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Abstract: The heat transport and entropy formation of
an unsteady Sutterby hybrid nanoﬂuid (SBHNF) are
investigated in this work. SBHNF’s ﬂowing and thermal
transport properties are investigated by exposing the
nanoﬂuid to a slippery hot surface. This analysis includes
the inﬂuences of solid-shaped nanoparticles, porous
materials, radiative ﬂux, and viscous dissipative ﬂow.
The Galerkin ﬁnite element technique (G-FEM) is used
to ﬁnd self-similar solutions to equations that are then
transformed into ODEs using appropriate transformations. This research considers two diverse kinds of nanosolid-particles, copper (Cu) and graphene oxide (GO),
using non-Newtonian engine-oil (EO) as the working
ﬂuid. In the ﬂowing, energy, skin friction, Nusselt number,
and entropy production, important ﬁndings for the various
variables are visually depicted. The most notable ﬁnding
of the analysis is that when SBHNF (GO–Cu/EO) is compared to a typical nanoﬂuid (Cu–EO), the thermal transmission rate of SBHNF (GO–Cu/EO) gradually increases.
Furthermore, heat transfer is greatest for spherical-shaped
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nanoparticles and lowest for lamina-shaped nanoparticles. The entropy in the model is increased when the
size of the nanoparticles ϕ is increased. The comparable
impact is noticed once the radiation ﬂowing Nr and
Deborah number λ increase.
Keywords: Sutterby hybrid nanoﬂuid, entropy generation,
viscous dissipation, ﬁnite element, shaped-factor

Abbreviations
A
b
Bi
Br
Cf
Cp
EG
E
Ec
h
κ
k0
k⁎
n
Nr
NG
Nux
Pr
qr
qw
Q
Re
S
v1, v2
Uw
Vw
x, y

unsteadiness parameter
initial stretching rate
Biot number
Brinkman number
frictional force factor
speciﬁc heat (J kg −1 K−1)
dimensional entropy ( J/ K)
column vectors of order
Eckert number
heat transport factor
thermal conductivity (W m−1 K−1)
thermal conductivity of the surface
absorbent factor
power-law index
radiation parameter
dimensionless entropy generation
local Nusselt number
Prandtl number (ν / α)
radiative heat ﬂux
wall heat ﬂux
heat source
Reynolds number
suction/injection parameter
velocity component (m s−1)
velocity of the stretching sheet
vertical velocity
dimensional space coordinates (m)
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Greek symbols
¥
ξ
¥w
¥∞
ϕ
ρ
Ω
λ
σ⁎
ψ
χ
θ
Λ
μ
ν
α

ﬂuid temperature
eﬀective extending rate
temperature at wall
ambient temperature
size of nanomolecules
density (kg m−3)
dimensionless temperature gradient
Deborah number
Stefan–Boltzmann constant
stream function
similarity variable
dimensionless temperature
velocity slip parameter
dynamic viscosity (kg m−1 s−1)
kinematic viscosity (m2 s−1)
thermal diﬀusivity (m2 s−1)

Subscripts
f, gf
0
p, p1 , p2
nf
hnf
s
Cu
GO

base ﬂuid
surface
nanoparticles
nanoﬂuid
hybrid nanoﬂuid
particles
copper nanoparticles
graphene oxide particles

1 Introduction
Nanoﬂuid which has unusual characteristics and is wellknown as the suspending colloidal ﬂuid with metallic or
nonmetallic nanosolid-particles was studied and discussed by several investigators. Buongiorno [1] said the
absolute swiftness of the nanoparticles can be regarded
as the total velocities of baseﬂuid and the relative velocity. Seven slip processes were then analyzed: inertia,
Brownian, thermophoretic diﬀusivity, diﬀusio-phoresis,
Magnus impact, drainage of ﬂuids, and gravitational
change. Then, he announced that the Brownian and thermophoretic diﬀusions can play an imperative role in the
non-attendance of turbulent impacts. Increased thermal
conduction of conventional thermal transmission ﬂuids,
for example, H2O, ethylene-glycol, and mineral oil, is
achieved when nanoparticles are applied to a basic ﬂuid.

Nanoﬂuids can thus be used for electrical cooling, cooling
engines, solar water heating, nuclear reactor, oscillating heat
tubing, and as transmission ﬂuids for heat transmission [2].
Garoosi et al. [3] have studied numerically the nanoﬂuids
ﬂowing in which using Buongiorno's model. Eiamsa-ard
et al. [4] surveyed the improvement in heat transport of
TiO2–H2O nanoﬂuid into a heat exchanger tube ﬁtted with
superlative double-twisted strips. In diﬀerent physical situations, recent additions are provided for the treatment of
nanoﬂuid with heat and mass transport [5–7].
Accurate simulation of nanoﬂuid ﬂowing with the
macroscopic model is a prerequisite to building nanoﬂuid-operating equipment [8]. Researchers have generally analyzed individual and two-phase macroscopic
models. Provided that the relative speeds of nanoparticle
and normal ﬂuid are insigniﬁcant, the homogeneity monotonic model may be regarded as a single spectrum with its
eﬃciencies. A homogeneous single-phase model has been
used by Maiga et al. [9] for investigating forced convective
ﬂow of Al2O3–H2O and Al2O3–EG nanoliquids in a homogeneously heated tube at completely established laminar
and turbulent ﬂowing schemes. Temperature-dependent
characteristics for the convection of nano-ﬂuid models
have been shown to predict that those heat transfer
improvements are greater than that of nanoﬂuid-dependent model used by Palm et al. [10]. Xuan and Roetzel
[11] have suggested the dispersion approach for nanoﬂuids. Heris et al. [12] used a dispersive model for the
simulation of laminar nanoﬂuid convection in a rotating
duct. Mokmeli and Avval [13] utilized both homogeneity
monotonic and dispersive schemes for the study of
convection nanoﬂuid heat transport. When comparing
numerical ﬁndings with experimental values, the dispersive model has been seen to be more correct [8]. A
recent survey on single phase nanoﬂuid ﬂows is presented in refs. [14–16].
The trend in the numerical investigations of heat
transport of nanoliquid is to consider it to be a Newtonian
ﬂuid; however, it is well documented that numerous nanoﬂuids display a non-Newtonian behavior so it is important
to consider it. Consequently, in this analysis, we take
account of the signiﬁcance of non-Newtonian liquid as
a Sutterby liquid. Fluid model in the type of Sutterby
explains the ﬂux of pseudoplastic behavior. NonNewtonian Sutterby ﬂuid has been many uses, including
those used to spin the ﬂuid in the full process of drilling
operations. These liquids are too utilized in fabricated
lubricant processing. Refs [17–29] provide more detailed
information.
The Sutterby ﬂuid model exhibits highly reﬁned polymer solutions and is one of the non-Newton-based liquids

