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Abstract: Second harmonic generation (SHG) with a material of large transparency is an attractive way of generating coherent light sources at exotic wavelength range
such as VUV, UV and visible light. It is of critical importance to improve nonlinear conversion efficiency in order
to find practical applications in quantum light source and
high resolution nonlinear microscopy, etc. Here an
enhanced SHG with conversion efficiency up to 10−2% at SH
wavelength of 282.7 nm under 11 GW/cm2 pump intensity
via the excitation of anapole in lithium niobite (LiNbO3, or
LN) nanodisk through the dominating d33 nonlinear coefﬁcient is investigated. The anapole has advantages of
strongly suppressing far-ﬁeld scattering and well-conﬁned
internal ﬁeld which helps to boost the nonlinear conversion. Anapoles in LN nanodisk is facilitated by high index
contrast between LN and substrate with properties of nearzero-index via hyperbolic metamaterial structure design.
By tailoring the multi-layers structure of hyperbolic metamaterials, the anapole excitation wavelength can be tuned
at different wavelengths. It indicates that an enhanced SHG
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can be achieved at a wide range of pump light wavelengths
via different design of the epsilon-near-zero (ENZ) hyperbolic metamaterials substrates. The proposed nanostructure in this work might hold signiﬁcances for the
enhanced light–matter interactions at the nanoscale such
as integrated optics.
Keywords: anapole; hyperbolic metamaterials; lithium
niobate; second harmonic generation (SHG).

1 Introduction
Second harmonic generation (SHG) is a nonlinear optical
process which combines two photons at the fundamental
frequency (FF) and convert them into one photon at the
second harmonic wavelength (SH) [1]. SHG has a wealth of
applications in such as coherent laser sources [2], biological imaging microscopy [3], etc. The key of a practical SHG
device is its conversion efﬁciency. Conﬁning light in
nonlinear material is a way of boosting nonlinear response.
Due to rapid development to probe the optical ﬁeld at
subwavelength scale and advances in nanofabrication
techniques, nonlinear optics at the nanoscale depends on
the degree of the optical near-ﬁeld conﬁnement from
nonlinear nanostructures without any phased-matched
condition. As reported recently in diverse nonlinear
nanostructures at different wavelength range, nonlinear
enhancement effects from plasmonic nanostructures and
dielectric metasurfaces have been extensively investigated
but left nonlinear performance to be desired [4–6]. The
scientiﬁc interest in nonlinear resonant phenomena for
higher efﬁciency has been driven more by the localized
resonance such as Mie-type resonances [7, 8], Fano resonance. For example, the third harmonic generation (THG)
from nanostructure of gold nanodisk modulated by Fanoresonant supporting the magnetic plasmon resonance
(MPR) mode and surface plasmon polaritons (SPP) can be
studied about other nonlinear optical process but still with
the limitation of pump threshold [9].
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In recent years, there is a growing interest in the study
of generating anapoles for various applications due to its
strong light confinement ability [10, 11]. An anapole occurs
when the far ﬁeld radiation by electric dipole (ED) and
toroidal dipole (TD) modes in Cartesian coordinates cancel
each other out, and it is a non-radiative mode characterized
by suppressing far ﬁeld radiation therefore yielding a
strong near ﬁeld conﬁnement [12, 13]. An efﬁcient
nonlinear device is feasible combining strong light
conﬁnement provided by anapoles and materials with high
nonlinearity. As an example, the THG process has been
greatly enhanced on germanium nanodisk via the excitation of anapole mode with near-infrared pump light [14].
And an anapole mode facilitate the generation of SH in LN
with aluminum substrate yielding a high conversion efﬁciency of 1.1528 × 10−3% at VUV regime [15].
However, these anapoles are generated in nonlinear
materials with high refractive index and a relatively narrow
transparency range. In terms of wideband transparency
and large nonlinearity, LN is a good choice, since it has
remarkable physical properties such as electro-optic,
piezoelectric, pyroelectric and SHG effect [1, 16]. It is very
stable crystal with trigonal symmetry and a large transparency window. LN has a large second order nonlinearity
coefﬁcient d33 of 25 pm/V which is oftentimes exploited as
SHG devices by periodically poled lithium niobite (PPLN)
conﬁgurations [17, 18]. A relatively low refractive index
(extraordinary refractive index ne = 2.25 at 500 nm) of LN
than those such as silicon [19, 20] or germanium [14, 21]
makes it rarely exploited in anapole conﬁguration since
high index contrast between substrate and material is
important.
In order to enhance the index contrast between LN
nanostructure and substrate, metamaterials which can be
tuned to be as ENZ or even negative refractive index are
chosen. Among these metamaterials, hyperbolic metamaterials (HMMs), as the topology of the isofrequency
surface are hyperbolic curves, have been widely investigated recently [22]. In general, HMMs can be achieved by
consisting of alternating layers of metal and dielectric [23]
or as an array of nanowires [22]. Here HMMs are employed
here exploiting their near ENZ and low effective permittivity property which assists a high index contrast between
LN nanostructure and the substrate.
In this letter, we theoretically present a nanostructure
for SHG application as shown in Figure 1. The nanostructure consists of a LN-nanodisk on the HMM substrate
with a silica (SiO2) spacer layer. A high normalized electric
ﬁeld intensity enhancement up to ∼35 at the resonant
anapole is achieved. The SHG conversion efﬁciency with no
need of phase-matching condition yields as high as

