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Supplementary material to: Quantum
theory of surface-enhanced resonant
Raman scattering (SERRS) of molecules in
strongly coupled plasmon-exciton systems

S1 The effective vibrational dynamics, practical calculation of
the correlation functions

In this section we provide more details about the derivaion of Eq. (9) and Eq. (10) of the main text describing the
effective dynamics of the molecular vibrations under the assumption that the Jaynes-Cummings (J-C) system
can be treated as reservoir and that the vibrations couple relatively weakly to the J-C system (𝜔m𝑑 < 𝛾𝑎/2, 𝑔).
We can then use the quantum noise approach to eliminate the electronic and plasmonic terms from Eq. (8) of
the main text following the prescription of Ref. [1]. Under these conditions the vibrations effectively follow the
dynamics given by the Master equation for the reduced density matrix 𝜌vib

d

d𝑡
𝜌vib =

i

ℏ [𝜌vib, 𝐻vib,eff ] + ℒ−
eff(𝜌vib) + ℒ+

eff(𝜌vib) + ℒ𝑏(𝜌vib), (S1)

where 𝐻vib,eff is the effective vibrational Hamiltonian derived below, ℒ𝑏(𝜌vib) is the vibrational Lindblad
defined in the main text, and we define the effective vibrational damping

ℒ−
eff(𝜌) = −Γ−

2

(︁
𝑏†𝑏𝜌+ 𝜌𝑏†𝑏− 2𝑏𝜌𝑏†

)︁
(S2)

and the effective vibrational pumping

ℒ+
eff(𝜌) = −Γ+

2

(︁
𝑏𝑏†𝜌+ 𝜌𝑏𝑏† − 2𝑏†𝜌𝑏

)︁
. (S3)

The effective rates that appear in the Lindblad superoperators [given in Eqs. (11) and (12) of the main text]
read:

Γ− = 2 (𝜔m𝑑)2 {𝒥 (𝜔m)} (S4)

and

Γ+ = 2 (𝜔m𝑑)2 {𝒥 (−𝜔m)}, (S5)

respectively. Here 𝒥 (𝑠) = Re{
∫︀∞
0

⟨⟨𝜎e(𝜏)𝜎e(0)⟩⟩𝑒i𝑠𝜏d𝜏} (with 𝜎†𝜎 = 𝜎e and ⟨⟨𝑂1(𝜏)𝑂2(0)⟩⟩ = ⟨𝑂1(𝜏)𝑂2(0)⟩−
⟨𝑂1⟩SS⟨𝑂2⟩SS) comprises the properties of fluctuations of the Jaynes-Cummins system (the reservoir). Below
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we briefly sketch the procedure that leads to derivation of Eq. (S1) from which Eq. (9) and Eq. (10) of the main
text are directly obtained.

The Hamiltonian responsible for the interaction between the Jaynes-Cummings system and the vibrations
is 𝐻pol [Eq. (7) of the main text]:

𝐻pol = ℏ𝜔m𝑑𝜎†𝜎(𝑏† + 𝑏), (S6)

which is a bilinear combination of the system operator, 𝑏† + 𝑏, and the reservoir operator, 𝜎†𝜎. We first split
the reservoir operator 𝜎†𝜎 = ⟨𝜎†𝜎⟩SS + 𝛿(𝜎†𝜎) into its steady-state mean value ⟨𝜎†𝜎⟩SS and a fluctuating
term 𝛿(𝜎†𝜎) with zero mean to obtain an effective vibrational Hamiltonian

𝐻vib,eff = ℏ𝜔m𝑏†𝑏+ ℏ𝜔m𝑑⟨𝜎†𝜎⟩SS(𝑏† + 𝑏)

and incoherent damping and pumping terms emerging from the fluctuations of 𝛿(𝜎†𝜎) (with 𝛿(𝜎†𝜎) =

𝛿𝜎⟨𝜎†⟩SS+ 𝛿𝜎†⟨𝜎⟩SS+ 𝛿𝜎†𝛿𝜎, and 𝜎 = ⟨𝜎⟩SS+ 𝛿𝜎) that enter the interaction Hamiltonian ℏ𝜔m𝑑𝛿(𝜎†𝜎)(𝑏†+ 𝑏).
The latter can be expressed via the Lindblad superoperators for the effective vibrational damping and pumping
[Eqs. (S2) and (S3), respectively], following the procedure described in standard texts [1] [assuming that 𝑏 and
𝑏† are eigenoperators of the vibrational Hamiltonian, 𝐻vib,eff ≈ ℏ𝜔m𝑏†𝑏, where we neglect the effect of the
constant force due to ⟨𝜎†𝜎⟩SS(𝑏† + 𝑏)].