Dynamics of convective slippery constraints on SBHNF ﬂow

used to analyze the rheological properties of various materials [30]. We are using the transition process to get the
ODE system indirect. This program is solved numerically
with a built-in shooting method. The leading values of the
diﬀerent parameters involved in speed, temperature, and
concentration are deﬁned. Speed, concentration, and temperature are calculated by numbers. The results obtained
show that the speed is reduced by the parameter of the
objects. Temperature and concentricity are augmented by
the parameter [31]. The study of the behavior of non-Newtonian nanoﬂuids is complex and diﬃcult because of the
indirect relationship between stress and stress level, and
this is because many of the things that happen in the real
world are not real and are not the same. It is very easy to
solve a line problem but ﬁnding solutions to indirect problems is still very diﬃcult. However, the results obtained
by numerical methods give unstable points when sorted;
otherwise, gaining a complete understanding of the indirect
problem is also diﬃcult. If an indirect problem involves
unity or has many solutions this adds to the complexity
of the numbers. Although numerical and mathematical
methods for solving indirect problems are limited, they
also have their advantages. Therefore, we cannot ignore
any of these two methods, but it is usually fun to solve an
indirect problem through analysis. In addition, perforated
media is used to transport and conserve energy in many
industrial systems, such as heat pipes, solid matrix heat
exchangers, electric cooling, and chemical reactors [32]. Various solutions were reported by Hashim and Hamid [33] on
Williamson nanoﬂuid ﬂow about suction variable in the current decade. There have been more recent debates [34–36] in
regards to non-Newtonian nanoﬂuids. Refs [37–48] provide
recent information that considers nanoﬂuids with ﬂowing
and heat transmission in a variety of physical descriptions.
Hybrid nanoﬂuids were introduced by Suresh et al.
[49] to extra improve the optimistic characteristics of
nanoliquids. Hybrid nanoﬂuids are built by the combination of two diﬀerent kinds of nanosolid-particles. Recent
research in the area of nanoﬂuids has focused on hybrid
nanoﬂuid thermal systems. The eﬀect of various kinds of
nanoparticles, nanoparticle sizes, the volume of nanosolid-particles in the basis ﬂuid, and thermophysical
characteristics of nanoﬂuids is nonetheless crucial. The
three-dimensional ﬂux of Cu–Al2O3/H2O hybrid nanoﬂuid using the RK-Fehlberg integrated process is analyzed by Devi and Devi [50]. This is caused by Lorentz’s
force by the unidirectional linear expansion of the plate.
The ﬁndings showed that the Cu–Al2O3/H2O hybrid nanoﬂuid heat exchange rate is higher than that of Cu–H2O
nanoﬂuid. Afrand et al. [51] examinated the inﬂuence on
the rheology conduct of magnetite hybrid nanoﬂuid-
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silver/ethylene glycol (Fe3O4–Ag/EG) of temperature distribution and nanoparticulate concentration. Hayat and
Nadeem [52] took the hybrid Brinkman nanoliquid 3D
ﬂow, for an assessment of heat transfer characteristics
on a linear extending and circular surface with radiative and homogeneity (heterogeneity) reactive ﬂowing
of CuO/H2O and Ag–CuO/H2O. Ghadikolaei et al. [53]
scrutinized the thermo-physical characteristics of magnetohydrodynamics (MHD) mixture TiO2–Cu/H2O nanoﬂuid
with common geometrical shapes factor for nanoparticles. Hussain et al. [54] considered a hybrid nanoﬂuid
containing Al2O3–Cu/H2O ﬂowing into an open cavity
with an adiabatic quadrangular obstruction within the
hollow. For numerical solution, the ﬁnite element method
was utilized and the inﬂuences of various potential factors
on hybrid nanoﬂuid were addressed. Information on mixture nanoliquid ﬂowing and heat transmission properties
can be found in refs [55–59].
Recently, the thermodynamics second-law was employed [60] in order to minimize entropy production to ﬁnd
the optimum engineering scheme. The level of irresponsibilities accumulating during a process has been decided
with entropy generation [61]. This can be used to test the
eﬃciency of engineering devices with entropy analysis
[62]. For example, Oztop and Salem [63] carried out an
analysis of the entropy production for free and mixed
convective heat transport models. A ﬁnal volume approach was taken by Shahzad et al. [64] to examine wavy
channel entropy and thermohydraulic eﬃciency with
three-corrugation outlines, which are trapezoidal, sinusoidal, and triangular. Iron salt, tannin, and graphic
oxide were assembled into GO–Fe3O4 hybrid nanoﬂuid
by Mehrali et al. [65] due to the stability and abundance.
The overall thermal conductance of the system can be
increased by 11% with the usage of hybrid solid nanoparticles. Under the eﬀect of a magnetic ﬁeld, the eﬃcacy of
heat transfer of GO–Fe3O4 mixed nanoﬂuid enhances,
while entropy is decreased with graphene usage instead
of puriﬁed H2O by 41%. Using a hot stretched plate,
Shahzad et al. [66] made an analysis on chemical reactions
and entropy of the 2nd-grade nanoﬂuid under the eﬀect
of nonlinear heat radioactivities and MHD. Increment in
Reynolds, Brinkmann, and Hartmann numbers results in
system entropy elevating, while reduction is observed for
higher temperature. Similar analyses were conducted in
refs [67–71] for entropy production of nanoﬂuid with the
expandable surfaces using diverse geometry.
The ﬁnite element technique is commonly used in
mathematics and engineering models to numerically
solve diﬀerential equations. Other applications include
sophisticated geometry testing and diﬀerent forms of
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material modeling. Khan et al. [72] developed a designbased model to investigate heat increase and thermal
management in a separate lid-driven square cavity.
They got numerical results using the Galerkin ﬁnite element approach (G-FEM). Mourad et al. [73] investigated
uniform MHD free convection and heat transmission in a
penetrable cavity using a hybrid Fe3O4-MWCNT/water
nanoﬂuid ﬁlled inner elliptic cylinder. To validate the
governing equations, they employed the G-FEM. Rana
et al. [74] presented an investigation on the electromagnetism aspect of nanoﬂuid on an expandable cylinder
under the suspension inﬂuence of gyrotactic algae using
the Cattaneo–Christov mass and heat ﬂux concept. They
used the ﬁnite element approach to acquire the mathematical conclusions of the model’s governing equations.
Shah et al. [75] investigated the magnetized non-Darcy
ﬂow of free convective hybrid nanoﬂuid on a penetrable
cylinder using a stable and ambient magnetic ﬁeld as
well as a constant heat source. To numerically resolve
the governing set of equations, the control volume ﬁnite
element approach was used. Nasrin et al. [76] probed
the heat transmission behavior of mixture nanoliquids
using sinusoidal and lid-driven cavities with trapezoidal
shapes. They used the ﬁnite element approach to solve
the controlling set of partial diﬀerential equations regulating ﬂuid temperature and velocity.
Studies on entropy production of SBHNF are infrequent, and none of the papers available addressed the
impacts of a penetrable material, viscous dissipation, and
radiation ﬂux, shaped-factor via the extended sheet utilizing the nanoliquid Tiwari–Das scheme in detail [77].
The ﬂuid, swiftness, and temperature in Tiwari-Das (monotonic model) are equivalent. The advantages of the singlephase approach are that the slip processes are ignored so
that the model is simpler and numerically easy to solve. But
the downside of the approach is that the numerical eﬀects
of certain situations vary from the results of experiments.
Concentrations range from 3 to 20% in this model volume
of nanoparticles. The eﬀects of Cu–EO, GO–EO hybrid, and
standard nanoﬂuid were only approximated by numerical
ﬁndings. Therefore, the present investigation focuses on
the powerful liquid feature eﬀects and entropy in a numbered system based on the Keller-box process (KBM) of
SBHNF in a boundary-layer in order to bridge a gap.
The structure of the current article is as follows: governing mathematical equations are given in Section 2.
Solution to the problem is established in Section 3.
Galerkin ﬁnite element method employed during the
numbering procedure is explained in Section 4. Section
5 tells about the validation of the code. In Section 6, we