5.1371 × 10−5 thanks to the strong local ﬁeld enhancement
via anapole excitation.
The paper is structured as follows: firstly, the dispersion property of the multilayered HMM is engineered and
geometry parameters of nanostructure are optimized.
Secondly, the scattering spectra and electric-field distributions are investigated to achieve the anapole resonance,
which is further analyzed by the multipolar decomposition
method. Afterwards, the far-field SHG performance is
evaluated by nonlinear simulation of the optimal nanostructure. The dependences of SHG conversion efficiency
with respect to the parameters of the input source are
investigated. At last, comparisons of the state of the art in
SHG are presented.

2 Optimization of HMM
In order to achieve high index contrast between LN nanodisk and substrate facilitating anapole excitation with low
losses, a low effective refractive index substrate constituted of HMM is employed. In general, HMMs are made of
alternating subwavelength-thickness layers of metal and
dielectric which have opposite sign of permittivity facilitating a large tuning range of effective permittivity. The
effective permittivity of HMMs are oftentimes investigated

Figure 1: Schematic depiction of the proposed nanostructure for
generating SH. The nanostructure consists of three parts: LN
nanodisk on the top, HMM at the bottom consisting of 16 bilayers of
alternating silver (Ag) [24] and silicon dioxide (SiO2) [16] layers and a
SiO2 spacer layer with particular designed thickness sandwiched
between LN nanodisk →and HMM. The nanostructure lies on a glass
substrate.→The vector k represents the wave vector of the incident
light and E indicates the x-polarized incident ﬁeld.
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via effective medium theory (EMT) [22, 25]. In short, EMT
allows to estimate the parallel component of effective
permittivity ε∥ < 0 and perpendicular component of effective permittivity ε⊥ > 0 of HMMs which is related to ﬁlling
fraction and the permittivity of the constituent materials.
The filling fraction of the metal (ρ) is deﬁned as follow
[22]:
ρ

dmetal
dmetal + ddielectric

(1)

where dmetal and ddielectric are the thicknesses of the metallic
and the dielectric layers respectively. The equations for
estimating the effective permittivity of the parallel
εxx  εyy  ε∥ and perpendicular εzz  ε⊥ components based
on ﬁeld boundary conditions in Maxwell’s equations are as
follows [26]:
ε∥  ρεmetal + 1 − ρεdielectric

(2)

εmetal εdielectric
ρεdielectric + 1 − ρεmetal

(3)

