i𝜓𝑉1 − 𝑉2e
−i𝜓 = 0.

(7)

When the amplitude of the incident wave is zero (𝐼 =

0), this system of linear equations becomes homogeneous,
having a non-trivial solution only when the determinant of
the matrix of the system

𝒟 =
(︁
𝑟1𝑞1 − e−2i𝜑

)︁(︁
𝑟2𝑞2 − e−2i𝜓

)︁
− 2𝑞𝑐𝑟𝑐e

−i𝜑e−i𝜓 −
(︁
𝑞1𝑞2 − 𝑞2𝑐

)︁
𝑟2𝑐 − 𝑞2𝑐𝑟1𝑟2

(8)

vanishes. This solution describes the eigenmodes of the
structure with the equation 𝒟 = 0 being the dispersion
relation.

Let us assume that the incident wave has unit amplitude
(𝐼 = 1). In this case, we can solve system (7) for 𝑅, which
gives us the complex reflection coefficient in the form of a
fraction:

𝑅 =
𝒩
𝒟 , (9)

where the denominator is given by Eq. (8), whereas the
numerator reads as

𝒩 = 𝑟𝒟 + 𝑞1𝑡
2
1e

−2i𝜓 + 2𝑞𝑐𝑡1𝑡2e
−i𝜑e−i𝜓 + 𝑞2𝑡

2
2e

−2i𝜑

−
(︁
𝑞1𝑞2 − 𝑞2𝑐

)︁(︁
𝑟2𝑡

2
1 − 2𝑟𝑐𝑡1𝑡2 + 𝑟1𝑡

2
2

)︁
.

(10)

Despite the fact that the obtained expressions (8)
and (10) are quite complicated, it is possible to carry out
their detailed and fruitful analysis. This analysis is based on
enforcing the energy conservation law, which imposes the
unitarity condition on the scattering matrices S1 and S2.
In the previous section, we derived several simple relations,
which follow from the unitarity property and allow us to
rewrite the reflection coefficient (9) in the following form:

𝑅 = e2i𝜑e2i𝜓𝑑1 𝑑2
𝒟*

𝒟 . (11)

5 BIC condition

In this section, we provide a detailed derivation of the BIC
condition. Our analysis will be based on the closed-form
expressions for the reflection coefficient 𝑅 obtained in the
previous section. Since the BICs are infinite-Q eigenmodes,
the denominator 𝒟 in Eq. (9) vanishes at a real frequency
𝜔 if a BIC takes place. In order to avoid the divergence of
𝑅 leading to the violation of the energy conservation law
at this frequency, we require the numerator 𝒩 to vanish as
well [4, 9, 10]. This brings us to the system of equations{︃

𝒟 = 0,

𝒩 = 0,
(12)

which describes the BIC positions.
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System (12) can be easily solved with respect to the
exponents e−2i𝜑 and e−2i𝜓:

e−2i𝜑 =
𝑞2𝑐

2𝑞2𝑡
2
2

·
[︂
2
𝑞1𝑞2
𝑞2𝑐

𝑡2(−𝑟𝑐𝑡1 + 𝑟1𝑡2)

+
(︁
𝑟2𝑡

2
1 − 𝑟1𝑡

2
2

)︁
±√

𝜂

]︂
,

e−2i𝜓 =
𝑞2𝑐

2𝑞1𝑡
2
1

·
[︂
2
𝑞1𝑞2
𝑞2𝑐

𝑡1(𝑟2𝑡1 − 𝑟𝑐𝑡2)

−
(︁
𝑟2𝑡

2
1 − 𝑟1𝑡

2
2

)︁
±√

𝜂

]︂
.

(13)

Here, the same signs of the square roots have to be used in
both equations. The radicand in Eq. (13) reads as

𝜂 =
(︁
𝑟2𝑡

2
1 − 𝑟1𝑡

2
2

)︁2
+
𝑞1𝑞2
𝑞2𝑐

· 4𝑡1𝑡2(𝑟𝑐𝑡1− 𝑟1𝑡2)(𝑟𝑐𝑡2− 𝑟2𝑡1).