analyzed the development of entropy. Section 7 summarizes
the ﬁndings as well as the debate. Outcomes along with
future guidelines are provided in Section 8.

2 Flow model formulations
The mathematical ﬂow equations show the moved horizontal plate with the irregular expanding velocity [78]:

Uw (x , t ) =

bx
,
1 − ξt

(2.1)
b⁎x

where b is an original expanding rate. ¥w(x , t ) = ¥∞ + 1 − ξt
is isolated surface temperature, for appropriateness, it is
considered as constant at x = 0. Here b⁎ , ¥w , and ¥∞ represent the rate of temperature variation, the temperature of
the surface, and temperature of surroundings, respectively.
According to the assumptions, the plate is slippery and
temperature variation is subjected to the surface. The
hybrid nanoﬂuid is formulated at ﬁrst with the addition
of Cu solid nanoparticles in EO as baseﬂuid at a fractional
size (ϕR ) and it is constant at 0.09 throughout the investigation. Graphene oxide GO nanomolecules have been
expanded in the mixture to achieve a hybrid nanoﬂuid at
the concentricity volume (ϕH).

2.1 Suppositions and terms of model
Following are the principles along with restrictions
applicable to the ﬂowing model:
▪ two-dimensional laminar unsteady ﬂowing,
▪ boundary-layer estimates,
▪ Tiwari and Das (single-phase) technique,
▪ non-Newtonian SBHNF,
▪ porous medium,
▪ thermal radiation ﬂux,
▪ viscous dissipation ﬂow,
▪ shape-factor of nanomolecules,
▪ copper (Cu) and graphene oxide (GO) nanoparticles,
▪ engine-oil (EO) as the base ﬂuid,
▪ porous elongated surface,
▪ slippery as well as convection boundary restrictions.

2.2 Sutterby ﬂuid stress-tensor
In Sutterby model, the stress-tensor is deﬁned as

T = −pI + S.

