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Abstract: Based on the insights into the phenomenon of
bound states in the continuum, a novel approach utilizing
the momentum-space polarization morphologies of periodic structures to generate vortex beams (VBs) has been
proposed. Such periodic structures modulate beams in a
nonlocal way and require no precise alignment. However,
the efficiency of such an approach has not been analyzed in
detail, and the efficiency in previous realizations is far from
optimized. Here, we analyze the factors affecting the efficiency of nonlocal VB generation. We show that the maximal efficiency cannot exceed 25% if the periodic structure
carries only singlet resonances. To go beyond this limit, we
propose two approaches to improve efficiency. We theoretically analyze the mechanisms and verify the approaches
by full-wave simulations. Both of the approaches serve to
improve the generation efficiency by several folds.
Keywords: bound state in the continuum; Kerker effect;
non-local; photonic crystal; polarization singularity; vortex beam.

1 Introduction
Vortex beams (VBs) are beams propagating in a spiral
way, which have been shown to carry orbital angular momentum (OAM) [1–3]. In free space, the OAM carried by
VBs is quantized due to the presence of the rotational
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symmetry [1]. In other words, VBs with different topological
quantum numbers (or topological charges) are orthogonal to each other, making them promising candidates for
enhancing the bandwidth of next-generation optical communications [4, 5]. VBs are also finding applications in
many other fields such as optical microscopy [6], optical
manipulation, and quantum optics [7]. Various structures,
including spiral phase plates and meta-surfaces, have been
proposed to generate VBs [8–14]. Recently, we propose a
non-local approach to generate VBs, which is based on
symmetry-protected bound states in continuum (BIC) in
the momentum-space of periodic structures like photonic
crystals [15]. The approach has the advantages of easy
fabrication and alignment, but the generation efficiency
by the cross-polarization conversion process is relatively
low. In this paper, we analyze the factors affecting conversion efficiency. Considering those factors, we propose two
approaches to enhance the efficiency, and we prove the
validity of the two approaches using simulations.

2 Theory
2.1 Fundamental efficiency limit of previous
studies
Previous studies [16–23] showed that both guided resonances in photonic structures and localized surface plasmon
resonances in plasmonic structures can be decomposed
into periodically aligned multipole moments so that the
radiation and scattering behaviors can be understood from
a more fundamental perspective. In such a perspective,
symmetry-protected BICs and their topological polarization properties result from the symmetry-forced intensity
poles of the multipole moments. For clarity and simplicity
of this work, we also use dipole moment models to analyze
the cross-polarized conversion efficiency.
To give an analytic explanation of the relatively low
efficiency, we consider a case in which we applied singlet
resonances of a periodically etched freestanding silicon
nitride (Si3 N4 ) slab to generate VBs [15]. Such a system has
an up-down (z-direction) mirror symmetry and an in-plane
rotational symmetry (usually cited as Cnv including C4𝑣 ,
This work is licensed under the Creative Commons Attribution 4.0 International
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etc.) Considering the symmetry, the guided resonances
applied to generate VBs can be viewed as generated by
the collective excitation of an array of “vertical” multipole
moments in the structure plane [21, 23]. We take electric
dipole moments as an example, plotted as the left panel
of Figure 1.
In the momentum space, the arrayed electric dipole
moments shown in the left panel of Figure 1 will form a
“node”-type (or “source/sink”-type) polarization morphology, with a BIC at the center (Γ point) which has a winding
number of +1 [23–26]. A VB with topological charge ±2
can be generated accordingly [15]. With a temporal coupled
mode theory (TCMT) [27] considering one resonance and
four scattering channels, we can write down the transmission coefficient matrix of a resonance with specific in-plane
̂ s)
̂ frame:
wave vector k∥ in the spherical (p(
)
t
t
T p,s (k∥ ) = pp ps
tsp tss
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Here, 𝜔0 and 𝛾 0 are the real and imaginary parts of
the k∥ -dependent eigenfrequency of the applied collective
resonance, while 𝜔 is the source frequency. (dp , ds ) is the

