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Abstract: The physical origin of epsilon-near-zero (ENZ)
optical nonlinearity lies in the hot-electron dynamics, in
which electron scattering plays an important role. With the
damping factor defined by hot electron scattering time, the
Drude model could be extended to modeling ENZ optical
nonlinearity completely. We proposed a statistical electron
scattering model that takes into account the effect of
electron distribution in a nonparabolic band and conducted the investigation on indium tin oxide (ITO) with
femtosecond-pump continuum-probe experiment. We
found that ionized impurity scattering and acoustic
phonon scattering are the two major scattering mechanisms, of which the latter had been neglected before. They
dominate at low-energy and high-energy electrons,
respectively, and are weakened or boosted for high
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electron temperature, respectively. The electron energy–
dependent scattering time contributed from multiple
scattering mechanisms shows the electron density–
dependent damping factor. The comprehensive understanding of electron scattering in ITO will help to develop a
complete model of ENZ optical nonlinearity.
Keywords: electron scattering; epsilon-near-zero; free
electron optical nonlinearity; intraband transition.
Large optical nonlinearities of transparent conductive oxides [1, 2] have been found in their epsilon-near-zero (ENZ)
wavelengths [3–5]. What makes ENZ special is that the
enhancement of the electrical ﬁeld is inversely proportional to the permittivity and the change in refractive index
is inversely proportional to the square root of permittivity
[6, 7]. Owing to these two effects, the Kerr-like optical
nonlinearity is signiﬁcantly enhanced [8]. The physical
origin of ENZ optical nonlinearities is considered to be the
intraband transition–induced changes of hot electron
properties, in which the electron temperature could rise up
to thousands of Kelvin and electron redistributes in the
conduction band [7, 9]. With a redeﬁned electron overall
effective mass considering the electron redistribution in
the nonparabolic conduction band, the Drude model is
extended to partially model the ENZ optical nonlinearity
[7]. However, a complete model also needs the knowledge
of electron scattering, which deﬁnes the damping factor.
Besides, electron scattering plays an important role on
optical response [10], electrical properties [11, 12], and
plasmonic resonance in ENZ materials [13, 14]. Unfortunately, the damping factor is treated as a constant as an
approximation in describing the nonlinear optical process
[9, 15]. Later, an increase in damping factor caused by
intraband pumping has therefore to be taken into account
in describing the nonlinear optical process [7, 16] implies
that electron scattering mechanisms have to be further
understood.
Indium tin oxide (ITO) is the most attractive ENZ material because its ENZ wavelength could be tuned to
covering both optical communication bands [17, 18] and its
excellent optical and electrical performance [12]. It was
This work is licensed under the Creative Commons Attribution 4.0 International
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concluded from the electron density–dependent mobility
that the dominant scattering mechanism of ITO was
ionized impurity scattering [19–21]. By introducing a
wavelength-dependent damping based on the ionized impurity scattering theory, the optical transmittance spectrum calculated from the Drude model ﬁts better to the
experimental results [10, 22–24]. However, these investigations were carried out with an electron density
lower than 1 × 1021/cm3 and with the operating temperature
range of the samples limited to below the annealing temperature of ITO [25–27]. It is unclear whether the dominant
scattering mechanism remains the same at higher electron
densities. Besides, the knowledge of electron scattering in
ITO may not be sufﬁcient for understanding optical
nonlinear process involving hot electrons.
In this article, we propose the multiple scattering
mechanisms and establish a statistical electron scattering
model to incorporate the effect of electron distribution in a
nonparabolic band, and a complete extended Drude model is
built for the ENZ Kerr-like optical nonlinearity. Femtosecondpump continuum-probe measurement is conducted in the
investigation of ITO. The nonequilibrium electron distribution created by optical pumping is treated under the quasithermal equilibrium approximation in the form of the FermiDirac distribution [9, 16] as the electron-electron scattering is
faster than other scattering mechanisms [28–31]. Optical
properties are characterized via optical probing, and then,
electron scattering times and the electron temperature are
extracted from the measured transmittance and reﬂectance
spectra. Based on model ﬁtting results, the contributions of
different scattering mechanisms are determined. It is revealed
that among the four scattering mechanisms, neutral impurity,
optical phonon, ionized impurity, and acoustic phonon, the
latter two are found to be the major mechanisms, with the last
not previously considered important. Furthermore, it is
shown that the contributions of these two mechanisms have
opposite dependences on electron temperature and electron
density, and neither mechanism can unconditionally dominate electron damping.
The E–k relation of a nonparabolic conduction band
(Figure 1a) can be written in the ﬁrst-order approximation
[1, 9].
ℏ2 k 2
 Γ(E)  E + CE 2 ,
2m∗0

