
© 2017 Zheyuan Zhang et al., published by De Gruyter Open.
This work is licensed under the Creative Commons Attribution-NonCommercial-NoDerivs 3.0 License.

Open Phys. 2017; 15:197–206

Research Article Open Access

Zheyuan Zhang, Yonghui Xie*, Di Zhang, and Gongnan Xie

Flow Characteristic and Heat Transfer for
Non-Newtonian Nanofluid in Rectangular
Microchannels with Teardrop
Dimples/Protrusions
DOI 10.1515/phys-2017-0021
Received July 29, 2016; accepted October 31, 2016

Abstract: Porous cavity technology is one of the e�ec-
tive ways to improve local �ow structures and thus the
overall heat transfer of heat exchanging devices. In the
present investigation, the �ow characteristics and heat
transfer in a microchannel heat sink with teardrop dim-
ples/protrusions are studied with a numerical method.
The working substances are Al2O3-water nano�uids,
which are de�ned by power-law shear-thinning model.
The relative depth and positive eccentricity of dim-
ples/protrusions arranged in the microchannels are 0.2
and 0.3 respectively. The inlet velocity varies in the range
of 1.41 m·s−1 to 8.69 m·s−1 and the volume fraction ranges
from 0.5% to 3.5%. The e�ects of the �ow and heat trans-
fer characteristics are investigated by analyzing the limit-
ing streamlines structures and temperature distributions.
The overall thermal performance is evaluated by parame-
ters of Fanning friction factor,Nusselt number and thermal
performance. It is shown that the combination of teardrop
dimple/protrusion structure and Al2O3-water nano�uids
could e�ectively strengthen heat transfer with low pres-
sure loss.Moreover, in order to obtain the best overall ther-
mal performance, working substances with volume fac-
tion of 3.5% is preferred for the proposed microchannel
structure.
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1 Introduction
In some industries, a normal cavity can be replaced by a
novel porous cavity to achieve better overall thermal per-
formance. With the development of high e�ciency com-
pact heat exchanger devices, traditional heat transfer en-
hancement techniques no longer adapt to the require-
ment of larger heat �ux. For this reason, the heat transfer
methodbymeans ofworking�uids innovation is proposed
recently [1].

With the advantage of high thermal conductivity and
considerable improvement of forced convective heat trans-
fer, nano�uids are playing a signi�cant role in heat ex-
changing systems,whichhas led to several recent research
into the �ow of nano�uids in porous media. By using a
mathematical model, Sheremet [2] investigated the heat
transfer characteristics of the steady natural convection
in a kind of enclosed porous space �lled with nano�u-
ids. It was found that the local Nusselt number at the in-
terface of solid wall and porous medium is directly re-
lated to �ve key parameters. The Finite Di�erence Lat-
tice Boltzmann Method was �rst used to conduct the re-
search of heat transfer and entropy behavior by Kefayati
et al. [3]. This work simulated the natural convection of
non-Newtonian laminar �ow in a square-shaped porous
cavity. Besides, the heat transfer of nano�uids, which is
in a square cavity �lled with porous media, is studied by
Bourantas et al. [4] using a kind ofmeshless technique. He
also investigated the e�ect of the porous medium on the
nano�uid cooling e�ciency. Sheremet and Pop [5] used
numerical simulation to study the transient natural con-
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vection of a nano�uid in awavy-shaped cavitywith porous
media. Rashidi et al. [6] conducted a theoretical study on
the thermo convective boundary layer for a kind of vis-
coelastic power-law non-Newtonian �uid �owing over a
porous wedge.