ε⊥ 

where εmetal and εdielectric are the permittivities of the
metallic and the dielectric layers respectively. According to
the sign of ε∥ and ε⊥ , HMMs are classiﬁes as Type I and Type
II. Type I corresponds to a positive ε∥ and negative ε⊥ .
Whereas, Type II is reversed. Since the parallel index
contrast is a key in the excitation of anapoles, a low or even
negative ε∥ corresponding to Type II HMMs is chosen. On
the other hand, the Type II HMMs with uniaxial anisotropic
εxx , εyy < 0 ; εzz > 0 show more metallic characteristics such
as low transmission and high reﬂection which is beneﬁcial
for supporting the anapole excitation inside LN nanodisk
[27, 28].
The hyperbolic dispersion of HMM allows a wavelength range to cover the pump light wavelength to achieve
the target wavelength of SHG around 200–300 nm. In terms
of metallic materials, silver (Ag) which has small absorption loss and small real part of the permittivity in the targeted wavelength is more suitable than some others such
as gold (Au) [24] or aluminum (Al) [16]. With regarding to
dielectric material, SiO2 which has weak absorption and
small permittivity in the targeted wavelength is chosen. On
the other hand, the chosen material Ag and SiO2 are
oftentimes investigated in thick ﬁlm layer conﬁgurations in
the literature with mature ﬁlm deposition technique guaranteeing the possibility of structure fabrications.
We can tailor the dispersion of HMMs by appropriate
filling fraction of metal (Ag) and dielectric (SiO2). In this
study, HMM is chosen as 16 pairs of alternating layers of Ag
and SiO2 thin ﬁlms, with thicknesses of 30 and 15 nm
respectively. The total thickness of the bilayer consisting of
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Ag and SiO2 is ﬁxed at 45 nm since this thickness yields
small transmission losses and the ﬁlling fraction of the
metal (ρ) is set as 0.67 in order to achieve short SH
wavelength.
The ENZ wavelength versus the filling fraction of the
metal (ρ) is investigated by EMT and it is depicted in
Figure 2A. Taking into account the feasible ﬁlm deposition
thickness and the operation wavelength regime, a ﬁlling
fraction of (ρ) is chosen as 0.67 (shown as dashed line in
Figure 2A), which yields Ag thickness T (Ag) = 30 nm and
SiO2 thickness T (SiO2) = 15 nm where the period is ﬁxed at
45 nm. The ENZ wavelength occurs at around 330.8 nm. In
terms of the total number of alternating thin ﬁlm pairs, a
number of 16 pairs is chosen to provide optimal performance since it yields a good compromise between the
fabrication feasibility and small transmission losses.
The parallel and perpendicular component of effective
permittivity corresponding to 16 pairs of alternating layers
of Ag and SiO2 thin ﬁlms (30 nm Ag and 15 nm SiO2) as
functions of wavelength are shown in Figure 2B where the
blue area corresponds to Type II HMM regime. This HMM
conﬁguration will be employed as a low effective index
substrate supporting LN nanodisk whereas the material
and thickness of terminating layer i.e. interfacing between
HMM and LN nanodisk will be tuned according to its ability
of high ﬁeld enhancement which will be presented in the
next section.

3 Results and discussions
3.1 Optimization of LN nanostructure
The purpose to optimize the nanostructured LN-nanodisk
geometry is to obtain high field enhancement in nonlinear
material therefore enhancing nonlinear response. In order
to achieve that, the spacer layer between LN nanodisk and
HMMs is SiO2 since it has negligible absorption loss within
the considered wavelength range. The optimal thickness of
SiO2 spacer layer and geometries of LN nanodisk are
determined via three-dimensional ﬁnite-difference timedomain (Lumerical FDTD) simulations. The incident ﬁeld is
a broad bandwidth total-ﬁeld scattered-ﬁeld (TFSF) source
and the simulated structure is shown in Figure 1. Perfectly
matched layer (PML) boundary conditions are employed in
all three dimensions simulating a ﬁnite structure size. The
optimal SiO2 spacer layer thickness is the one that allows
high ﬁeld enhancement in LN nanostructure [29, 30].
Therefore, the averaged intensity enhancement which is
deﬁned as the ratio of the averaged volumetric ﬁeld
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Figure 2: Optical properties of the HMM
configuration. (Color online) (A) ENZ
wavelength as a function of filling fraction
of the metal (Ag) versus dielectric (SiO2).
The inset is the schematic of the Ag/SiO2
multilayered HMM with ρ  0.67,
corresponding Ag thickness T (Ag) = 30 nm
and SiO2 thickness T (SiO2) = 15 nm, where
ENZ occurs at around 330.8 nm. (B) Real
and imaginary parts of the parallel and
perpendicular component of effective
permittivity as functions of wavelength for
Ag/SiO2 HMM with multilayered structures
with ﬁlling fraction of the metal versus SiO2 ρ  0.67. The blue area corresponds to Type II HMM where parallel component of effective
permittivity ε ∥ < 0 and perpendicular component of effective permittivity ε ⊥ > 0.