far-field polarization state vector of the resonance, in which
dp,s are the coupling coefficients of the resonance to the
free space through the two radiation channels of p and s
polarization. tp,s and rp,s are the direct transmission and
reflection coefficients, respectively. This matrix Tp,s can be
viewed as a Jones matrix showing the structure’s influence
on the transmitting light.
Considering a small k∥ , the difference between the
direct transmission (reflection) coefficients of different
polarizations tp,s (rp,s ) can be neglected. Consequently, the
matrix becomes
)
(
|d p |2 d p d∗s
t−r
, (2)
T p,s (k∥ ) = tI −
𝛾0 − i(𝜔 − 𝜔0 ) ds d∗p |ds |2
by replacing the scattering coefficients with t and r (I here
is the identity matrix). After a coordinate transformation,
we obtain the matrix in the global Cartesian frame (x, y, z),
t−r
Tx,y (k∥ ) = tI −
𝛾0 − i(𝜔 − 𝜔0 )

(

d̃x 2
d̃y d̃x

d̃x d̃y
d̃y 2

)

,

(3)

where d̃x , d̃y are the real amplitudes of the correspondingly
transformed coupling coefficients. Here, because polarization states are almost linear in the vicinity of the at-Γ
BIC, the complex coupling coefficients of the polarization states shall have almost the same phase factor. As a

Figure 1: Mechanism to enhance the efficiency of nonlocal vortex beam generation. Left: Vortex generation using an array of single
resonances. Vertical dipole resonances (black double-headed arrows) result in an at-Γ BIC and a corresponding polarization singularity in
the momentum space, which can be applied to generate vortex beams. Red and blue colors correspond to the handedness of light. The
maximal conversion efficiency for a specific wave vector is bounded by 25% for transmission (or reflection). Part of the incident power will be
lost due to scattering in the opposite direction and direct transmission (reflection) without interacting with the resonances. Middle: Vortex
generation by single resonances and a perfect mirror. The transmission channel is blocked by the mirror, and the cross-polarization
conversion ratio can approach 100%. Right: Vortex generation enabled by dual resonances. Vertical electric dipole resonances are
degenerate with vertical magnetic dipole resonances (green rings). The interference between the two kinds of resonances can greatly
enhance the scattering on one side of the structure, improving the vortex generating efficiency.
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result, the phase factor is eliminated in Eq. (3). Expressed
using the helical basis |CW, CCW⟩ (CW stands for clockwise
polarization in the Cartesian frame while CCW stands for
counterclockwise polarization), the matrix will be
(
)
1
e2i𝜃
𝛾0 (t − r)
1
Theli (k∥ ) = tI −
2 𝛾0 − i(𝜔 − 𝜔0 ) e−2i𝜃
1

𝛾0 (t − r)
1
I
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−
−2i𝜃
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e2i𝜃
0

)

.

(4)

We apply the condition of energy conservation |dx |2 +
|dy |2 = 𝛾 0 here, and 𝜃 is the azimuthal angle of the polarization state vector. The antidiagonal terms in Eq. (4)
give the geometric phase caused by the cross-polarization
conversion process of a circularly polarized incidence
interacting with the momentum-space polarization states.
Meanwhile, the conversion efficiency at k∥ is given by
|1
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2

where we apply the relation |r|2 + |t|2 = |r − t| = 1 [27].
Equation (5) is a typical Lorentzian function in the frequency domain. Its maximum is 25% and occurs at 𝜔 = 𝜔0
(the on-resonance condition). As a conclusion, the crosspolarization conversion efficiency of a specific resonance
at k∥ cannot exceed 25% for any singlet resonance of any
freestanding structure with the mentioned symmetries.
Furthermore, for a real incident beam, it contains different k∥ components. The overall conversion efficiency
of the whole beam is determined by how well the high
conversion efficiency region overlaps with the momentumspace beam profile at a specific wavelength. Clearly, the
k∥ -dependent efficiency can hardly stay at the maximum
throughout the momentum-space range covered by the
beam. The more wave-vector-dispersive the applied resonance is the less area the high-efficiency region can cover,
and the less overall efficiency we get. For guided resonances, the high-efficiency region is usually a thin ring
surrounding the center of the momentum space. Meanwhile, the incident beam usually appears as a Gaussian
spot at the center of the momentum space. As a result of
the mismatch in the covered region, a large amount of the
power is not converted, making the overall efficiency low.