Meanwhile, the heat transfer and �ow characteris-
tics of non-Newtonian nano�uids has attracted many re-
searchers in other �elds. Singh and Harikrishna [7] com-
bined three concentrations of alumina nano�uids and
two microchannels to investigate the heat transfer behav-
ior. The laminar convective thermal characteristics of an
alumina-water solution, as a typical nano�uid, was re-
searched by Kalteh et al. [8] numerically and experimen-
tally. In his research, a kind of rectangular microchannel
was adopted. Wen and Ding [9] conducted an experiment
to investigate the heat exchange of Al2O3 aqueous solu-
tions in a copper tube. They found that the enhancement
degree of heat transfer rate increased with the growth of
the Reynolds number and particle concentration of solu-
tions. Santra et al. [10] �rst used power-law model to de-
scribe the viscosity of Al2O3 aqueous solutions. The nat-
ural convective behavior of a non-Newtonian nano�uid,
which �ows between two �at plates, was analyzed by
Hatami and Ganji [11] with analytical and numericalmeth-
ods. Xie et al. [12] studied the �ow and heat transfer char-
acteristics of a CMC aqueous solution, as a kind of typical
shear thinning �uid, in dimpled/protrusionedmicrochan-
nels numerically.

Previous work has shown that dimple/protrusion
structures could e�ectively strengthen the overall ther-
mal performance, and the microchannels have advan-
tages in heat transfer process because of their large heat
exchange coe�cient and high surface to volume ratio.
Chyu et al. [13, 14] proposed a novel passive controlling
structure, a teardrop dimple to enhance the heat trans-
fer. The results indicate that the �ow in teardrop dim-
pled passages showed better thermal performance than
that in hemispherical dimple at cases investigated. Af-
ter that, Qu et al. [15] researched the �ow structure and
thermal performance of teardrop dimples and protrusions
with various eccentricities, compared with hemispherical
dimples/protrusions using a numerical method. The re-
sults show that, among the cases discussed, thermal per-
formance (TP) reached the maximum value in the cases
of teardrop dimples and protrusions with eccentricities
e/Dh =0.4. The �ow structures and heat transfer in mi-
crochannel were studied with experimental and numeri-
cal methods by Lee [16].

According to the literature review given above,
teardrop dimples/protrusions and non-Newtonian
nano�uids bothhave the potential to obtain better thermal

performance. In the present research, a numerical investi-
gation is carried out to analyze the �ow characteristics and
heat transfer of Al2O3-water (AW) nano�uids in teardrop
dimpled and protrusioned passages for the purpose of ob-
serving the thermal performance of non-Newtonian �uids
�owing in microchannels.

2 Physical properties of
non-Newtonian fluid

The thermal physical properties of nanoparticles (Al2O3)
and base �uid (H2O) as are given in Table 1.

Table 1: Thermal physical properties of Al2O3 and H2O.

Property Al2O3 H2O
Speci�c Heat Cp(J·kg−1·K−1) 765 4179
Density ρ(kg·m−3) 3870 997.1
Thermal Conductivity λ (W·m−1·K−1) 40 0.6

The speci�c heat and density of nano�uids are calcu-
lated by the equations as follows [20]:

ρnf = (1 − ϕ)ρf + ϕρp (1)

Cpnf = (1 − ϕ)Cpf + ϕCpp (2)

where φ, ρ and Cp represent volume fraction, density and
speci�c heat capacity, respectively. The subscripts ‘p’, ‘f ’
and ‘nf ’ indicate nanoparticles, base �uids and nano�u-
ids respectively. Equation (3) has been adopted to deter-
mine the e�ective thermal conductivity of aqueous solu-
tions with spherical nanoparticles [20].

λ = λf
[ (λp + 2λf ) − 2ϕ(λf − λp)
(λp + 2λf ) + ϕ(λf − λp)

]
(3)

where λf and λp represent thermal conductivity of the base
�uid and nanoparticles, respectively. The non-Newtonian
power-law model is described by

τ = kγn (4)

where τ, γ, n and k are the shear stress, shear rate, be-
havior index and consistency index of power-law �uids,
respectively.