integration in LN nanoparticle with that of ﬁeld amplitude
E 0 in the incident wave as 〈 |E / E 0 | 〉.
Figure 3A shows the calculated maximum averaged
intensity enhancement when varying the spacer thickness
T whereas the LN nanodisk is centered on top with parameters of diameter (D = 432 nm) and height (H = 104 nm).
2

The maximum averaged intensity enhancement 〈 |E / E 0 |2 〉
achieves at 21nm-thickness SiO2 layer. The averaged intensity enhancement of the optimal SiO2 spacer layer
(black curve) and 0nm-thickness SiO2 spacer layer (red
curve) are calculated wavelength by wavelength with
monochromatic wave excitation as shown in Figure 3B. The
highest ﬁeld enhancement occurs around 565.4 nm and it
yields 1.3 times ﬁeld enhancement compared with 0nmthickness SiO2 spacer layer conﬁgurations.
In terms of the geometries of the nanostructure, LN
(nanodisk) is the most efficient scatter comparing to other
shapes such as cube or sphere [31]. A highly efﬁcient
scattering together with high index contrast are promising to the excitation of anapole which yields large ﬁeld
enhancement. Three-dimensional FDTD numerical simulations are employed to analyze different height and
diameter of the LN nanodisk whereas the averaged ﬁeld

enhancement is calculated. Figure 4A, B shows the
normalized maximum electric ﬁeld intensity enhancement versus varying one parameter while the other one is
ﬁxed, which indicates the optimization locates in the vicinity of the diameter (D) of 432 nm and the height (H ) of
104 nm.
Fine optimization of LN nanodisk geometries around
the vicinity of coarse optimal one (D = 432 nm, H = 104 nm)
is performed and the result is shown in Figure 4C. The
optimal one is depicted by the dashed blue circle corresponding to parameters of diameter (D = 432 nm) and
height (H = 104 nm) which yields high ﬁeld enhancement.
A suitable height-to-diameter ratio (height/diameter
deﬁned as the geometrical aspect ratio) is also important
for the potential of anapole excitations [19, 32] and here the
optimal aspect ratio height/diameter is ∼0.24. Based on the
above optimized structural parameters, Figure 4D shows
the corresponding local ﬁeld distribution under different
metal ﬁlling fraction of HMM, which reveals the hyperbolic
dispersion of HMM can manipulate the anapole ﬁeld
conﬁnement.
Total scattering spectra of the optimal nanostructure
are simulated and the averaged field enhancement factor

Figure 3: Optimization of the spacer-layer
thickness. (Color online) (A) Calculated
maximum averaged electric field intensity
enhancement as a function of SiO2 spacer
thickness T whereas the LN nanodisk is
centered on top with parameters of diameter
(D = 432 nm) and height (H = 104 nm). The data
points are ﬁtted. (B) Averaged intensity
enhancement versus wavelength of 21nmthickness SiO2 layer (black curve) and 0nmthickness SiO2 layer (red curve). The insets show
the electric ﬁeld distributions at the highest
ﬁeld enhancement mode of each conﬁguration
respectively.
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Figure 4: Numerical analyses of the LN-nanodisk geometries and the field distributions of different HMM filling fraction of the metal. (Color
online) (A) Normalized maximum electric field intensity enhancement of varying the height of LN nanodisk, while diameter is fixed to 432 nm.
The coarse optimal D is around 432 nm. (B) Normalized electric ﬁeld intensity enhancement of varying the diameter of LN nanodisk, while
height is ﬁxed to 70 nm. The coarse optimal H is around 104 nm. The data points are ﬁtted. (C) Fine optimization of LN nanodisk geometries
around the vicinity of coarse optimal one (D = 432 nm, H = 104 nm) and the optimal one is depicted by the dashed blue circle corresponding to
parameters of D = 432 nm, H = 104 nm. (D) Normalized electrical ﬁeld intensity enhancement distributions |E/E 0 |2 for the different HMM ﬁlling
fraction of the metal (ρ) at ρ  0.13 (at wavelength of 595.2 nm), 0.3 (at wavelength of 573.9 nm), 0.45 (at wavelength of 569.7 nm) and 0.7 (at
wavelength of 565.4 nm), respectively.