(1)

where ℏ is the reduced Planck constant, k is the electron
wave vector, m∗0 is the electron effective mass at the conduction band minimum, E is the electron energy referenced
to the conduction band minimum, and C is the ﬁrst-order

nonparabolicity factor (C = 0 for parabolic band). The
electron energy–dependent scattering time has the same
form [1, 32].
−1

dΓ
τ∗∗ (E)  τ0∗∗ Γs/2   ,
dE

(2)

where the subscript ∗∗ represents AP, NI, OP, or II for
acoustic phonon, neutral impurity, optical phonon, and
ionized impurity electron scattering mechanisms,
respectively. The factor τ0∗∗ , with a dimension of
second⋅eV−s/2, has a more detailed form determined by
basic physical parameters for each scattering mechanism
[33–35], but is merely dealt with a single parameter for
simplicity. The factor s accounts for different scattering
mechanisms, i.e., s = −1, 0, 1, and 3 for AP, NI, OP, and II,
respectively.
The electron energy–dependent scattering time
including contributions from the four scattering mechanisms is written as follows:
1
1
1
1
1
+
+
+
,

τ(E) τAP (E) τNI (E) τOP (E) τII (E)

(3)

and the electron overall scattering time is then statistically
averaged over all conduction electrons as follows:
∞

1 ∫0

〈τ〉

1
N f dE
τ(E) D 0

N

,

(4)

3/2

where N D  Γ1/2 (dΓ/dE)(2m∗0 /ℏ2 ) /(2π 2 ) is density of
states; N is the electron density, as deﬁned by [36];
∞

N  ∫0 N D f 0 dE

(5)

and f0 is the distribution function. The Fermi-Dirac
distribution of conduction electrons should be adopted
for a degenerate semiconductor like ITO, i.e.,
f 0  {exp[(E − E F )/(k B T e )] + 1}−1 , where EF is the Fermi
level, Te is the electron temperature, and kB is the Boltzmann constant. Similarly, the overall effective mass taking
into account the electron distribution is determined as
follows [7]:
∞

∫0
1

〈m∗ 〉

1
N f
m∗D (E) D 0

N

dE

,

(6)

where m∗D (E)  m∗0 dΓ/dE is the density-of-states effective
mass.
The electron energy–dependent scattering times of
different mechanisms are plotted in Figure 1b for both
parabolic and nonparabolic bands, in which τ0∗∗ 
1 second · eV−s/2 is assumed for normalized comparison. It
can be seen that the ionized impurity scattering, which
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Figure 1: Simulation results.
(a) Schematic diagram of electron
distribution in a nonparabolic conduction
band. The red color scale represents the
distribution probability. (b) Electron
energy–dependent scattering times of
different mechanisms in parabolic (C = 0,
dashed lines) and nonparabolic
(C = 0.4191 eV−1, solid lines) bands.
Calculated Te-dependent μ relations and the
ﬁtting power functions for different
scattering mechanisms dominant in
parabolic (c) and nonparabolic (d) bands.
N  1.3 × 1021 cm−3 and m∗0  0.2893 me are
used in the calculation.

until now is accepted as the dominant mechanism in ITO
[19–21], has an increasing scattering time with increasing
electron energy. If the ionized impurity scattering is always
dominant, then the overall scattering time should get
longer upon intraband pumping that elevates the electron
population toward higher energy states. However, the
experimental observation just shows the opposite,
i.e., the scattering time decreases with the increase in
pump power [7, 16]. Herein, the mobility-temperature
relations are calculated as follows: μ  e〈τ〉〈m∗ 〉, with
varying Te in Figure 1c for a parabolic band and in
Figure 1d for a nonparabolic band and taking one scattering mechanism at a time in Eq. (3). A power law μ 
μ0 + aT be is derived under the nondegenerate electron
assumption, and b = s/2 is derived for identifying the
dominant scattering mechanism. Here, the ﬁtting exponents describing the temperature dependence on
mobility for degenerate electron in both parabolic and
nonparabolic bands show that they do not agree with the
often quoted typical values of −3/2 and 3/2 [1, 33] for
acoustic phonon and ionized impurity scatterings,
respectively. It should be noted that the value of τ0∗∗
does not affect the value of exponents. These exponent
indicators are derived by using the Boltzmann distribution for a nondegenerate semiconductor with parabolic
bands, while ITO is a degenerate semiconductor for
which the Fermi-Dirac distribution is applicable.

