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Supplementary Note 1: Theoretical model describing polariton energies in a multi-

level system

In order to describe the energy of polariton states in a multi-level system composed of

photonic modes of NC cavities and NX excitonic states confined in QWs, we adopt a model

of coupled oscillators. The total Hamiltonian expressed in the basis of exciton states and

photonic modes takes the form:

H = H0 +HXC +HCC +HXX , (1)

with components as described below.

The component H0, representing the energy of the uncoupled excitons and photonic

modes, is:

H0 =
∑

1≤n≤Nx
1≤i≤NC

∑
k

(
Ci(k)a†i,kai,k +Xn(k)b†n,kbn,k

)
, (2)

where the operator a†i,k (ai,k) is the creation (annihilation) operator of a photon in the

i-th cavity with a wave vector k and energy Ci(k). The operator b†n,k(bn,k) is the creation

(annihilation) operator of an n-th exciton with a wave vector k and energy Xn (k). Only

the fundamental photonic mode of each of the NC cavities is taken into account.

The component HXC , representing the interaction between the n-th QW-exciton and the

i-th photonic mode, is:

HXC =
∑

1≤n≤Nx
1≤i≤NC

∑
k

~Ωi(k)

2

(
a†i,kbn,k + ai,kb

†
n,k

)
, (3)

with parameter Ωi(k) describing the coupling between the exciton and photonic mode

related to the i-th cavity. Interaction between a mode of the i-th cavity with an exciton

residing in a cavity of a number different than i is neglected.

The component HCC , describing the interaction between a photonic mode confined in the

i-th cavity with a photonic mode confined in the j-th cavity, is:

HCC =
∑

1≤i,j≤NC
i<j

∑
k

~κi,j(k)

2

(
a†i,kaj,k + ai,ka

†
j,k

)
, (4)
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where the parameter κi,j determines the coupling between the i-th and the j-th photonic

modes.

The component HXX , describing the interaction between the n-th exciton and the m-th

exciton, is:

HXX =
∑

1≤n,m≤NX
n<m

∑
k

V eff
0

~Γn,m(k)

2

(
b†n,kbm,k + bn,kb

†
m,k

)
, (5)

with parameter Γn,m determining the coupling between the n-th and m-th excitons. For

wave vector values close to zero the term V eff
0 =

6e2a∗B
εA

= gexc is the effective potential of

interaction between excitons, where e is the electron charge, a∗B is the Bohr radius of the

exciton, ε the static dielectric constant and A the area of quantification. In the investigated

system based on planar microcavities, the distance between the QW hosting excitons is

much larger than the exciton wave function span. This makes the value of Γn,m negligibly

small. Thus, the component HXX is not taken into account in the calculations.

The investigated four-level polaritonic system consists of two emitters and two photonic

modes, which means that in our case NC = 2 and NX = 2.

Supplementary Note 2: Parameters used in the theoretical model describing ob-

served emission intensities

The calculated values of the interaction constants used in the simulations presented in

Figure 4 and Figure 5 in the main text are as follows: ~gRU
= 2.19 µeV µm2, ~gRL

=

0.15 µeV µm2, ~gU = 8.10 µeV µm2, ~gL = 2.10 µeV µm2.

In a single fitting run of the model to the experimental data, the magnitude of the pump

P is varied while all parameters are kept fixed across the whole pumping power range.

The following set of parameters ensures very good agreement of the model with the time

integrated data shown in Figure 4 and the decay transients shown in Figure 5: ~γI =

0.025 µeV , ~γAU
= ~γAL

= 0.3 µeV , ~rU = 0.036 µeV µm2, ~rL = 0.015 µeV µm2, ~RU =

0.022 µeV µm2, ~RL = 0.2 µeV µm2, ~RUL = 0.15 µeV µm2, ~γCU
= 0.1 µeV , ~γCL

= 1 µeV .
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Supplementary Note 3: Triggering of energy degenerate polariton parametric scat-

tering by a non-resonantly created polariton condensate

f

Supplementary Figure 1: Evolution of momentum-resolved photoluminescence spectra with in-

creasing excitation power density for a 0.3 Pth b 0.8 Pth c 1.1 Pth d 1.7 Pth e 3.4 Pth, where Pth is

equal to 25 kW cm−2. The horizontal shadow on the right side of the images in the energy of the

polariton condensate is a measurement artefact related to the slow bining rate of the CCD cam-

era. f Polariton dispersion in a four-level system with the energy degenerate parametric scattering

process indicated schematically by arrows.

Supplementary Figure 1 shows the evolution of momentum-resolved optical emission as a

function of the excitation power density. With the increase of the power and formation of the

condensate in the upper branch, discrete points appear on the lowest polariton branch at high

wave vector values. They are interpreted as a manifestation of energy degenerate parametric

scattering from the upper polariton branch. This suggests that even under conditions of

non-resonant excitation, efficient energy degenerate polariton parametric scattering is still

possible and that a condensate formed in the higher polariton branch is required to induce it.

In this way, the polariton condensate at the bottom of the upper level serves as an alternative

to resonant pumping tuned to the minimum energy of the upper polariton branch.

Supplementary Figures 2 a, b and c show kx-ky images of emission resolved in photon

in-plane momentum recorded for the increasing non-resonant (Eexc = 1.72 eV) cw excitation

power density. The images are acquired for the spectrally narrow range of energies centered
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Supplementary Figure 2: a, b and c Evolution of kx-ky images of emission resolved in photon

in-plane momentum recorded for the increasing excitation power density. d Emission intensity

from two regions of the of kx-ky images: limited respectively to the vicinity of k‖ = kl and k‖ = kr,

as a function of the signal from the bottom of the upper polariton branch.

at the energy of the bottom of the upper polariton branch selected by using long-pass

and short-pass spectral filters. In the centre of the kx-ky image a condensate forming at

the bottom of the upper branch is seen. The ring surrounding the condensate represents

polaritons scattered to the high values of k‖ in the bottom branch. Upon increase of the

excitation power density a few times above the lasing threshold of Pth = 19 kW cm−2, two

discrete points on the opposite sides of the ring are observed, at points labelled as kl and kr

in Supplementary Figure 2 c. A dependence of the signal intensity from scattered polariton

pairs at kl and kr as a function of the signal from the bottom of the upper polariton branch (in

the vicinity of k0 located in the half-distance between kl and kr) is shown in Supplementary

Figure 2 d. Its character is initially linear and next non-linear, which reflects a transition
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from a Rayleigh-type to a parametric-type scattering of the polaritons from the bottom of the

upper polariton branch. A qualitatively the same dependence with two subsequent ranges,

linear and non-linear one, has been presented very recently in the Ref. [1] and interpreted

in the same manner.

[1] J. Wu, S. Ghosh, R. Su, A. Fieramosca, T. C. H. Liew, and Q. Xiong, Nano Letters 21, 3120

(2021).
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