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In this supplemental material we provide additional details of the non-exponential decay of the

polarization amplitudes near the exceptional points, as well as technical details on the general

solution at such points, and a brief review of 1D scalar electrodynamics. Finally, we show how an

additional effective PT symmetry of the system can describe solutions with full reflection from

the lattice.

SI. NON-EXPONENTIAL DECAY AND EXCEPTIONAL POINTS

We analyze the decay near the exceptional point of Sec. 3 of the main text in the absence of

drive, without PT symmetry. Assuming ∆0 +δI,P− δ̃ = 0, the equations of motion of the two-mode

model are
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where υ̃ = (υI +υP)/2 and ῡ = (υI −υP)/2. The trace of the matrix, −δ̃, leads to an average overall

decay, ∝ exp (−υ̃t) for each component, which can be taken separately. Then Equation (S1) can

be solved to give

eυ̃tPI(t) = PI(0) cos Ωt −
PI(0)ῡ − PP(0)δ̄

Ω
sin Ωt, (S2)

eυ̃tPP(t) = PP(0) cos Ωt −
PI(0)δ̄ − PP(0)ῡ

Ω
sin Ωt, (S3)

with Ω =
√
δ̄2 − ῡ2, and we have assumed Ω , 0.

The eigenvalues of the traceless part of the matrix in Equation (S1) are λ± = ±
√
ῡ2 − δ̄2,

with a degeneracy at δ̄ = ±ῡ. Here we consider the behavior close to the EP at positive δ̄ = ῡ.

For δ̄ > ῡ, both eigenvalues are purely imaginary, and exponentials of the eigenvalues combine

to form trigonometric functions of the real Ω. For δ̄ < ῡ, Ω becomes imaginary, and we can

replace the trigonometric functions with hyperbolic functions cosh x = cos ix, i sinh x = sin ix.
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At the exceptional point δ̄2 = ῡ2, the solution (S3) is undefined, and the actual solution has non-

exponential contributionsS1. Close to this point we can expand Equation (S3) for Ωt � 1, with the

expansion being accurate for times t � 1/Ω. Then as Ω → 0, the linear term in the expansion of

sin (Ωt)/Ω will be independent of Ω, while higher order terms will vanish. The solution,

eυ̃tPI(t) = PI(0) − (PI(0) − PP(0))ῡt + O(Ω), (S4)

eυ̃tPP(t) = PP(0) − (PI(0) − PP(0))ῡt + O(Ω), (S5)

has leading order terms, independent of Ω, which match the exact solution at the exceptional point.

Since the amplitudes have leading order terms linear in t, |P|2 will be quadratic. Numerically

(and as would also be the case experimentally) any small error in the parameters will mean the

exceptional point is not precisely reached. However, the exponential nature of the decay will only

be apparent at longer times t ≈ 1/Ω, as higher order terms become relevant. Since the overall

amplitude decays as e−υ̃t, the non-exponential contribution will be dominant as long as Ω � υ̃

(≈ 0.41γ for the 20 × 20 lattice with d = 0.54λ, which is considered in the main text).

FIG. S1. Non-exponential decay close to exceptional points. Numerical decay of P =
∑
σ, j |P

( j)
σ |

2, for initial

state PI = −PP = 1/
√

2, and varying values of δ̄/γ shown in legend. Black dashed lines give respective fits

to exp(−2υ̃t)(cos2 Ωt + α sin2 Ωt) predicted by two-mode model. 20 × 20 lattice with d = 0.54λ.

In the main text we consider a numeric example where the initial condition is PI = −PP =

1/
√

2, where PI,P are the amplitudes of the collective modes which most closely correspond to

the uniform modes in the absence of level shifts. Preparing the lattice in a steady state of this

combination, with the level shifts on, and then turning off the drive field, we let this state decay

and measure the survival probability P(t) =
∑

i,σ |P
(i)
σ (t)|2. The two-mode model predicts that this

will be given by the full solution to Equation (S1), including the overall average decay. We fit the

numerical result to the form

P(t) = exp (−2υ̃t)
(
cos2 Ωt + α sin2 Ωt

)
, (S6)



3

taking α and Ω to be independent fitting parameters, and only later comparing them to the predicted

analytic form. Here Ω can be either purely real or purely imaginary. The numerical results, along

with the numerical best fit, is shown in Figure S1, for various values of δ̄. The extracted numerical

parameters for these and additional values of δ̄ are shown in the main text Figure 3(b).

SII. HOMOGENEOUS EQUATIONS AND JORDAN NORMAL FORM

For a linear homogeneous system of differential equations, written ḃ = iHb, the solution is

given by the matrix exponential b(t) = exp (iH t)b(0). If H is diagonalizable, then exp (iH t) is

diagonal in the same basis, and each eigenvector undergoes independent exponential evolution. At

exceptional points where the eigenvectors are not linearly independent however, there is no basis in

which H is diagonal, but it can be written in Jordan normal form, i.e. as a block-diagonal matrix

J = V−1HV . If an eigenvector vm has geometric multiplicity M, there will be a corresponding

block Jm consisting of an M ×M matrix with λm on the diagonal and ones on the superdiagonalS2.