The resulting vibrational damping and pumping rates, expressed in Eq. (S4) and Eq. (S5), depend on the
spectral function 𝒥 (𝑠). To yield further insight into the mechanism of the vibrational pumping under the weak
laser illumination we thus derive a simplified model for the reservoir spectral function 𝒥 (𝑠) presented in Eq.
(15) of the main text that determines the effective incoherent vibrational pumping [Eq. (S5)] and damping
[Eq. (S4)] rates:

𝒥 (𝑠) = Re

⎧⎨⎩
∞∫︁
0

⟨⟨𝜎†𝜎(𝜏)𝜎†𝜎(0)⟩⟩𝑒i𝑠𝜏d𝜏

⎫⎬⎭ ≈

≈|⟨𝜎⟩SS|2Re

⎧⎨⎩
∞∫︁
0

⟨⟨𝜎(𝜏)𝜎†(0)⟩⟩𝑒i(𝑠+𝜔L)𝜏d𝜏

⎫⎬⎭ . (S7)

In the last step we made use of the approximation 𝛿(𝜎†𝜎) = 𝛿𝜎⟨𝜎†⟩SS+𝛿𝜎†⟨𝜎⟩SS+𝛿𝜎†𝛿𝜎 ≈ 𝛿𝜎⟨𝜎†⟩SS+𝛿𝜎†⟨𝜎⟩SS.
We derive here the correlation function in the last integral of Eq. (S7) using the quantum regression theorem
(QRT) that allows calculating two-time correlation functions from the time evolution of the operator mean
values [1, 2]. The mean value ⟨𝑂⟩ of a Jaynes-Cummings system operator 𝑂 fulfils the differential equation:

d

d𝑡
⟨𝑂⟩ = Tr

{︂
𝑂

d

d𝑡
𝜌J−C

}︂
, (S8)

with 𝜌J−C the density operator of the J-C system that obeys the master equation

d

d𝑡
𝜌J−C =

i

ℏ [𝜌J−C, 𝐻
′
J−C] + ℒ𝜎(𝜌J−C) + ℒ𝑎(𝜌J−C), (S9)

with 𝐻 ′
J−C the Hamiltonian defined in Eq. (1) of the main text after transformation into the rotating frame

and ℒ𝜎(𝜌J−C) and ℒ𝑎(𝜌J−C) defined in Eqs. (2) and (3) of the main text, respectively. We further split the
plasmon operators into the coherent part (𝛼) and a fluctuating part 𝑎′ as

𝑎 → 𝛼+ 𝑎′

with 𝛼 = −ℰ
Δ−i𝛾𝑎/2

(assuming ℰ real). In what follows we omit the prime in 𝑎′ for simplicity.
In order to calculate the two-time correlators using the QRT, we first consider the dynamics of the operator

mean values under the weak illumination conditions, restricting the calculations to the single-excitation
manifold [3]. From the J-C system Hamiltonian [Eq. (1) of the main text] and the Lindblad terms [Eqs. (2) and
(3) of the main text] in the main text we obtain:

d

d𝜏
𝑣 = 𝑀 𝑣 + 𝑟, (S10)
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with 𝑀 a matrix of coefficients

𝑀 =

[︃
−iΔ− 𝛾𝑎/2 −i𝑔

−i𝑔 −iΔ− 𝛾𝜎/2

]︃
, (S11)

where 𝑣 = (⟨𝑎⟩, ⟨𝜎⟩)T [(·)T denotes transposition] and 𝑟 is a constant vector that represents the coherent
pumping of the system, 𝑟 = (0, −i𝑔𝛼*)T. The steady-state value ⟨𝜎⟩SS follows from Eq. (S10) after setting the
time derivative equal to zero.

To evaluate the correlation function in the last integral of Eq. (S7) we concentrate next on the calculation
of the fluctuating part of the correlation functions ⟨⟨𝑂1(𝜏)𝑂2(0)⟩⟩ = ⟨𝑂1(𝜏)𝑂2(0)⟩− ⟨𝑂1⟩SS⟨𝑂2⟩SS that in the
limit for 𝜏 → ∞ go to zero because lim𝜏→∞⟨𝑂1(𝜏)𝑂2(0)⟩ = ⟨𝑂1⟩SS⟨𝑂2⟩SS. According to the QRT, the time
dynamics of ⟨⟨𝑂1(𝜏)𝑂2(0)⟩⟩ is then given by the homogeneous part of the differential equation for ⟨𝑂1(𝑡)⟩.
More specifically,

d

d𝜏
𝑤 = 𝑀 𝑤,

with 𝑤 = (⟨⟨𝑎(𝜏)𝜎†(0)⟩⟩, ⟨⟨𝜎(𝜏)𝜎†(0)⟩⟩)T. Finally, the initial values (𝜏 = 0) of the two-time correlators are
⟨⟨𝑂1(0)𝑂2(0)⟩⟩ = ⟨𝑂1𝑂2⟩SS−⟨𝑂1⟩SS⟨𝑂2⟩SS. For 𝑤 the appropriate initial values considering weak illumination
are

⟨⟨𝑎𝜎†⟩⟩SS ≈ 0,

⟨⟨𝜎𝜎†⟩⟩SS ≈ 1,

where we have neglected the terms 𝑂(𝛼2).