(14)
Equations (13) and (14) can be substantially simplified

taking into account the unitarity of the matrices S1 and
S2 (see the previous section). Indeed, using Eqs. (4), (5),
and (6), we can rewrite Eqs. (13) as

e−2i𝜑 = 𝑑1
𝑞2𝑐

2𝑞2𝑡
2
2

·
[︂
2
|𝑡2|2

|𝑞𝑐|2
−
(︁
|𝑡1|2 + |𝑡2|2

)︁
±
√︀
𝜉

]︂
,

e−2i𝜓 = 𝑑1
𝑞2𝑐

2𝑞1𝑡
2
1

·
[︂
2
|𝑡1|2

|𝑞𝑐|2
−
(︁
|𝑡1|2 + |𝑡2|2

)︁
±
√︀
𝜉

]︂
,

(15)

where 𝜉 = 𝜂/𝑑2 is the following real number:

𝜉 =
(︁
|𝑡1|2 + |𝑡2|2

)︁2
− 4|𝑡1|2|𝑡2|2

|𝑞𝑐|2
. (16)

According to Eq. (5) from the main text of the article,
the phases 𝜑 and 𝜓 have to be real when describing BICs.
Therefore, the left-hand sides and, hence, the right-hand
sides of Eqs. (15) must lie on the unit circle in the complex
plane. Let us prove that the exponent e−2i𝜑 defined by
Eqs. (15) does indeed lie on the unit circle in the complex
plane once 𝜉 ≤ 0. To do this, we first consider the value
of the term inside the square brackets in the first equation
of Eqs. (15). When 𝜉 ≤ 0, the first two terms inside the
square brackets are real, whereas the last term containing
the square root is an imaginary number. Therefore, the
squared modulus of the expression in the square brackets
equals[︂

2
|𝑡2|2

|𝑞𝑐|2
− (|𝑡1|2 + |𝑡2|2)

]︂2
− 𝜉 = 4|𝑡2|4 · 1− |𝑞𝑐|2

|𝑞𝑐|4
,

This allows us to write the squared modulus of the exponent
e−2i𝜑 defined in Eqs. (15) in the following form:⃒⃒⃒

e−2i𝜑
⃒⃒⃒2

= |𝑑1|2
1− |𝑞𝑐|2

|𝑞2|2
, (17)

Let us note that |𝑑1| = 1, since 𝑑1 is the determinant of
the unitary matrix S1. Moreover, according to Eqs. (2), the
fraction in Eq. (17) equals unity. Therefore, we obtained
that the right-hand side of Eq. (17) equals unity once the
condition 𝜉 ≤ 0 holds. Similarly, one can prove that the
same condition implies |e−2i𝜓| = 1. Thus, both exponents
in Eqs. (13) lie on a unit circle, and, therefore, the BICs
exist once 𝜉 ≤ 0.

Let us note that once |e−2i𝜑| = |e−2i𝜓| = 1, we can
calculate 𝜑 and 𝜓 by taking the argument of Eq. (15):

2𝜑 =− arg
𝑑1𝑞1
𝑡22

± arctan

√
−𝜉

|𝑡1|2 + |𝑡2|2 (1− 2|𝑞𝑐|−2)

+ 2𝜋𝑚− 𝜋,

2𝜓 =− arg
𝑑1𝑞2
𝑡21

± arctan

√
−𝜉

|𝑡2|2 + |𝑡1|2 (1− 2|𝑞𝑐|−2)

+ 2𝜋𝑛− 𝜋.

(18)

Here, 𝑚 and 𝑛 are integers such that 𝜑 and 𝜓 are non-
negative. Moreover, since 𝑛TE > 𝑛TM, the inequality 𝜑 > 𝜓

must hold.
It is important to note that the phases 𝜑 and 𝜓 in

Eq. (18) depend on the coupling coefficients (elements of
the scattering matrices S1 and S2). These coefficients, in
turn, depend on the angle of incidence 𝜃. Therefore, Eqs. (9)
from the main text of the article do not define 𝑤 and 𝜃

in an explicit way. However, the simple iteration method
shows a good convergence rate here: after estimating 𝑤 and
𝜃 using Eqs. (9) from the main text of the article (with
the right-hand sides being calculated at some approximate
value of 𝜃), we calculate the right-hand sides again using
the updated value of 𝜃. After a few iterations, one obtains
the position of the BIC with a high accuracy.

Let us also note that the annihilation of the BICs,
which occurs when the inequality 𝜉 < 0 becomes violated,
is associated with the square-root anomaly in Eqs. (15).
Indeed, when the investigated structure supports BICs (for
the considered example, at ℎ𝑏 ≤ 22.5 nm), the exponents
in Eqs. (15) have unit moduli and the weak polarization
coupling condition [Eq. (8) from the main text of the article]
holds. When this condition is violated, the values of |e−2i𝜓|
and |e−2i𝜑| are no longer unity and the BICs cease to exist.
We demonstrate this in Fig. 4, where the ℎ𝑏-dependences
of |e−2i𝜓| [Fig. 4(a)] and |𝑞𝑐| [Fig. 4(b)] are shown. The
splitting point in Fig. 4(a) occurs when the square root in
Eqs. (15) vanishes (at the critical thickness ℎ𝑏 = 22.5 nm).
The same splitting behavior can be observed for |e−2i𝜑|. Let
us note that the splitting is associated with the square root
anomaly of the BIC position and not of the eigenfrequencies
(as in the case of so-called exceptional points).
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6 Topological charge of the BIC