(2.2)
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where p and I denote pressure and identity-tensor, respectively, whereas S denotes an additional stress-tensor.

sinh−1(Eγ̇ ) ⎤
A1 ,
⎥
Eγ̇
⎦

γ̇ =

tr(A1 )2
,
2

∂v
∂v1
+ 2 = 0,
∂y
∂x

(2.3)

where μ0 and E denote zero-shear rate viscosity and
material time-constant, respectively. Underneath are the
mathematical equations for the second invariant strain
tensor γ̇ and the ﬁrst order Rivlin–Ericksen tensor A1.

2
μ 1 ∂ 2v1 ⎛
μ
nb 2 ⎛ ∂v1 ⎞ ⎞
1
− hnf v1,
−
= hnf
⎜
⎟
2
2 ⎝ ∂y ⎠
ρhnf 2 ∂y
ρhnf k
⎝
⎠
⎜

(2.4)

(2.5)

⎟

1
khnf ⎛ ∂ 2¥ ⎞
⎛ ∂qr ⎞
−
(ρCp)hnf ⎝ ∂y 2 ⎠ (ρCp)hnf ⎝ ∂y ⎠
⎜

⎟

⎜

(2.8)

⎟

2

+

μhnf ⎛ ∂v1 ⎞
1
.
Q(¥−¥∞) +
(ρCp)hnf
(ρCp)hnf ⎝ ∂y ⎠
⎜

⎟

Aziz et al. [58] gave the related boundary constraints:

2.3 Geometric model
Figure 1 depicts the geometrical ﬂow concept.
Figure 1 depicts the diagram of the ﬂowing model.
The ﬂowing in this scheme is caused by the unidirectional extending of the surface. The ﬂow slippery phenomenon occurs at the plate, and thermal jumping is
used to transmit heat from the lamina to the liquid.

(2.7)

∂¥
∂¥
∂¥
+ v2
+ v1
∂y
∂x
∂t
=

In the case of ς = 0, the ﬂuid is equivalent a Newtonian
ﬂuid, while at ς > 0 it is pseudoplastic (shear-thinning)
ﬂuid, and ς < 0 is dilatant (shear-thickening) ﬂuid.

(2.6)

∂v
∂v
∂v1
+ v1 1 + v2 1
∂y
∂x
∂t

and

A1 = (grad V ) + (grad V )T .
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radiative, and viscous dissipative ﬂow under the accustomed boundary-layer approximation are

ς

S = μ0 ⎡
⎢
⎣



∂v
v1(x , 0) = Uw + Nw⎛⎜ 1 ⎞⎟ , v2 (x , 0) = Vw,
⎝ ∂y ⎠
∂¥
− k 0⎛⎜ ⎞⎟ = hf (¥w − ¥),
⎝ ∂y ⎠

(2.9)

v1 → 0, ¥ → ¥∞ as y → ∞ .

(2.10)

←
Vector of ﬂow velocity is deﬁned as v = [v1(x , y , t ) , v2 (x , y , t ) , 0].
Time is represented by t , and ¥ presents the temperature of
the ﬂuid. Q is the heat source. Nw is the slip length, Vw is the
porosity of the extending plate, while k symbolizes the porousness of the material.

2.4 Model equations
The constituent ﬂow formulas [79] of viscid SBHNF that
have been adeptly modiﬁed with porous material, thermal

2.5 Physical thermal characteristics of SBNF
Nanomolecules spread in EO induce modiﬁed thermophysical properties. The equations of Table 1 synopsizes
SBNF variables of the material [80,81].
The nanoparticles volume factor ϕ is seen in Table 1.
The standard ﬂuid’s dynamical viscidity, density, working
heat capacity, and thermal and electrical conductivities are

Table 1: Thermo-physical features for nanoliquids

Figure 1: Scheme of the ﬂow paradigm.

Features

Nanoliquid

Dynamical viscidness (μ)

μnf = μf (1 − ϕ)−2.5

Density (ρ)

ρnf = (1 − ϕ)ρf − ϕρs

Heat capacity (ρCp)

(ρCp)nf = (1 − ϕ)(ρCp)f − ϕ(ρCp)s

Thermal conductivity (κ )

κnf
κf

=⎡
⎣

(κs + (m − 1)κf ) − (m − 1)ϕ(κf − κs)
⎤
(κs + (m − 1)κf ) + ϕ(κf − κs)
⎦
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represented by μf , ρf , (Cp)f and κf , respectively. The density,
heat capacity, and thermal conductivity of the nanoparticle
are represented by ρs, (Cp)s, and κs , respectively.

2.6 Thermo-physical characteristics of
SBHNF
The suspension of two unique kinds of nanomolecules
inside the basic ﬂuid is the main premise of hybrid nanoﬂuids [82]. This boosts the heat transfer capability of
conventional liquids and makes them a better heat interpreter than nanoﬂuids. Table 2 demonstrates the content
of SBHNF variables [57,59].
Dynamic viscidity of mixture nanoﬂuid, density, speciﬁc heat capacity, and thermal conductivity are all listed
in Table 2 as μhnf , ρhnf , ρ(Cp)hnf , and κhnf . ϕ represents the
volumetric coeﬃcient of solid nanomolecules in a mono
nanoﬂuid. For the mixed nanoﬂuid, ϕ hnf = ϕR + ϕH is the
coeﬃcient of hybrid nanoparticles. The dynamical viscidity, density, speciﬁc heat capacity, and thermal conductivity of the baseﬂuid are represented by μf , ρf , (Cp)f ,
κf , and σf . The densities, speciﬁc heat capacitances, and
thermal conductances of the nanomolecules are represented by ρp1, ρp2 , (Cp)p1 , (Cp)p2 , κp1, and κp2 , where the
subscripts p1 and p2 represents Cu and GO nanomolecules, respectively.
The nanomolecules’ shaped-factor deﬁnes the size of
numerous nanomolecules. The empirical particle form
factors are sphere = 3, hexahedron = 3.7221, tetrahedron =
4.0613, column = 6.3698, and lamina = 16.1576 [83].