The above discussion applies to the reflection of the
system as well. All these factors together give a relatively low efficiency in the previous implementation of
such ideas. The question is, can the overall efficiency be
improved? From the k∥ -dependence aspect, the problem
can somehow be solved in two ways. One is to engineer
the momentum-space dispersion (k∥ dependence of 𝜔0
and 𝛾 0 ) of the resonance. A flattened dispersion can keep
the efficiency high by providing a larger range usable in
the momentum space. The other is to engineer the beam:
a Bessel-like beam whose momentum-space coverage is
also a ring will obviously loosen the requirement on the
k∥ -dependent efficiency. But, more importantly, can we
break the fundamental 25% limit?

2.2 Enhancing the conversion efficiency:
the mirror approach
We now discuss two mechanisms to break the limit. If we
take a deeper look at the above system as shown in the
left panel of Figure 1, we see that quite a large amount of
the incident power is lost to the other outgoing channels,
especially the scattering channels in the opposite direction. If those channels can be blocked, the efficiency may
be enhanced. An intuitive way is to use a perfect mirror
to cover one side of the structure, as shown in the middle
panel of Figure 1. In such a case, the energy conservation condition becomes d2x + d2y = 2𝛾0 . If no transmission
happens, we have t = 0 and |r| = 1. Therefore, with some
simple modifications on Eq. (5) we can get
|1
|2
2𝛾0 r
|
|
| 2 𝛾0 − i(𝜔 − 𝜔0 ) |

mirror
|
𝜏cross
−pol. (k∥ ) = |

𝛾02
= 2
.
𝛾0 + (𝜔 − 𝜔0 )2

(6)

Clearly, the maximal conversion efficiency can be
increased to 100% with the perfect mirror introduced. This
approach seems very simple. However, it only works in
a reflective geometry, making the approach less useful in
practical applications. Moreover, perfect mirrors are only
available in specific frequency ranges, e.g. radio frequencies. In the optical range, metallic mirrors are inevitably
absorptive, which can reduce efficiency. One can mitigate
the loss impact by moving the field hotspots away from the
lossy mirror.

2.3 Enhancing the conversion efficiency: the
dual-resonance approach
To realize better efficiency without blocking the transmission, we need to consider some other mechanisms. Instead
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of applying a perfect mirror, another resonance that is
degenerate with the existing resonance can be introduced.
The interference between the two resonances enables us
to prevent the power from scattering into the unwanted
channels and distribute the power to the desired one(s).
From the viewpoint of multipole moments, such a phenomenon is a Kerker effect [20, 28–30]. Note that we
want to improve the overall efficiency over the momentum
space, and hence a ring-like degeneracy in the momentum
space (i.e., a nodal ring) is necessary. In the meantime, the
introduced multipole moment shall have the same winding number as the existing one in order to ensure stable

interference along the nodal ring. In our example, illustrated in the right panel of Figure 1, we can introduce an
array of vertical magnetic dipole moments. The electric
dipoles are odd about the mirror plane, while the magnetic
ones are even. Such a symmetry guarantees the orthogonality of the two kinds of dipole moments and accordingly the existence of the nodal line. Both the two dipole
moments have the same polarization winding number
of +1.
Analytically, we apply a TCMT with two resonances
and four scattering channels [27] to get the expressions of
the transmission coefficients which will be
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Here, subscript “0” refers to the electric dipole
moments, and subscript “1” refers to the magnetic dipoles.
We make the two resonances degenerate and only consider the on-resonance cases, so 𝜔0 = 𝜔1 = 𝜔. Again, we
apply the approximation (r, t)p,s ≊ (r, t) and assume linear
polarization states by considering a small k∥ , and after
coordinate and basis transformations we have
(
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From Eq. (8), we find that the co-polarized transmission
has already been eliminated by introducing the orthogonal
magnetic resonance. Assuming that the far-field polarization azimuthal angle 𝜃 1 of the introduced magnetic dipoles
always differs from the one of the electric dipoles (𝜃 0 ) by a
constant angle Δ, we have