in the wavelength range between 200 and 1000 nm is
investigated as shown in Figure 5A, C.
The top figures of Figure 5A, C correspond normalized
scattering cross section where a pronounced dip indicating
suppression of far ﬁeld radiation is observed in the scattering cross-section spectrum. The bottom ﬁgures of
Figure 5A, C correspond respectively the averaged intensity

decreasing slop near the dip wavelength of the total scattering cross section.
Figure 5B, D shows respectively the normalized electrical ﬁeld intensity enhancement distributions in xy-, xz-,
and yz-planes corresponding to the dashed cured outlined
mode in Figure 5A, C. The maximum value of the normalized electric ﬁeld intensity enhancement distributions

enhancement 〈 |E / E 0 |2 〉 of LN nanodisk placed on SiO2
substrate at 588.8 nm and LN nanodisk placed on HMM

|E/E 0 |2 in Figure 5D can reach up to ∼35, which is a high
value compared to the case of SiO2 substrate shown in
Figure 5B and those reported in references [15, 20, 30],
which shows the electric ﬁeld is conﬁned better inside the
LN nanodisk with HMM substrate. With this large ﬁeld
enhancement obtained and the large index contrast between LN nanodisk and HMMs, we will investigate whether
this mode is an anapole or not via multipolar decomposition in the next section.

substrate at 565.4 nm, where a 〈 |E / E 0 |2 〉 of 8.7 enhancement is obtained for case of the HMM substrate, which is
higher than the case of SiO2 substrate and other reported
nanostructures [15] thanks to the high index contrast between LN nanodisk and HMM substrate. For the case of
HMM substrate, the largest enhancement 〈 |E / E 0 |2 〉 occurs
at a wavelength of 565.4 nm which locates at the

3580

Y. Li et al.: Optical anapole mode in nanostructured lithium niobate

Figure 5: Simulation scattering spectra and field distributions of the nanostructures. (Color online) LN nanodisk placed on SiO2 substrate: (A)
The top ﬁgure corresponds to the normalized scattering cross section and the bottom corresponds the intensity enhancement 〈 |E / E 0 |2 〉. (B)
Normalized electrical ﬁeld intensity enhancement distributions 〈 |E / E 0 |2 〉 in xy-, xz-, and yz-planes at the incident wavelength of 588.8 nm
correspond to the dashed cured outlined mode in Figure 5A. LN nanodisk placed at the center with 21 nm SiO2 spacer layer and 16 pairs of HMM
(ρ  0.67) sitting on glass substrate as the simulated nanostructure presented in Figure 1: (C) Top ﬁgure corresponds to the normalized
scattering cross section and the bottom corresponds 〈 |E / E 0 |2 〉. (D) Normalized electrical ﬁeld intensity enhancement distributions |E/E 0 |2 at
565.4 nm. The distributions of the normalized electric ﬁeld in xy-, xz-, and yz-planes correspond to the dashed cured outlined mode in
Figure 5C. The nanostructure of xz and yz cross sections are outline with white solid lines. Here the height (H = 104 nm) and diameter
(D = 432 nm) of LN nanodisk are the same for all parts of the ﬁgure. The gray dashed lines show the mode of the highest ﬁeld enhancement.

3.2 Multipolar decomposition
In order to understand the origin of the large obtained field
enhancement at the local dip wavelength of the total
scattering cross section, multipolar decomposition analysis is performed. The total scattering cross section can be
decomposed as the sum of radiations from different electric
and magnetic multipoles as follows [33, 34]:
C sca 

π ∞ l
∑ ∑ (2l + 1)|aE (l, m)|2 + |aM (l, m)|2 
k 2 l1 m−l

(4)

where k is the incident wave vector, l is the order of the
multipole and m is the amount of the z-component of
angular momentum carried per photon.