S1.1 Adiabatic following of the vibrational operators

We show here details of the procedure leading to the final approximate expressions for the Raman-Stokes and
anti-Stokes spectra in Eqs. (17) and (18) of the main text. We start with the assumption that the Jaynes-
Cummings system is strongly broadened by damping and the electron-vibration coupling in the molecule is
sufficiently weak. As discussed in the main text, we can then separate the system into: (i) the slowly varying
part represented by the molecular vibrations, and (ii) the fast decaying reservoir, the Jaynes-Cummings system,
which influences the vibrational dynamics only perturbatively. This separation of time scales allows assuming
that the reservoir (J-C) operators immediately (adiabatically) follow the changes of the vibrational operators.
The vibrational operators are expected to satisfy the effective vibrational dynamics given by Eq. (S1) and are
implicitly dependent on the reservoir state via the reservoir-induced coherent and incoherent pumping, Γ+,
and damping, Γ−. Based on these assumptions, and assuming weak laser illumination, we write the following
set of Heisenberg-Langevin equations describing the dynamics of the J-C system operators given by 𝐻J−C

[Eq. (1) of the main text] coupled to the vibrations via 𝐻pol [Eq. (S6)] (in the frame rotating with the laser
frequency 𝜔L): [︃

�̇�

�̇�

]︃
=

[︃
−iΔ− 𝛾𝑎/2 −i𝑔

−i𝑔 −iΔ− 𝛾𝜎/2

]︃
·

[︃
𝑎

𝜎

]︃
+ 𝑟(𝑡′) + Noise terms, (S12)

where we have defined 𝑟(𝑡′)

𝑟(𝑡′) =

[︃
0

−i𝜔m𝑑⟨𝜎⟩SS[𝑏(𝑡′)† + 𝑏(𝑡′)]

]︃
. (S13)

The incoherent damping (𝛾𝑎 and 𝛾𝜎) is introduced in accordance with the respective Lindblad terms that have
been introduced in the framework of the master equation [Eq. (2) and (3) of the main text]. The noise operators
have to be added to the differential equation to conserve the commutation relations of the time-evolving
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operators [1, 2]. The inhomogeneous term in Eq. (S12) has been derived with the use of the decomposition of
the lowering operator of the TLS 𝜎 = ⟨𝜎⟩SS + 𝛿𝜎 and 𝜎†𝜎 ≈ |⟨𝜎⟩SS|2 + ⟨𝜎⟩SS𝛿𝜎† + ⟨𝜎†⟩SS𝛿𝜎 and neglecting
⟨𝛿𝜎†𝛿𝜎(𝑏† + 𝑏)⟩. This assumption restricts our calculations to the first-order Raman scattering.

The solution for the plasmon annihilation operator relevant for the SERS process is represented by the
inhomogeneous solution of the differential equations (S12). We first solve the homogeneous part by diagonalizing
the matrix: [︃

−iΔ− 𝛾𝑎/2 −i𝑔

−i𝑔 −iΔ− 𝛾𝜎/2

]︃
=

= 𝑃 𝐷𝑃−1.

where 𝐷 = diag{𝜆1, 𝜆2} contains the eigenvalues 𝜆1(2) of the matrix of set and the columns of 𝑃 contain the
respective eigenvectors.

The inhomogeneous solution of the equations [Eq.(S12)] 𝑣B in the steady state becomes

𝑣B(𝑡) ≈
𝑡∫︁

−∞

𝑃 𝑒𝐷(𝑡−𝑡′) 𝑃−1 𝑟(𝑡′) d𝑡′. (S14)

In particular, the steady-state inhomogeneous solution for the plasmon annihilation operator 𝑎B(𝑡)

dependent on the vibrational operators is:

𝑎B(𝑡) ≈ −i𝜔𝑚𝑑⟨𝜎⟩SS

𝑡∫︁
−∞

𝑒−𝜆1(𝑡
′−𝑡) 𝑔√︀

4𝑔2 − (𝛾𝑎 − 𝛾𝜎)2/4
[𝑏(𝑡′)† + 𝑏(𝑡′)]d𝑡′+

+ i𝜔𝑚𝑑⟨𝜎⟩SS

𝑡∫︁
−∞

𝑒−𝜆2(𝑡
′−𝑡) 𝑔√︀

4𝑔2 − (𝛾𝑎 − 𝛾𝜎)2/4
[𝑏(𝑡′)† + 𝑏(𝑡′)]d𝑡′, (S15)