(
)
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0
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Interestingly, the cross-polarization conversion efficiency is no longer symmetric for the CW-to-CCW and
the CCW-to-CW cases here. The on-resonance conversion
dual
(k ) for the former case will be
efficiency 𝜏cross
−pol. ∥
]
1[ 2
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2
[
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while the efficiency of the latter case will be
]
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The electromagnetic field of the introduced magnetic
dipole moments is also orthogonal to the field of the existing electric dipole moments in the structure plane in our
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example. Consequently, Δ can be taken as 𝜋∕2. We find
that the conversion efficiencies for both cases become the
same again, which is |r|2 . It is surprising that the onresonance conversion efficiency ceases to be a constant,
but is rather determined by the direct scattering coefficient(s). This allows us to break the constant limit of 25%,
as long as the direct reflectance is high enough. Because
we take advantage of degenerate electric and magnetic
dipole resonances in this approach, we would like to call
it a “dual-resonance” approach.
Note that, such an approach can be applied in enhancing either the transmissive conversion efficiency or the
reflective one by tuning the direct reflectance and transmittance. When |r|2 = 0 and |t|2 = 1, the transmissive conversion is eliminated and all the power is routed to the
reflective conversion. In the optical range, |r|2 = 1 may be
difficult to achieve with a single-layered dielectric photonic crystal slab, and therefore a transmissive generation
setup may require a multi-layered structure. On the other
hand, |r|2 = 0 can be easily achieved with thin-film interference to realize reflective vortex beam generation without
absorptive mirrors.

3 Simulation demonstrations
In order to demonstrate the validity of the two proposed approaches, we design structures operating in the
microwave range and perform simulations. For the mirror approach, the structure is chosen to be a dielectric slab
[made of polytetrafluoroethylene (PTFE), 𝜖 r ∼ 2.1] in which
a hexagonal array of via holes is etched, as illustrated in
Figure 2(a). The bottom of the slab and the inner wall of
the holes are coated with a perfect electric conductor (PEC)
layer. The distance between two holes, i.e., the lattice constant a, is 0.540 cm. The thickness of the slab is 0.122 cm,
and the radius of the holes is chosen to be 0.016 cm. The
width of the PEC strips around the via hole is 0.030 cm. The
via holes and the PEC mirror together work as resonators
supporting vertical electric dipole moments.
Using full-wave simulations, we obtain the dispersion
of the electric dipole resonance, shown in Figure 2(b).
The dispersion of such a local resonance is flat enough
so that the overall efficiency over the momentum space
is improved. One can clearly see the existence of a BIC
at the Γ point from the plotted imaginary part of eigenfrequencies. The k∥ -dependent cross-polarization conversion
efficiency is calculated and plotted in Figure 2(c). For each
k∥ , a Lorentzian line shape whose maximum approaches
100% can be seen, as we have predicted above. Although
the wave-vector range is not very small in this example, the

Figure 2: An example of the mirror approach.
(a) The schematic view of a unit cell of the structure. A
perfect-electric-conductor (PEC) coated via hole is punched in a
dielectric slab, of which the bottom is covered by a PEC layer acting
as a perfect mirror. (b) The dispersion of the applied resonance is
supported by the structure. The solid line marks the real part of the
eigenfrequencies, while the accompanying transparent shade
marks the imaginary part. The via hole act as a vertical electric
dipole, which leads to a symmetry-protected BIC at k∥ = 0. (c) The
calculated cross-polarization conversion efficiency (reflectance).
On-resonance efficiency approaches 100%. (d) The
cross-polarization conversion efficiency mapped at the frequency of
30.75 GHz [marked out by a white dashed line in (c)]. The efficiency
map shares the same color map of (c). The inset shows the phase
map after a CW-to-CCW cross-polarization conversion, which has a
topological charge of −2.