Table 3: Fabricated materials’ thermo-physical attributes
Thermo-physical

ρ (kg/ m3 )

cp (J/ kgK)

k (W/ mK)

Copper (Cu)
Engine oil (EO)
Graphene oxide (GO)

8,933
884
1,800

385.0
1,910
717

401.00
0.144
5,000

2.8 Rosseland approximation
Due to the thicker non-Newtonian SBHNF, only a shortened distance can be covered by the radiative ﬂow.
So, the equation for Rosseland radiative ﬂux given by
Brewster [87] is applied in formula (2.8).

qr = −

4σ⁎ ∂T 4
,
3k ⁎ ∂y

(2.11)

where σ⁎ signiﬁes Stefan–Boltzmann constant and k ⁎
symbolizes the rate.

3 Nondimensional transformed
system
According to similarity transformation converting the controlling partial diﬀerential equations into ordinary diﬀerential equations (ODEs), equations (2.7) and (2.8) are
boundary-value problem. Stream function ψ is speciﬁed
as:

v1 =

∂ψ
∂ψ
, v2 = −
.
∂x
∂y

(3.1)

The next speciﬁed similarity quantities are applied

2.7 Nanosolid-particles and baseﬂuid
lineaments

χ (x , y ) =

In Table 3 [84–86] of analysis, substantial features of the
primary ﬂuid of the engine oil are described.

ψ (x , y ) =

b
y,
νf (1 − ξt )
¥ − ¥∞
νf b
,
xf (χ ) , θ (χ ) =
¥w − ¥∞
(1 − ξt )

(3.2)

Table 2 Thermo-: physical properties of hybrid nanoﬂuids
Features

Hybrid nanoﬂuid

Viscosity (μ)

μhnf = μf (1 − ϕR)−2.5(1 − ϕH)−2.5

Density (ρ)

ρhnf = [(1 − ϕH){(1 − ϕR)ρf + ϕRρp1}] + ϕHρp2

Heat capacity (ρCp)

(ρCp)hnf = [(1 − ϕH){(1 − ϕR)(ρCp)f + ϕR(ρCp)p1}] + ϕz (ρCp)p2

Thermal conductivity (κ )

κ hnf
κgf

=⎡
⎣

( κp + ( m − 1 ) κf ) − ( m − 1 ) ϕ ( κf − κp1 )
( κp2 + ( m − 1 ) κgf ) − ( m − 1 ) ϕH ( κgf − κp2 ) κgf
⎤
⎤
= ⎡ 1 κ + m − 1 κ +ϕ κ R− κ
) f ) R ( f p1 )
( κp2 + ( m − 1 ) κgf ) +ϕH ( κgf − κp2 )
⎣ ( p1 (
⎦
⎦ κf
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in equations (2.7) and (2.8). We get
(3.3)

χ
Q
Ec
f ″2 ⎤ = 0,
+ −A⎛θ + θ′⎞θ
+
⎥
2 ⎠ ϕc
ϕaϕc
⎝
⎦

(3.4)

(3.5)

where χ and θ signify the similarity variable and nondimensional temperature, respectively. In equations (3.3)–(3.4),
the consecutive thermo-physical structures ϕa, ϕb, ϕc,
and ϕd for SBHNF are speciﬁed as

ρp
ρp
(3.6)
ϕ b = (1 − ϕ2 )⎡(1 − ϕ1) + ϕ1 1 ⎤ + ϕ2 2 ,
⎢
ρf ⎥
ρf
⎣
⎦

(ρCp)p1 ⎫
(ρCp)p2
,
ϕc = (1 − ϕ2 )⎧(1 − ϕ1) + ϕ1
+ ϕ2
⎨
⎬
ρC
(
)
(ρCp)f
p f ⎭
⎩

(3.7)

(κp + (m − 1)κnf ) − (m − 1)ϕ2(κnf − κp2) ⎤
ϕd = ⎡ 2
⎢
(κp2 + (m − 1)κnf ) + ϕ2(κnf − κp2) ⎥⎦
⎣
(κp1 + (m − 1)κf ) + ϕ1(κf − κp1) ⎤
.
×⎡
⎢ (κp1 + (m − 1)κf ) − (m − 1)ϕ (κf − κp1) ⎥
1
⎣
⎦

(3.8)

It is noted that equation (2.8) is satisﬁed directly. In all
ξ

formulas, ′ symbols diﬀerentiate w.r.t χ . A = b , λ = B2b 2 ,
respectively, represent unsteadiness para-

meter, Deborah number, and porousness of material. Pr =

νf
αf

is the Prandtl amount. Thermal diﬀusivity parameter,
thermal radiative ﬂow, and mass transport are speciﬁed

tively. Λ=

Ec =

Nr =

b
νf (1 − ξt )

Uw2
(Cp)f (Tw − T∞)

3
16 σ⁎ ¥∞
,
3 κ⁎νf (ρCp)f

and S = −Vw

1 − ξt
νf b

, respec-

Nw is the slippery velocity parameter.

and Bi =

hf
k0

νf (1 − ξt )
b

where τw and qw are determined as

3
16 σ⁎ ¥∞
⎞⎛ ∂¥ ⎟⎞ .
qw = −khnf ⎜⎛1 +
⎟⎜
⁎
3 κ νf (ρCp)f ⎠⎝ ∂y ⎠ y = 0
⎝

are the Eckert number

and Biot number, respectively. Similarity parameter (ξ ) and
time (t ) are the parameters on which other variables depend.
Hence, a non-similar solution for the model is obtained by
determining the ﬁnal results for locally related parameters.