With 〈τ〉 and 〈m∗ 〉 deﬁned above, we may extend the
Drude theory by expressing the plasma frequency ωp and
the damping factor γ (also called as the scattering frequency) as follows:
ω2p 

Ne2
1
and γ  ,
〈τ〉
ε0 〈m∗ 〉

(7)

where e is the electron charge and ε0 is the vacuum
permittivity. The relative permittivity in NIR wavelength
range is given by the Drude model [13, 18].
εr (ω)  ε∞ −

ω2p
,
ω2 + iγω

(8)

where ε∞ is the high-frequency permittivity and ω is the
optical angular frequency. Hence, through optical measurement of transmittance and reﬂectance spectra, the
scattering mechanisms can be conﬁrmed.
A femtosecond-pump continuum-probe experimental
setup (Figure 2a) is adopted to measure the transmittance
(T ) and reﬂectance (R) spectra (Figure 2b and c), from
which the value of Te and γ is extracted [7], with the
femtosecond laser source operating at a wavelength of
1250 nm, a pulse width of 50 fs, and a repetition rate of
1 kHz. The pump beam is delayed and then focused on the
sample at an incidence angle of 60°, with p-polarization to
maximize the optical nonlinear response [6]. As the probe,
a supercontinuum beam is generated by a sapphire in the
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Figure 2: Experimental results.
(a) Schematic of the femtosecond-pump
continuum-probe experimental setup.
Measured spectra of Ip-dependent
transmittance T (b) and reﬂectance R (c). (d)
Extracted Ip-dependent plasma frequency
ωp and damping factor γ (Eq. (7)). (e)
Calculated electron overall effective mass
〈m∗ 〉 (Eq. (6)) and overall scattering time 〈τ〉
(Eq. (4)). (f) Calculated Fermi level EF and
electron temperature Te. The solid red lines
of the T e ∼ Ip relation in (f) is polynomial
ﬁtting, and the other solid lines in (d–f) are
further calculated from the E F ∼ T e relation
obtained from N conservation (Eqs. (5) and
(7)) [7]. ITO: indium tin oxide.

spectral range of 1000–1650 nm, with a pulse width of 50 fs
approximately, and then focused on the sample at normal
incidence with a focal spot smaller than the pump spot. The
intensity of the pump spot (Ip) is tuned in the range of 0–
140 GW/cm2, while the intensity of the probe spot is lower
than 1 GW/cm2 to avoid optical nonlinearity caused by the
probe beam. The sample under test is a commercial ITO ﬁlm
(Supplier: Suzhou Research Materials Microtech Co., Ltd.)
deposited on a 1.1-mm-thick ﬂat optical glass substrate with a
thickness of 220 nm and a Hall electron density of
N  1.3 × 1021 cm−3 . The ﬁrst-order nonparabolicity factor of
ITO is C  0.4191 eV−1 [14].
Both T and R spectra of the probe beam are
measured for extracting ωp and γ using Eq. (8), and
then, electron parameters including 〈m∗ 〉, 〈τ〉, EF, and Te
are calculated (Eqs. (4)–(7)) [7]. ε∞  3.796 and the ENZ
wavelength at 1212 nm are obtained by ﬁtting T and R
spectra under zero pumping. The electron temperature
herein is equal to the room temperature T e  300 K, and
the calculation with N  1.3 × 1021 cm−3 deduces
m∗0  0.2893me , where me is the electron rest mass. The
Ip-dependent T and R responses are measured at the
delay with maximum change, and the dispersion in the

experimental system induced supercontinuum probe
chirp has been corrected (Figure 2b and c), and the
corresponding Drude parameters (Figure 2d) and the
electron parameters (Figure 2e and f) are then calculated using Eqs. (6) and (7) [7].
As shown in Figure 3a the experimentally derived γ ∼
T e relation is ﬁtted by using Eq. (4) with inclusion of the
four scattering mechanisms, which provides four τ0∗∗ factors and the corresponding 95% conﬁdence bounds.
τ0AP  0.087
⎪
⎧
⎪
⎪
⎨ τ0NI  1.3 × 106
⎪
⎪
τ
 2.4 × 107
⎪
⎩ 0OP
τ0II  0.39