Based on the data and equations stated above, the cor-
responding thermal physical properties of Al2O3 aqueous
solution with di�erent volume fraction are shown in Ta-
ble 2. Besides, the shear-thinning model has been used to
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de�ne the viscosity of this kind of nano�uid [10] and de-
tails are shown in Table 2.

3 Physical model and numerical
method

3.1 Geometrical con�guration and boundary
conditions

The 3D geometrical model of microchannel heat sink and
its �ow domain with teardrop dimples are shown in Fig. 1
.Thewidth and height of themicrochannel are 200 µmand
50 µm respectively. Dimples/protrusions are distributed in
an aligned arrangement on the lateral side, the width of
which is 200 µm. The teardrop dimples/protrusions with
positive eccentricity are chosen as the �owing control-
ling structures, because these cases have the better ther-
mal performance according to the previous studies. Thus
teardrop dimple and protrusion structures with relative
depth of δ/Dh =0.2 and positive eccentricity of e/Dh =0.3
are chosen to be the simulationmodel in the present study.
The brief description for the dimple and protrusion struc-
ture is shown in Fig. 2.

Figure 1: Three-dimensional model of heat sink and corresponding
computational domain.

(a) dimple

(b) protrusion

Figure 2: Geometry parameters of di�erent structures.

The �ow is assumed to be fully developed, steady and
incompressible to simplify the governing equation in the
simulation procedure. The computational domain is set to
be a periodical module to save computing resources. The
�nite-volume method is adopted to solve the incompress-
ible steadyNavier-Stokes equations. The computations are
regarded to be converged when the residual error of con-
tinuity, energy, velocity and the area-averaged wall tem-
perature are less than 1×10−6, 1×10−7, 1×10−4 and 1×10−6
respectively. The speci�c geometry parameters of dimples
and protrusions are shown in Fig. 2. Besides, the stream-
wise spacing is also 200 µm. The schematic diagram of
boundary conditions of computational unit is shown in
Fig. 3. The inlet and outlet is set as a periodic symmetri-
cal boundary. The constant heat �ux on the wall is equal
to 5×105 W/m−2 and a No slip wall condition is applied.
The �ow velocity is increasing from 1.41 m/s to 8.69 m/s in
this computation. The O-grids are applied for the teardrop
structure region to improve the mesh quality. The re�ned
mesh is applied around the �ow boundary to improve
the calculation accuracy. A part of the mesh distribution
around the teardrop structures is shown in Fig. 4.

3.2 Data reduction

The hydraulic diameter is de�ned by

Dh =
2WH
W + H (5)
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Table 2: Physical properties of Al2O3-Water nanofluids.

φ,% Cp (J·kg−1·K−1) ρ(kg·m−3) λ(W·m−1·K−1) k (Pa·sn) n
0.5 4161.93 1011.97 0.61 0.00187 0.88
1.5 4127.79 1041.69 0.63 0.00283 0.78
2.5 4093.65 1071.42 0.64 0.00426 0.68
3.5 4059.51 1101.15 0.66 0.00641 0.58
4.5 4025.37 1130.88 0.68 0.00876 0.50

Figure 3: Boundary condition of the computation unit.

where W and H represents the width and height of cross
section of microchannel respectively. The Reynolds num-
ber of non-Newtonian �uids is de�ned as [21]

Re = D
n
hU

2−n
in ρ
k (6)

where ρ and Uin are the density and inlet average velocity
respectively.

The average Nusselt number of the wall is determined
by:

Nu = q
∆T · Dhλ (7)

where λ represents the thermal conductivity. ∆T is the
average temperature di�erence between �uid and wall,
which is de�ned by the following equation [22]:

∆T = (Tw,inlet − Tf ,inlet) − (Tw,outlet − Tf ,outlet)
ln

[
(Tw,inlet − Tf ,inlet)/(Tw,outlet − Tf ,outlet)

] (8)

where the subscripts ‘w’ and ‘f ’ representwall and�uid re-
spectively. According to the former literature, the Fanning
friction factor, which is determined by eq. (9), can be used
to describe the degree of pressure loss.