(3.10)

The dimensionless transmutations (3.2) are implemented
to obtain
1

Cf Rex2 =

1 ⎛
n
f ″(0) + λRe f ″(0)3⎞ ,
3
ϕa ⎝
⎠
−1

NuxRe x 2 = −

ϕa = (1 − ϕ1)2.5(1 − ϕ2 )2.5 ,

κf
,
(ρCp)f

(3.9)

3

f (0) = S , f ′(0) = 1 + Λf ″(0) ,

⎫
⎪
,
θ′(0) = −Bi (1 − θ (0))
⎬
f ′(χ ) → 0, θ (χ ) → 0, as χ → ∞ ⎪
⎭

xqw
τw
, Nux =
,
2
kf (¥w − ¥∞)
ρf Uw

nB2 ⎛ ∂v1 ⎞ ⎞
⎛ ∂v
,
τw = μhnf ⎜⎜⎛ 1 ⎟⎞ +
⎜
⎟
3 ⎝ ∂y ⎠ ⎟
∂y
⎝⎝ ⎠
⎠y=0

with

as αf =

The combination of drag force (Cf ) and Nusselt number
(Nux) are interesting physical quantities that can control
the ﬂuid ﬂow and are speciﬁed as [79]

Cf =

ϕc ⎡
1
⎞
fθ′ − f ′θ
θ″⎛⎜1 +
PN
r r ⎟ + Pr
ϕd ⎢
ϕd
⎝
⎠
⎣

νf (1 − ξt )
,
bk
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3.1 Drag force and Nusselt number

χ
f ‴ + 2ϕaϕ b⎛ ff ″ − f ′2 + A⎛ f ′ + f ″⎞⎞
2
⎝
⎠⎠
⎝
n
− λRe f ″2 f ‴ − 2Kf ′ = 0,
2

and K =



khnf
(1 + Nr )χ′(0) ,
kf

(3.11)

[χe , χe + 1 ]
where Cf represents the coeﬃcient of drag force. Rex =
is local Re according to the elongated velocity uw (x ).

uw x
νf

4 G-FEM: A numerical method
Galerkin ﬁnite element technique [88] is used to do
numerical computations for governing equations model.
The following is a summary of FEM:
1) On the ordinary term [χe, χe+1], the second order nonlinear terms are incorporated to give the powerless
integral formulas with weighted remains.
2) To determine the term of stiﬀness parameters, powerless residual terms are replaced by ﬁnite element
formulas.
3) To compute the rigidity factors, a normal term [χe, χe+1]
is used, which is then applied to the cluster technique of
equations.
4) The collection of algebraic expressions obtained is
linearized. To solve them further, an iterative technique is used with a 10−6 computational tolerance.
5) A calculational domain is generated by modifying the
interval [0, ∞) after identifying the greatest variable
value
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Figure 2: Flow chart of G-FEM.

6) Convergence is noticeable. To achieve decisive results,
computations are done using a step size of Δχ = 0.001.
Figure 2 depicts the G-FEM ﬂow diagram.

Table 4: Comparing of −θ′(0) values with Pr , when A = 0, ϕ = 0,
ϕhnf = 0, Q = 0, Ec = 0, Λ= 0, Nr = 0, S = 0, and Bi → 0

Pr
−2

5 Code veriﬁcation
Rate of heat transfer is measured, and the obtained
results from the current method are compared with the
results from the literature [89,90]. In this way, it can be
seen that the method employed is valid. Comparison of
some validities among a few analyses is presented in
Table 4; however, results obtained during the current
study are very accurate.
Unsteadiness of controlling equations was solved by
Das et al. [89] with the help of RK-Fehlberg method.
Jamshed et al. [90] used KBM to ﬁnd the solution of the
current model. KBM provides better and more accurate
solutions compared with other methods.

72 × 10
1 × 100
3 × 100
7 × 100
10 × 100

Ref. [89]

Ref. [90]

Present

0.80876122
1.00000000
1.92357431
3.07314679
3.72055436

0.80876181
1.00000000
1.92357420
3.07314651
3.72055429

0.80876181
1.00000000
1.92357420
3.07314651
3.72055429

6 Entropy analysis
The entropy of the system is generally increased by
porous media. Entropy formation of the nanoﬂuids is
described as [90]:
2

EG =

2

3
khnf ⎧⎛ ∂¥ ⎞
16 σ⁎ ¥∞
⎛ ∂¥ ⎟⎞ ⎫
+
⎜
⎟
⎜
2 ⎨
⁎
3 κ νf (ρCp)f ⎝ ∂y ⎠ ⎬
¥∞ ⎩⎝ ∂y ⎠
⎭
2
μhnf ⎛ ∂v1 ⎞
μhnf v1 2
+
+
.
⎜
⎟
¥∞ ⎝ ∂y ⎠
k ¥∞

(6.1)
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Entropy analysis has the following non-dimensional formula [91]:

NG =

2 2
¥∞
b EG
.
kf (¥w − ¥∞)2

(6.2)

By formula (3.2), the non-dimensional entropy formula
is:

1 Br
NG = Re⎡ϕd(1 + Nr )θ′2 +
( f ″2 + Kf ′2 )⎤ , (6.3)
⎢
⎥
ϕ
Ω
a
⎣
⎦
where Re represents the Reynolds number, Brinkmann
number is represented by Br , and Ω symbolizes the
dimensionless temperature gradient.