Let us assume 𝐼 = 0, so that the system (7) becomes ho-
mogeneous with the non-trivial solution describing the field
distribution without an incident wave, i. e. an eigenmode
of the structure. Taking into account Eqs. (3) and (5), we
write this non-trivial solution in the following form:

𝑅 = 𝑑1e
i𝜑
(︁
𝑞𝑐𝑡

*
1e

i𝜓 − 𝑞1𝑡
*
2e

i𝜑
)︁
− 𝑡2,

𝑉1 = 𝑑1𝑟
*
1 − 𝑟2 − 𝑑1𝑞1(1− 𝑟*)e2i𝜑,

𝑉2 = −1 + 𝑟 + 𝑞1(𝑟1 − 𝑑1𝑟
*
2)e

2i𝜑 + 𝑞𝑐(𝑟𝑐 + 𝑑1𝑟
*
𝑐 )e

i𝜑ei𝜓,

𝑈1 = 𝑑1𝑞𝑐(1− 𝑟*)ei𝜑ei𝜓 − 𝑟𝑐 − 𝑑1𝑟
*
𝑐 ,

𝑈2 = −𝑞1(𝑟𝑐 + 𝑑1𝑟
*
𝑐 )e

2i𝜑 − 𝑞𝑐(𝑟2 − 𝑑1𝑟
*
1)e

i𝜑ei𝜓.

(19)
The BICs are non-radiating eigenmodes, hence, the

amplitude 𝑅 in Eq. (19) must be zero in the case of a BIC.
We denote this amplitude by

𝒫 = 𝑑1e
i𝜑
(︁
𝑞𝑐𝑡

*
1e

i𝜓 − 𝑞1𝑡
*
2e

i𝜑
)︁
− 𝑡2 (20)

and use it to define the topological charge of the BIC in the
main text of the article.

We have shown that at a BIC, the value of 𝒫 is always
zero. Let us prove the opposite implication, i. e. that once
𝒫 = 0, a BIC takes place. To show this, we solve system (7)
with respect to the amplitudes 𝑉1, 𝑉2, 𝑈1, 𝑈2, and 𝑅 as-
suming that the incident wave has unit amplitude (𝐼 = 1).
Taking into account Eqs. (3) and (5), we write the solution

in the following form:

𝑉1 = −e−2i𝜑e−2i𝜓 𝒫
𝒟 , 𝑉2 = −𝑑1𝑑2

𝒫*

𝒟 ,

𝑈1 = −e−2i𝜑e−2i𝜓𝒬
𝒟 , 𝑈2 = −𝑑1𝑑2

𝒬*

𝒟 ,

𝑅 = 𝑟 − 𝑑1𝑑2𝑡1
𝒬*

𝒟 − 𝑑1𝑑2𝑡2
𝒫*

𝒟 = e2i𝜑e2i𝜓𝑑1𝑑2
𝒟*

𝒟 ,

(21)

where 𝑑𝑖 = detS𝑖 and

𝒬 = 𝑑1e
i𝜓

(︁
𝑞𝑐𝑡

*
2e

i𝜑 − 𝑞2𝑡
*
1e

i𝜓
)︁
− 𝑡1. (22)

Assume that we are provided with real 𝜔, 𝑤, and 𝜃

such that 𝒫 = 0 . In this case, two options are possible. The
first option is that the zeros of the numerators of 𝑉1,2 in
Eqs. (21) are canceled out by the zeros in the denominators,
therefore, 𝒟 = 0 and a BIC takes place at the provided
(𝜔,𝑤, 𝜃) values. If no BIC is supported by the structure at
this (𝜔,𝑤, 𝜃) point, the second option remains: the whole
fractions in 𝑉1 and 𝑉2 must vanish. In this case, as it is
evident from the last two equations of system (7), both
𝑈1 and 𝑈2 are also zero. This, according to the second
and third equations of system (7), is possible only when
𝑡1 = 𝑡2 = 0, which brings us to a contradiction, since 𝑡1 and
𝑡2 are elements of an arbitrary unitary scattering matrix
S1 and are, in the general case, non-zero.

Therefore, we have shown that once 𝒫 = 0, the struc-
ture supports a BIC. One can show that the same holds for
the quantity 𝒬, therefore, not only 𝒫 but also 𝒬 can be
used to define the topological charge of a BIC.
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