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S1: Model Hamiltonian and topological surface
states

The four band low energy Hamiltonian for topologi-
cal insulator materials and resulting topological surface
state physics has been obtained and discussed extensively
in References [1, 2], but we summarise here the general
method of obtaining the topological surface states for
spherical TI nanoparticles used in the main text of this
work. Using either symmetry principles or a k·p method,
the low-energy, four band effective Hamiltonian for topo-
logical insulator materials is given by [1]

H(k) = ε0(k)12 ⊗ 12 +m(k)12 ⊗ σ3

+A0kxσ1 ⊗ σ1 +A0kyσ2 ⊗ σ1

+B0kzσ3 ⊗ σ1,

(1)

where m(k) = m0 + m1k
2
z + m2(k2x + k2y) and ε0(k) =

C0 + C1k
2
z + C2(k2x + k2y). For Bi2Se3, A0 = 3.33 eVÅ,

B0 = 2.26 eVÅ, C0 = −0.0083 eV, C1 = 5.74 eVÅ2,
C2 = 30.4 eVÅ2, m0 = −0.28 eVÅ2, m1 = 6.86 eVÅ2

and m2 = 44.5 eVÅ2.
Various simplifications can be made to this Hamilto-

nian to make the solution of the surface states analytical
in the case of the spherical particle. The linear terms
may be simplified by approximating spin-orbit coupling
to be isotropic, such that A = (A0 + 2B0)/3 as used
in the main text. The term ε0(k) is often neglected to
make the solution for the surface more tractable, enforc-
ing particle-hole symmetry. However if this term is rein-
troduced then the leading k2 terms in the surface state
energies are given by C1k

2
z +C2(k2x+k2y). Averaging over

the three Cartesian coordinates, for Bi2Se3 we arrive at
the value A1 = (C1 + 2C2)/3 = 22.18 eVÅ2 used in this
work when considering k2 contributions to the surface
state dispersion relation.

To find the analytical expression of the surface states,
the ε0(k) term is neglected. It is also usual to use that
m1 = m2 (giving a symmetric dispersion relation) with-
out sacrificing much accuracy, as terms involving either
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parameter can be found to be negligible. These assump-
tions then lead to the simplified bulk Hamiltonian

H(k) = m(k)12 ⊗ σ3 +Akzσ3 ⊗ σ1

+Akxσ1 ⊗ σ1 +Akyσ2 ⊗ σ1,
(2)

stated in the main text. This Hamiltonian can be rewrit-
ten in spherical coordinates and split into components
perpendicular and parallel to the surface, H = H⊥+H‖.
For the surface state wavefunction Ψ, we can write down
an eigenvalue equation

H⊥Ψ = EΨ, (3)

where E gives the position of the Dirac point. Projecting
H‖ onto the resulting form of Ψ gives the final form of
the topological surface states, and the effective surface
Hamiltonian which has the form of a Dirac Hamiltonian.

In this protocol, the Dirac point is usually placed at
E = 0 for mathematical convenience. The surface ter-
mination of topological insulators has been shown to
have an important effect on the position of the Dirac
point [3, 4] in thin films, and so experimental or numeri-
cal ab initio studies on the dispersion relation of spherical
nanoparticles would be useful in ascertaining if doping
would be required to produce TI nanoparticles that are
suitable for lasing. Topological insulator materials are
generally n-doped, resulting in a Fermi level close to the
conduction band.

The approximations of isotropic spin-orbit coupling
and parabolic dispersion relation allow for the analytical
solution of the surface states of a spherical nanoparticle.
Lifting these conditions would result in the breaking of
spherical symmetry, and a lifting of the degeneracy of
the energy levels used in the lasing scheme. The extent
to which this degeneracy is lifted depends on the specific
material used, and will result in a finite linewidth of the
THz laser.

The topological surface states of topological insulators
exist due to strong spin-orbit coupling in the bulk of the
material, and are protected by time-reversal symmetry.
As such, the surface states are remarkably robust when
subjected to perturbations which do not break the time-
reversal symmetry. The protection due to time-reversal
symmetry persists in nanoparticles [5], and so the surface
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states are expected to be robust against (non-magnetic)
perturbations.

S2: Jacobi polynomials

Class of orthogonal polynomials Jα,βn (x), orthogonal

w.r.t the weight (1− x)
α

(1 + x)
β

on the interval x ∈
[−1, 1], where α, β > −1, such that

∫ 1

−1
(1− x)

α
(1 + x)

β
Jαβn (x)Jαβn′ (x)dx =

δnn′

N2
nαβ

(4)

where

N2
nαβ =

(2n+ α+ β + 1)!(n+ α+ β)!n!

2α+β+1Γ(n+ α)!(n+ β)!
. (5)

S3: Matrix element

Some explicit values of the E1 matrix element Vi,f/R
2

for LH polarized light (such that ε = (1,−i, 0)/
√

2) are
given below.

|i〉 → |f〉 Vi,f/R
2

|+, 0,−1/2〉 → |+, 1, 1/2〉 1/9
|+, 0,−1/2〉 → |−, 0, 1/2〉 2/9
|+, 0,−3/2〉 → |+, 0,−1/2〉 1/3
|+, 0,−3/2〉 → |−, 1,−1/2〉 2/75
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