7 Results and discussion
Figure 4: Temperature variation vs λ.

The discussion is based on the numerical outcomes
attained from the considered model that are itemized
in the previous part. The implied parameters in this section are λ , A, K , ϕ, Λ , Nr , Bi , Ec , Q , S , Re , and Br . Physical
performance of dimensionless parameters including entropy,
swiftness, and temperature is shown in Figures 3–22. Outcomes for Cu–EO conventional SBNF and GO–Cu/EO nonNewtonian SBHNF are attained. Coeﬃcients of drag force
along with temperature variations are described in Table 5.
Following are default values λ = 0.1, A = 0.2 , K = 0.1,
ϕ = 0.18, ϕH = 0.09, Λ= 0.3, n = 0.2, Q = 0.3, Pr = 7.38,
Nr = 0.3, Bi = 0.2 , Ec = 0.2 , Re = 5, Br = 5, and S = 0.1.
The eﬀects of Deborah number λ on temperature, entropy

Figure 5: Entropy variation vs λ.

Figure 3: Velocity variation vs λ.

outlines, and swiftness of Cu–EO mono SBNF and GO–Cu/
EO SBHNF are displayed in Figures 3–5. Calculations
are accomplished for λ = 0.1, 0.2, 0.3 at orderly nanoparticles concentration of ϕR = 0.09, ϕH = 0.09, and
ϕ = 0.18. The swiftness is enhanced when values of λ
are raised as shown in Figure 3. So the thickness of the
impetus boundary layer is increased. Increment in λ
resulted in reducing the velocity proﬁle which caused
the momentum of the border sheet to reduce. Motion of
the ﬂuid decreases due to resistance. At λ = 0.1, GO–Cu/EO
hybrid nanoliquid has a comparatively higher thickness of
boundary-layer than the Cu–EO nanoliquid. The growing
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Figure 6: Velocity change with K .
Figure 8: Entropy variations against K .

Figure 7: Temperature change with K .

Figure 9: Velocity variation vs ϕ and ϕhnf .

value of the resilience-stress variable resulted in increasing
the heat in the boundary layer as shown in Figure 4. The
rate of heat transfer, as depicted by Nusselt number,
decreases for Cu–EO as well as for GO–Cu/EO. Increment in system entropy is observed with increase in
the values of λ , as displayed in Figure 5. The behavioral
shifts in the velocity and temperature of hybrid nanoliquid are seen in Figures 6 and 7. The amplitude of the
resistive body force decreases with the increase in permeability, so a constant reduction in drag is confronted
with ﬂuid, and the ﬂow decreases so that the speed in

that borderline tends to zero. The vector K aﬀects the
nanoﬂuid density directly by reducing the ﬂuid temperature inside the border layer, leading to a reduction
in the ﬂuid permeability of the medium. Entropy of
system likewise upsurges, in this case, Figure 8. Increment in variable K increases the heat transfer rate. The
inﬂuence of nanoparticles size ϕ of mono-nanoﬂuids
and ϕ hnf of hybrid-nanoﬂuids are depicted in Figures 9
and 10. Here ϕR = 0.09, so analysis is done for varied
values of ϕH. Increment in the values of ϕ and ϕ hnf
resulted in the velocity proﬁle of nanoﬂuids decreasing.

Dynamics of convective slippery constraints on SBHNF ﬂow

Figure 10: Temperature variations with ϕ and ϕhnf .
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Figure 12: Velocity variations with Λ .

Figure 11: Entropy variations with ϕ and ϕhnf .

Figure 13: Temperature variations with Λ .

Meanwhile, a proﬁle of temperature is observed to be
elevated. The variable ϕ and ϕ hnf are representing solid
nanoparticles volume inside baseﬂuid. As there is a
higher thermal conductance in solid-molecules than in
traditional liquids, increment in the values of ϕ and ϕ hnf
resulted in decreasing the velocity proﬁle of the ﬂuid as
shown in Figure 9. Temperature proﬁle in the boundary
layer also increases. Figure 12 displays the thickness of the
thermal boundary layer to increase with increment in
the net thermal conductance of nanoﬂuids. Temperature

proﬁle of hybrid nanoﬂuids rises at a higher rate as compared with conventional nanoﬂuids. Figure 11 illustrates
that entropy is improved for larger solid nanomolecule
sizes. For SBNF and SBHNF, Figures 12–14 show the eﬀect
of slippery parameter on the ﬂowing, temperature, and
entropy producing outlines, respectively. For the slippery
behavior Λ , decreasing behavior in velocity is evident,
as the slippery eﬀect decelerated the ﬂuid ﬂowing. The
thermal energy of the ﬂuid has an opposite eﬀect as nanoﬂuid temperatures rise with an increase in the variable
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Figure 14: Entropy variations with Λ .

Figure 15: Temperature variations vs Nr .

energy Figure 13. Owing to the increased slip parameter Λ ,
there is a reduction in the drag force between the ﬂuid
and its borders. From Figure 14, the entropy is decreased
with rising values of Λ , it can be quickly remarked.
Larger Λ values mean that the boundary-layer has a
reduced velocity. This decreases the velocity in exchange
for reducing the frictional forces within ﬂuid friction,
which also reduces frictional irreversibility. Thus, its
relation to entropy is reduced by entropy, which reduces
the entropy of the system. Figure 15 illustrates how the
thermal radiation variable impacts the thermal outlines

Figure 16: Entropy variations vs Nr .

Figure 17: Temperature variations vs Ec .

of SBNF and SBHNF, which shows that the nanoﬂuid
temperatures are increased for increasing amounts of
Nr = 0.1, 0.3, 0.5. The increased heating rate behavior as
shown in Table 5 would also contribute to an improvement
in thermal rendering and eﬃcacy. If the temperature is
boosted, the thickness of the thermal boundary-layer is
enhanced. This is because there is a higher heat ﬂuxing.
Moreover, heat dissipative transfer Ec is the kinetic
energy to the gap ratio to the boundary-layer enthalpy.
Higher value of Ec indicates greater kinetic energy,
meanwhile, the friction causes heating on the sheet,

Dynamics of convective slippery constraints on SBHNF ﬂow
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Figure 18: Entropy variations vs Ec .
Figure 20: Entropy variations with variable m.