In the adiabatic approximation, the slowly varying part of the vibrational operators �̃�(𝑡′) [with 𝑏(𝑡′) =

�̃�(𝑡′)𝑒−i𝜔m𝑡′ ] can be evaluated at time 𝑡′ → 𝑡 and the integration can be performed explicitly, giving

𝑎B(𝑡) ≈ −i𝜔m𝑑⟨𝜎⟩SS
𝑔√︀

4𝑔2 − (𝛾𝑎 − 𝛾𝜎)2/4

[︂
1

(i𝜔m − 𝜆1)
− 1

(i𝜔m − 𝜆2)

]︂
𝑏†(𝑡)

− i𝜔m𝑑⟨𝜎⟩SS
𝑔√︀

4𝑔2 − (𝛾𝑎 − 𝛾𝜎)2/4

[︂
1

(−i𝜔m − 𝜆1)
− 1

(−i𝜔m − 𝜆2)

]︂
𝑏(𝑡)

≡ −i𝜔m𝑑⟨𝜎⟩SS𝒜(−𝜔m)𝑏†(𝑡)− i𝜔m𝑑⟨𝜎⟩SS𝒜(𝜔m)𝑏(𝑡). (S16)

Finally, according to Eq. (5) of the main text the calculation of the emission spectra given by Eqs. (17)
and (18) of the main text requires evaluation of the two-time correlation function

⟨⟨
𝑎†(0)𝑎(𝜏)

⟩⟩
. Using the

expression in Eq. (S16) we obtain:⟨⟨
𝑎†B(0)𝑎B(𝜏)

⟩⟩
≈ 𝜔2

m𝑑2|⟨𝜎⟩SS|2|𝒜(−𝜔m)|2
⟨⟨

𝑏(0)𝑏†(𝜏)
⟩⟩

(S17)

+ 𝜔2
m𝑑2|⟨𝜎⟩SS|2|𝒜(𝜔m)|2

⟨⟨
𝑏†(0)𝑏(𝜏)

⟩⟩
(S18)

+ 𝜔2
m𝑑2|⟨𝜎⟩SS|2𝒜*(𝜔m)𝒜(−𝜔m)

⟨⟨
𝑏†(0)𝑏†(𝜏)

⟩⟩
(S19)

+ 𝜔2
m𝑑2|⟨𝜎⟩SS|2𝒜*(−𝜔m)𝒜(𝜔m) ⟨⟨𝑏(0)𝑏(𝜏)⟩⟩ , (S20)

from which the first two contributions represent the Stokes and the anti-Stokes contribution given by Eq. (17)
and Eq. (18) of the main text. The other terms can be neglected in the regime considered. We remark that by
its mathematical construction |𝒜(𝑠)|2 can also be obtained as

|𝒜(𝑠)|2 =

⃒⃒⃒⃒
⃒⃒
∞∫︁
0

⟨⟨𝑎(𝜏)𝜎†(0)⟩⟩𝑒i𝑠𝜏d𝜏

⃒⃒⃒⃒
⃒⃒
2

. (S21)
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Fig. S1: Raman-Stokes signal (full red line), coherent TLS population |⟨𝜎⟩SS|2 (dashed red line), and correlation function
|𝒜(−𝜔m)|2 (dashed black line) as a function of the detuning Δ = 𝜔pl − 𝜔L between the frequency of the plasmon 𝜔P and
the laser frequency 𝜔L. The other parameters used for the calculation are: ℏ𝛾𝑏 = 2 meV, ℏ𝛾𝜎 = 2× 10−5 eV, ℏ𝛾𝑎 = 150

meV, ℏ𝑔 = 100 meV, Δ = 𝛿, ℏ𝛾𝜑 = 0meV.

S2 Dependence of Raman-Stokes signal on laser detuning Δ

In Fig. 3(d) of the main text we show how the Raman-Stokes signal discussed in Section 4 of the main text
depends on the detuning of the laser from the frequency of the plasmon, 𝜔pl, and exciton, 𝜔eg, (assuming
𝜔pl = 𝜔eg) constituting the Jaynes-Cummings system. The final functional dependence of the Raman-Stokes
signal [Eq. (17) of the main text] is given by a combination of two factors: the coherent population of the
molecule induced by the incident pumping laser |⟨𝜎⟩SS|2 [Eq. (16) of the main text], and the correlation
function of the Jaynes-Cummings system, |𝒜(−𝜔𝑚)|2 [Eq. (19) of the main text]. In Fig. S1 we plot the two
contributions normalized to their maximal value, together with the Raman-Stokes emission as already shown
in Fig. 3(d) of the main text.
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