(0.084, 0.090)
1.3 × 106 , 1.3 × 106
2.4 × 107 , 2.4 × 107
(0.36, 0.41)

ps eV1/2
ps
. (9)
ps eV−1/2
ps eV−3/2

The scattering time for the four scattering mechanisms
calculated from the above results and Eq. (4) is shown in
Figure 3a. The acoustic phonon scattering and ionized impurity scattering can be easily identiﬁed as the two most
signiﬁcant mechanisms because of their short scattering
time, while neutral impurity scattering and optical phonon
scattering can be identiﬁed as negligible mechanisms
because of their extremely long scattering time (>106 fs). We
also implemented the ﬁtting with a model containing only
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Figure 3: (a) Fitted 〈τ 〉 ∼ T e relation and
scattering time for acoustic phonon (AP)
scattering and ionized impurity (II)
scattering. (b) Calculated γ ∼ T e relation
and contribution for acoustic phonon (AP)
scattering and ionized impurity (II)
scattering. (c) Electron energy–dependent
scattering time τ(E), τ AP (E), and τ II (E). (d)
Electron density N dependent damping
factor γ at T e  300 K with the contribution
for AP and II scattering.

acoustic phonon scattering and ionized impurity scattering;
the results and the corresponding 95% conﬁdence bounds
are almost unchanged. The very high values of τ0NI and τ0OP
are inaccurate and not representative. The total γ shown in
Figure 3b is calculated by Eq. (7), and the contributions of
each scattering mechanism are calculated by taking one
scattering mechanism at a time in Eq. (3). The contributions
of acoustic phonon scattering and ionized impurity scattering show opposite Te dependence, with the former
increasing with the increase in Te, i.e., via optical pumping.
Figure 3c indicates that acoustic phonon scattering and
ionized impurity scattering are more inﬂuential on high- and
low-energy electrons, respectively. This explains the trends
well that the acoustic phonon scattering is more signiﬁcant
under high Te (shorter scattering time), as shown in
Figure 3a, because electrons are pumped to higher energy
states. This can be easily understood from the fact that the
interaction of an electron with ionized impurity is more
effective at low electron velocity (low Te) as it spends longer
time in the vicinity of the ionized impurity than at high velocity. At high velocity, the electron is more likely to collide
with lattice atoms, and thus, phonon scattering is more
probable at high electron velocity [37, 38].
The acoustic phonon scattering shown in Figure 3a is
not always dominant because the electron density dependence needs to be examined. We correct τ0AP and τ0II for
varying N according to their detailed form τ0AP ∝ (m∗ )3/2
√
[39] and τ0II ∝ m∗ /N I [34], where N I is the ionized impurity concentration and N I ∝ N because ionized impurity

acts as the donor of free carriers. As shown by simulation
for zero pumping, the contributions of acoustic phonon
scattering and ionized impurity scattering vary with N
(Figure 3d) and are equal at N c  0.95 × 1021 cm−3 . The results shown in Figure 3d indicate the N-dependency of γ;
however, such prediction should be carefully used as there
may be more physical mechanisms beyond the model that
affect scattering.
In summary, multiple electron scattering mechanisms
are investigated by taking into account hot electron distribution in the nonparabolic conduction band, and the
damping factor of the extended Drude model for describing
ENZ optical nonlinearity is obtained. We show that the
exponent rule of the mobility-temperature relation cannot
be applied to infer the dominant scattering mechanism in
ITO owing to high electron density and consequently the
Fermi-Dirac distribution. Through the femtosecond-pump
continuum-probe experiment on ITO, acoustic phonon
scattering and ionized impurity scattering are identified as
the two major scattering mechanisms, which play a more
important role for high-energy and low-energy electrons,
respectively. By heating up the electrons, such as by
external intraband optical pumping at ENZ wavelength,
the influence of acoustic phonon scattering is increased,
while that of ionized impurity scattering is reduced. As the
total electron density is increased, there exists a critical
electron density at 0.95 × 1021 cm−3 , whereby acoustic
phonon scattering crosses over to ionized impurity scattering and the damping factor varies with electron density.
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With knowledge of electron dynamics, a complete model of
ENZ optical nonlinearity can be further accomplished.
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