In view of each multipole mode of multipole decomposition influenced by the nanostructural properties
including the effects of spacer layer and complicated
substrate on spectral shifts [32, 35, 36], the decomposition
up to quadrupoles while neglecting other higher order
multipoles is performed by ﬁnite element method (COMSOL Multiphysics) in spherical coordinates for the stability
of calculations and the result is shown in Figure 6A. Due to
the neglect of other higher order multipoles’ contributions,
the sum scattering cross section is a bit different from that
displayed in the top ﬁgure of Figure 5C where all the multipoles contributions are taken into account [37, 38]. In
general, different local dips in the sum scattering cross
section correspond to anapoles of different order with
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different purity which are related to the degree of far ﬁeld
radiation extinction by destructive interference between
Cartesian ED and TD modes. As such, the contributions
from each multipole term can be clearly identiﬁed.
Whereas at the local dip wavelength, spherical ED mode
takes up an important portion. The dashed circled out local
dip in Figure 6A indicates the effectively suppressed far
ﬁeld radiation which is termed anapole leading to a signiﬁcant drop of the sum scattering cross section. Upon
analyzing multipole contributions to the light–matter interactions, one can note that nearby the local dip wavelength of the spherical ED mode, the spherical magnetic
quadrupole (MQ) resonance contributes to the far ﬁeld radiation, making the anapole mode pure incompletely.
Meanwhile, the contributions from spherical magnetic
dipole (MD) and electric quadrupole (EQ) modes are
negligible.
The spherical ED mode of radiation suppression in
spherical coordinates normally is caused by interference
with other multipoles. In order to find out this, TD mode
which is neglected in spherical coordinates [39] multipolar
decomposition is calculated by integration of the currents
within the nanostructure in Cartesian coordinates.
In Cartesian coordinates, the radiated moments of
Cartesian ED and TD can be derived from the scattering
→

current density J as follows [40, 41].
→

→
1
∫ J d3 r
−iω

(5)

→
→ → →
1
∫  r ⋅ J  r − 2r 2 J d3 r
10c

(6)

ED : P 
→

TD : T 

→

→

where c is the speed of light in vacuum, P  −ikT represents
the contributions of the electric dipole and toroidal dipole
modes in current Cartesian coordinates [12]. Figure 6B
shows the Cartesian ED and TD multipole contributions in
Cartesian coordinates. The slight wavelength difference
between the scattering dip of spherical ED mode and the
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crossing point of the Cartesian ED and TD contributions
results from the material losses [42].
The intersection between the Cartesian ED and TD
modes near 580.8 nm (gray dashed line in Figure 6B
corresponding to the ﬁrst-order anapole of this nanostructure) shows the destructively interference in the far
ﬁeld which yields to the excitation of anapole. The slight
difference between the intersecting wavelength at
580.8 nm for far ﬁeld and the resonant wavelength at
565.4 nm for near ﬁeld (gray dashed line in Figure 5C)
indicates the deviation of anapole wavelength resulting
from the mismatch between the resonant positions in the
near ﬁeld and far ﬁeld [43]. Therefore, both the suppression of spherical ED far ﬁeld radiation and the
intersection between the Cartesian ED and TD modes
unambiguously reveal the physical origins of the ﬁrstorder anapole mode of the nanostructure. The ﬁrst-order
anapole mode brings enhancement of the near ﬁeld for
realizing a large enhancement in SHG.

3.3 Nonlinear simulations
Thanks to the anapole excitation in the nanostructure,
maximum field enhancement reaches up to ∼35. SHG is
studied employing the optimized parameters from above
with LN nanodisk lying on HMMs and the substrate is SiO2
(schematically shown in Figure 1). Phase-matching conditions [1] is not necessary due to the nanometrical thickness of the structure. In general, the nonlinear coefﬁcient
matrix of trigonal symmetric structure is as follows [1]:
0
⎢
⎡
⎢
dijk  ⎢
⎣−d22
d31

0
d22
d31

0
0
d33

0
d31
0

d31
0
0

−d22
⎥
0 ⎥⎥⎤⎦
0

(7)

In LN the largest second order nonlinear susceptibility
is d33  −41.7 pm/V. Only the diagonal terms of second
order nonlinear susceptibility will be considered in