Restricting to the dynamics within one such block, Jm, we have in this basisS3

exp (iJmt) = eiλmt

IM×M +

M∑
p=1

(it)p

p!
N(p)

M×M

 , (S7)

where [IM×M]ab = δab is the M × M identity operator and [N(p)
M×M]ab = δa,b−p has ones on the pth

off-diagonal. Then if M = 1, this reduces to simple exponential behavior, while for M = 2, 3, . . .

the evolution has terms linear, quadratic, etc., in t. The full dynamics is then easily solved by

noting that exp (iH t) = V exp (iJt)V−1 and

e(iJt) =



e(iJ1t) 0 . . . 0

0 e(iJ2t) . . .
...

...
. . .

. . . 0

0 . . . 0 e(iJPt)


, (S8)

where there are a total of P blocks.

SIII. ONE-DIMENSIONAL SCALAR ELECTRODYNAMICS

We consider 1D scalar electrodynamics for a planar array when analyzing coherent perfect

absorption. This can arise for atoms confined in single-mode waveguidesS4 or for uniforms ex-

citations in large planar distributions of atomsS5,S6. For instance, for a uniform distribution of a
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planar array of atoms we can consider an average polarization density distributed smoothly in the

yz plane by replacing each dipole k in a uniformly excited lattice j, which we write as d( j)
k , with

the average dipole per unit area 〈d( j)
k 〉/A. This gives the effective polarization

P(x) =
1
A

∑
j,k

êy · d( j)
k δ(x − x j) =

∑
j

P
( j)δ(x − x j), (S9)

which consists of an effective 1D polarization density P( j) at each plane x j. The physics is then

equivalent to 1D electrodynamics, with P( j) corresponding to the polarization amplitude at x j
S4,S7.

The total field is a sum of the incident field and scattered fields, with G(x) representing the 1D

dipole radiation kernel

ε0Ẽ+(x) = D̃+
F(x) +

∑
l

G(x − xl)P(l), G(x) =
ik
2

eik|x|, (S10)

satisfying (∇2 + k2)G(x) = −k2δ(x). The equations of motion for the polarization amplitudes then

read

Ṗ
( j) = (i∆ j − γt)P( j) +

2iγ1D

k
D̃+

F(x j) − γ1D

∑
l, j

eik|x j−xl |P
(l), γ1D =

kD2

2A~ε0
, (S11)

where ∆ j is the detuning of atom j, γ1D the radiative 1D linewidth, and γt = γ1D + γl includes any

additional losses γl, such as loss from the waveguide.

SIV. PT SYMMETRY AND FULL REFLECTION

FIG. S2. Reflectivity |r|2 from a 30 × 30 lattice with d = 0.54λ. Perfect reflection represented as PT

symmetry breaking at the eigenvalues of Hr where δ̃ = ±δ̄, illustrated by dashed lines. The exceptional

point is at δ̄ = δ̃ = 0.

We show here that also full reflection, i.e. where the reflection coefficient r = −1 and the trans-

mission coefficient t = 0, can be represented as PT symmetry breaking. While coherent perfect
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absorption described in the main text corresponds to a zero eigenvalue of the scattering matrix

when the detuning matches a real eigenvalue of HT , full reflection corresponds to an eigenvalue

−1 in the scattering matrix, and emerges at the eigenvalues of the matrix

Hr =

iυI − iυc
I −iδ̄

iδ̄ iυP

 . (S12)

This is only observable when the eigenvalue is real, which is possible when υI − υ
c
I = −υP and

Hr is PT symmetric. More generally, the condition υI − nυc
I = −υP would lead to an eigenvalue

(n − 2)/n in the scattering matrixS8.

In the large-N limit of strongly confined atoms υP → 0 and υc
I → υI . Then Hr is indeed PT

symmetric, and has eigenvalues δ̃ are given by

det (Hr − δ̃I) = δ̃2 − δ̄2 = 0. (S13)

In this case the exceptional point is at δ̄ = 0, and for any value of δ̄ there are two distinct solutions

δ̃ = ±δ̄ with perfect reflection, which converge at the exceptional point. The calculated reflection

from a 30 × 30 array is shown in Figure S2 as a function of δ̄ and δ̃. Cross-sections of the same

reflection are shown in Figure 2 of the main text. Full reflection can be accurately obtained from

the two-mode model,

r =
iυIZP

δ̄2 − ZIZP
, (S14)

where ZI,P = (∆0 + δI,P − δ̃) + iυI,P. For υP → 0 this gives r = −1 when δ̄2 − δ̃2 = 0.
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