Figure 19: Temperature variations with m.
Figure 21: Entropy variations vs Re .

which resulted in raising the temperature of the liquid.
Figure 17 shows the improvement in temperature with
increasing values of Ec . The increment in Nr and Ec parameters can be seen in Figures 16 and 18, respectively on
the entropy distribution. According to Table 5, the rate
of heat transfer increases for Nr and Ec in both nanoﬂuids (GO–Cu/EO and Cu–EO), while the gradient of
the velocity proﬁle is constant at the plate. Thermal eﬃciency of the system has a vital role in the shape of
nanoparticles. According to the researchers, the surface
area of nanoparticles has a major role in increasing or

decreasing the heat transfer rate. Analysis is done on the
eﬀect of solid nanoparticles on the temperature and
system entropy. Figures 19 and 20 show the ﬁndings
for ﬁve diﬀerent shapes of the nanoparticle. Figure 19
shows the values of the shape-factor while using a different shape. The temperature is boosted for an increased
amount of m as seen in Figure 20. In addition, for m = 3,
i.e., spherical nanoparticles, the lowest interface temperature is noticed. It is the result of the net surface
area of the sphere along with the highest heat transfer
rate of ﬂuid into the inner ﬂuid from the surface. This is
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that entropy has the smallest rate. Lastly, Reynolds Re
and Brinkmann Br numbers’ impacts are provided on
entropy production. The Re value raises the entropy to
depend on the outcomes. The interpretation: the inertial
forces overpower viscid eﬀects when the Re values are
high. As seen in Figure 21, the thermal scheme production of entropy thus boosts. The eﬀect of Br on entropy is
shown in Figure 22, where the increase in Br increased
the entropy production. The fact is that the rise in Br
means more heat is dissipated than heat is carried on
the surface and entropy is augmented.

8 Final results and future guidance
In the current analysis, a permeable stretched surface
was carried out to calculate the boundary-layer ﬂow of
non-Newtonian EO based on Cu and GO hybrid nanoﬂuids. The KBM was employed in an investigation in
the presence of porous regime, viscidness dissipative
ﬂowing, form, entropy, and thermal radiative impact.
The above procedure has the following summary:

Figure 22: Entropy variations vs Br .

also veriﬁed by the surface heat transmission coeﬃcient
in Table 5. In Figure 22, entropy is boosted with increasing
values of m. In the spherical-shaped particles, it is obvious
/2
Table 5: Values of CfRe1x/ 2 and Nux Re−1
for Pr = 6, 450 and n = 0.2
x

λ

S

K

ϕ

ϕH

Λ

Ec

Nr

Bi

0.1
0.2
0.3

0.1

0.1

0.18

0.09

0.3

0.2

0.3

0.2

0.1
0.2
0.3
0.1
0.3
0.4
0.09
0.15
0.18
0.0
0.06
0.09
0.1
0.2
0.3
0.1
0.2
0.3
0.1
0.3
0.5
0.1
0.2
0.3

1

1

−1

−1

CfRe2x Cu–EO

CfRe2x GO–Cu/EO

NuRex2 Cu–EO

NuRex2 GO–Cu/EO

1.1833
0.1602
0.1487
1.1833
1.1920
1.2161
1.1833
1.5055
1.7526
0.1721
0.1765
1.1833
—
—
—
2.0156
1.2316
1.1833
1.1833
1.1833
1.1833
1.1833
1.1833
1.1833
1.1833
1.1833
1.1833

1.2678
1.2589
1.2321
1.2678
1.2701
1.3054
1.2678
1.6088
1.8692
—
—
—
0.1721
1.1860
1.2678
2.2401
2.1945
1.2678
1.2678
1.2678
1.2678
1.2678
1.2678
1.2678
1.2678
1.2678
1.2678

0.1412
0.1203
0.1134
0.1412
0.1648
0.1787
0.1412
0.1283
0.1267
0.0978
0.1129
0.1412
—
—
—
0.1609
0.1588
0.1412
0.1335
0.1412
0.1612
0.1298
0.1412
0.1553
0.1288
0.1412
0.1618

0.1623
0.1564
0.1461
0.1623
0.1789
0.1831
0.1623
0.1290
0.1273
—
—
—
0.0978
0.1344
0.1623
0.1984
0.1793
0.1623
0.1407
0.1623
0.1820
0.1450
0.1623
0.1756
0.1356
0.1623
0.1829

Dynamics of convective slippery constraints on SBHNF ﬂow

1) The temperature proﬁle is raised with λ , K , ϕ, ϕ hnf , Ec ,
Bi , and Nr parameters, while it is declined with Λ .
2) Velocity is diminished with a swelling impact of λ , ϕ,
and ϕ hnf .
3) Entropy is raised with augmentation in λ , A, K , ϕ, Ec
Bi , Nr , S > 0, Br , and Re , while it is diminished with
the increment in Λ , hence the thermal eﬃciency of the
model is enhanced.
4) For sphere-shaped nanosolid-particles, the utmost heat
transport is seen, while for lamina-shaped nanosolidparticles, a lower heat transport is noticed.
5) According to the current study, Cu-GO/EO hybrid nanoﬂuid is more eminent than Cu/EO in heat transmission.
The results of this analysis can be used as guidance
for future research, in which thermal eﬃcacy can be calculated by using various kinds of mixture of non-Newtonian
nanoliquids (i.e,. Casson, Falkner–Skan, micropolar,
Eyring–Powell, etc.). Furthermore, equations may be
generalized to include the eﬀects of the viscidity based
on temperature, porousness depending on temperatures, and magneto multi-dimensional slippery ﬂowing.
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