Figure 6: Multipolar analysis of light
scattering by the nanostructure. (Color
online) (A) Multipoles decomposition of the
studied nanostructure in spherical
coordinates. Sum stands for sum scattering
cross section from the decomposed
multipoles up to the 2nd order, spherical ED
for electric dipole, MD for magnetic dipole,
EQ for electric quadrupole and MQ for
magnetic quadrupole. (B) Cartesian
multipolar expansion of Cartesian ED and
TD for toroidal dipole. The gray dashed line
indicates the wavelength of the destructively interference as the first-order anapole excitation. The inset shows the electric field distribution at
the first-order anapole mode.
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calculating nonlinear polarizations via FDTD Solutions.
The peak pump intensity of the normal incident Gaussian
pulse is set to I 0  5.31GW/cm2 (corresponding to the
incident electric ﬁeld amplitude of 1.9995 × 108 V/m).
Referring to the anapole resonance wavelength obtained
by linear scattering, the central wavelength of the source is
at 565.4 nm with the full-width at half-maximum (FWHM)
of 8.8 THz and a pulse duration of 90 fs, the sampling
range of fundamental wavelength is selected as 560.7–
570.2 nm for nonlinear simulations. It is a beam with a
spot size one-micron wide in x-direction in the simulation
estimating nonlinear response. The obtained far-ﬁeld
power spectrum is shown in Figure 7A where there are
two peaks corresponding to pump and SH respectively.
Figure 7B indicates the SHG contribution of the proposed
nanostructure presented in Figure 1 is mainly attributed
to LN nanodisk when comparing with the case of bare
HMM without LN nanodisk, and the case of LN nanodisk
on SiO2 substrate and on Ag substrate, respectively. As
expected, the high fundamental ﬁeld observed in
Figure 7C induces an enhancement of the SHG ﬁeld
localized inside the LN nanodisk as shown in Figure 7D
for the proposed nanostructure.
The SHG conversion efficiency is estimated via the
equation as follows [44, 45]:

ηSH 

P SH
P FF

(8)

P FF is the power of the fundamental wavelength i.e. the
pump light, P→SH is the power at→the SH wavelength. Where
P
 21 ∫→real(S
) ⋅ dA, and S is Poynting vector
→
→
S  ±(E × H )/2 and A is the cross-sectional area of the
Gaussian beam. The SHG conversion efﬁciency obtained in
Figure 7A reaches up to 5.1371 × 10−5 at the absolute power
of 3.0027 × 10−4 W with λ  565.4 nm. Meanwhile,
considering the properties of the source, it is suitable to
calculate the dimensional SHG efﬁciency described as
follows [46, 47]:
ηSH
dim 

P SH
W −1 
P FF 2

(9)

The parameters are the same as in Equation (8). The
dimensional SHG efﬁciency calculated by the absolute
pump power from the nanostructure reaches 0.1711 W−1 at
λ  565.4 nm. As can be seen from Figure 7B, the contribution of HMM beneﬁts from the higher index contrast with
the LN nanodisk to achieve the higher conﬁnement ﬁled for
SHG than that of SiO2 substrate. However, the LN nanodisk
on Ag substrate with an index contrast slightly higher than
that of HMM substrate generates the lower SHG efﬁciency

Figure 7: Nonlinear simulations of the
nanostructure. (Color online) (A)
Normalized nonlinear far-field power spectrum with spectral color where SH wavelength is at 282.7 nm and the fundamental
wavelength is at 565.4 nm. (B) Normalized
nonlinear far-ﬁeld spectra of SHG for the LN
nanodisk with HMM substrate (blue solid
line), the bare HMM without LN nanodisk
(red solid line), the LN nanodisk on SiO2
substrate (purple solid line) and on Ag
substrate (green solid line) respectively.
(C) and (D) Normalized ﬁeld intensity distributions in the xy planes at fundamental
and SH wavelength respectively. The white
solid lines depict the xy cross sections of
the proposed nanostructure.
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Figure 8: Optimizing calculations of the pump
light conditions. (Color online) (A) SHG
conversion efficiency versus different pump
light pulse duration. (B) SHG conversion
efficiency as a function of pump light peak
intensity varying from 2 to 50 GW/cm2. The
inset shows the log–log plot of quadratic
dependence of the SHG power on the peak
pump intensity at 565.4 nm fundamental
wavelength. A ﬁt to this data produces a black
line with a slope of 1.99, which is very close to
the theoretical prediction of two reasonably
well.

of 6.8643 × 10−6 at λ  535.6 nm due to the material of Ag
with higher lossy than the HMM. Low losses are essentials
for SHG generation efﬁciency which can be achieved well
with tunable dispersion of HMM. It is revealed in Figure 7C,
D that the strong enhancement of SHG conversion efﬁciency originated mainly from the localized concentrated
electromagnetic ﬁeld in the LN nanodisk induced by the
anapole mode (i.e. at fundamental wavelength). The SHG
conversion efﬁciency can be improved by optimizing the
pump light conditions such as pulse duration and peak
intensity. The results of the obtained SHG conversion efﬁciency with respect to pulse duration and peak intensity are
shown in Figure 8 where the structure parameters are the
same as that employed in Figure 7A. And the SHG power as
a function of pump intensity is shown in the inset of
Figure 8B.
As can be seen from Figure 8A, the optimal value of
pulse duration is about 90 fs which yields a SHG conversion efﬁciency up to 5.1371 × 10−5. When the incident pulse