assumptions in our discussion [(r, t)p,s ≊ (r, t) and linear
polarization states] are still valid, discussed in Supplementary Information. Choosing the operating frequency to be
30.75 GHz, the momentum-space conversion efficiency distribution is mapped as Figure 2(d). If a Gaussian beam with
a ∼ 15.7-degree divergence angle is shined onto the structure, the overall reflecting conversion efficiency reaches
∼ 46%, which will be about four times the efficiency using
a singlet resonance. Correspondingly, the phase after CCW
analyzing under a CW incidence is shown in the inset of
Figure 2(d). We can observe an obvious phase vortex of
topological charge −2.
On the other hand, the dual-resonance approach
requires a more complex structure, which supports both
electric and magnetic dipole resonances. In Figure 3(a),
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Figure 3: An example of the dual-resonance approach.
(a) The schematic view of a unit cell of the structure. A PEC coated
via hole is punched through the dielectric slab, and a hexagonal
split ring resonator with six slits is put at the center of the slab. (b)
The dispersions of the applied resonances are supported by the
structure. The solid lines mark the real part of the eigenfrequencies,
while the accompanying shades mark the imaginary part. The black
curve corresponds to the vertical electric dipole resonance
supported by the via hole, while the green curve corresponds to the
vertical magnetic dipole resonance supported by the split ring
resonator. (c) The calculated cross-polarization conversion
efficiency (transmittance). On-resonance efficiency exceeds 90%
when the two resonances become nearly degenerate. (d) The
cross-polarization conversion efficiency mapped at the frequency of
30.71 GHz [marked out by a white dashed line in (c)]. The efficiency
map shares the same color map of (c). The inset shows the phase
map after a CW-to-CCW cross-polarization conversion, which has a
topological charge of −2.

we illustrate the unit cell of the designed structure. The
dielectric slab and the via holes are retained, but the PEC
mirror is now removed. The thickness of the slab with the
via holes punched through is doubled (0.244 cm) in order
to support a similar electric dipole resonance to the one
in the former approach. An array of hexagonal split-ring
resonators is added to the central plane of the slab. The inplane winding current along the patches of the split-ring
resonator introduces the required vertical magnetic dipole
resonance. Moreover, the ring resonator array acts as a
Faraday shield. The patches added have the same width
as the PEC strip around the via hole, and their length is

0.273 cm. Slits between the patches are 0.015 cm wide. With
the direct transmittance suppressed to almost zero by the
Faraday shielding effect, the introduced magnetic dipole
moments along with the existing electric dipole moments
can greatly improve the conversion efficiency.
From Figure 3(b), we can see the calculated dispersions of the two resonances. As the structure has the
up-down mirror symmetry, the dispersions of the electric and magnetic resonances directly cross each other
at k∥ ∼ 0.125 ⋅ 2𝜋∕a, resulting in a nodal ring. Two BICs
are observed from the plotted imaginary part of the eigenfrequencies. As expected, in the k∥ region where the two
dispersions are nearly degenerate, the transmitting conversion efficiency is lifted to over 90% (∼93%), as shown in
Figure 3(c). At 30.71 GHz, the conversion efficiency map
is plotted as Figure 3(d), of which the inset shows the
phase map in the CW-to-CCW-conversion case. The overall
transmitting conversion efficiency at 30.71 GHz under a
Gaussian beam incidence whose divergence angle is ∼15.7
degrees is calculated to be about 42%, ∼3.7 times the
efficiency using a single resonator.
From the results, we can see that both approaches
work well. The mirror approach can in principle reach a
maximal efficiency of 100%. The structure and the corresponding dispersion are very simple. However, in realistic
applications, perfect mirrors are difficult to construct. If
the material loss is considered, fine tuning of the structure
is necessary to reduce on-resonance absorption. Another
disadvantage of this approach is that it only works in
reflective setups. The dual-resonance approach, on the
other hand, does not require a mirror but involves two
orthogonal multipole resonances. Utilizing the interference between degenerate resonances, directional crosspolarized scattering can happen, and high conversion
efficiency can be realized in a transmissive (or reflective)
setup. The structure still needs to be carefully designed so
that the two orthogonal resonances can be degenerate in
the desired momentum-space region. Besides, the direct
transmittance and reflectance will determine the transmitting conversion efficiency, and thus the design shall take
the direct scattering process into consideration as well.
The two approaches work in any frequency range in principle. However, if one wants to apply the approaches in the
optical range, complex structures may be necessary since
lossless metal does not exist in this wavelength range.

4 Conclusion
We propose two approaches to improve the crosspolarization efficiency of nonlocal VB generation. One is
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based on a perfect mirror, and the other is based on dual
resonances. Both approaches are verified with simulations,
which show an enhancement in efficiency by several folds.
The theory can be applied to all types of structures and
can be extended to systems whose polarization basis is not
the helical one. High conversion efficiency can improve the
usability of periodic structures as non-local beam modulators and other promising applications such as nonlocal
nonlinear vortex generation [31–33] can be expected.
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