duration is more than 90 fs, the SHG conversion efﬁciency
will saturate and be no longer signiﬁcantly decreased but
approach the saturation gradually, which is typical of
cavity phenomena [48, 49]. With regard to pump light peak
intensity, the optical damage threshold of LN is considered
as larger than 70 GW/cm2 [1]. Due to the relatively small
distance between the ﬁrst silver ﬁlm and the focal plane of
the pump light, the laser-induced damage threshold of
silver for ultrashort pulse about 0.5 ps is as high as 166 GW/
cm2 [50] and it will increase with shortening the pulse
duration [51]. Therefore, the largest peak intensity in
Figure 8B is considered only up to 50 GW/cm2 and the
largest obtained SHG conversion efﬁciency is at the order of
∼10−4. Also as shown in the inset of Figure 8B, the SHG
power is proportional to the square of the pump intensity,
which shows a very good agreement with the second-order
nature of the SHG, conﬁrming the SHG process.
As shown above in the article, the anapole-assisted
nanostructure obtained here is to enhance nonlinear

Table : Comparisons of the electric-ﬁeld enhancement and SHG conversion efﬁciency of different structures.
Structure

Structure parameter
(diameter [D]; height [H])

Plasmonic and dielectric
chiral nanostructure
[]
Nanocrystalline nanoparticle []
Metal–dielectric hybrid
nanoantennas []
AlGaAs-on-AlOx nanodimers []
LiNbO nanodisks on an
Al substrate []
Free-standing disk
nanoantennas []
Nanostructured lithium
niobite (this article)

Gold nanosphere
(D =  nm)
Si nanoparticle
(D =  nm)
AlGaAs nanodisk
(D =  nm, H =  nm)
Al.Ga. As cylinder
(D =  nm, H =  nm)
LN nanodisk
(D =  nm, H =  nm)
GaAs/AlGaAs disk
(D =  nm, H =  nm)
LN nanodisk
(D =  nm, H =  nm)

FF power or peak
pump intensity (λF F )

〈 jE = E  j 〉

jE=E  j

ηSH

−
ηSH
dim (W )

 W ( nm)

-

-

∼−

-

 GW/cm ( nm)

-

-

. × −

. × −

. GW/cm ( nm)

-



 × −

-

. GW/cm ( nm)

-

-

∼ × −

-

. GW/cm (. nm)

∼

∼

. × −

-

 GW/cm ( nm)

-

-

. × −

.

. GW/cm (. nm)

.

∼

. × −

.
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effects efficiently. Table 1 shows the comparisons of the
optical ﬁeld enhancement and SHG conversion efﬁciency
of different structures where the proposed nanostructure in
this article appears in bold. The SHG conversion efﬁciency
is high up to the order of ∼10−4, which exceeds several
orders higher than the case of other conﬁgurations such as
nanoantennas and metasurfaces. Due to the optimized
geometric parameters vary with the nanostructure, the
volume of the nanostructure in this work is different from
that of other nanostructures, and even smaller than that of
most other nanostructures. Hence, the proposed nanostructure yielding higher conversion efﬁciency through
anapole enhancement of the electromagnetic ﬁeld might
ﬁnd applications in such as nanophotonics and
biophotonics.

4 Conclusion
In conclusion, an approach to enhance the near-field effects of nanostructure with higher index contrast between
LN and HMM with low losses has been investigated in SHG
numerically. The electric-field enhancement associated
with optical anapole mode which occurs at the wavelength
of 565.4 nm enhances efﬁciently nonlinear interactions
where the achieved SHG conversion efﬁciency yields up to
10−4 under pump intensity of 11 GW/cm2. The HMMs assisted
anapole excitation in low refractive index material may
also work for other materials in order to obtain an efﬁcient
nonlinear conversion. In such a conﬁguration, the design
of structure by tuning dispersion and optimization of
geometric parameters for anapole excitation can also be
applied to other nanostructures. The great ﬂexibility for
high tuning efﬁciency in these nanostructures might ﬁnd
some applications, such as spectrally selective device and
compact optical device.
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