f = −(∆p/L)Dh2ρU2
in

(9)

where ∆p is the average di�erence between inlet pressure
and outlet pressure. The thermal performance, which is

(a) trailing edge

(b) leading edge

Figure 4: Mesh distribution of computation unit.

proposed to evaluate the overall e�ect of heat transfer, is
de�ned by:

TP =
(
Nu
Nu0

)
·
(
f
f0

)−1/3
(10)

where the subscript ‘0’ represents the corresponding pa-
rameters of water �owing in the smooth microchannel
cases with the same boundary condition.
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3.3 Governing equations

The simpli�ed three-dimensional Navier-Stokes equations
are solved to characterize the details of �ow and heat
transfer. The simulations is conducted by using the com-
mercial software FLUENT. It could be obtained that the
maximum Reynolds number of the cases studied is less
than 450, by using the physical properties and equations
above. According to the assumption above, the cases in-
vestigated are steady-state laminar �ow, of which the gov-
erning equations can be simpli�ed as follows [22].

∂ρ
∂t +

∂ρui
∂xi

= 0 (11)

∂ρui
∂t + ∂ρuiuj∂xi

= ρgi + Fi −
∂P
∂xi

+ ∂
∂xi

(2µSij) (12)

∂ρE0
∂t + ∂ρuiE0∂xi

= ρuiFi −
∂qi
∂xi

+ ∂
∂xi

(uTij) (13)

where t, x, u, g and P are time, coordinate, velocity, gravity
acceleration and pressure, respectively. F, T, E0 and S are
body force, surface force, total internal energy and strain
rate tensor. i, j =1,2,3.

3.4 Grid independence validation

The grid independence validation is conducted using the
AW0.5 solution �owing at the boundary conditions of
Uin =1.41 m·s−1,Tin =300 K and q =5×105 W·m−2. Four dif-
ferent sets of grids are applied and the detailed compari-
son between given sets is shown in Table 3.

The relative discrepancies of Nu and f decrease grad-
ually with the increase of nodes. It is shown that the dis-
crepancies are small enough in the case ofmesh 3. Somesh
3 is selected in the present investigation.

3.5 Numerical method validation

In order to verify the numerical method, the data reported
in the literature [17] is regarded as the reference. The �ow
andheat transfer in the corresponding smoothmicrochan-
nel is simulated by the numerical procedure applied in
the investigation. In the validation, a kind of shear- thin-
ning �uid with n =1, k =10−3 Pa·sn is chosen as the
working substance. The rectangular microchannel scaled
200 µm×50 µm×150 µm is selected to be the computational
domain. The boundary condition of q =5×105 W·m−2 and
Tin =300 K is applied and the average inlet velocity varies
from 1.41 m·s−1 to 8.69 m·s−1.

Table 4 shows the comparison of the Nu and fRe be-
tween referenced and proposed model. The maximum de-
viation is 0.88% for Nu and 0.92% for fRe respectively,
which shows the proposed model is feasible for the sim-
ulations in the present investigation.

4 Results and discussions

4.1 Flow characteristics

The limiting streamline distribution and temperature con-
tours on the teardrop dimpled and protrusioned surface
for AW0.5 nano�uids are presented in Fig. 5 and Fig. 6.
For dimpled structures, the narrow leading edge makes
streamline distorted at the front region. Under the e�ect of
pressure gradient, a part of �uids deviates from the main-
stream direction and impinges directly onto the trailing
section of the teardrop dimple and then reverses. This part
of �uids interacts with the main�ow at the core zones of
teardrop structure, which leads to the relatively low pres-
sure and a large backward vortex. It can be seen that there
is apparent mass exchange and heat transfer. It should be
noticed thatwhenUin =1.41m·s−1, the reverse point of lim-
iting streamline is not at the rear edge of dimple, mainly
because the e�ect of low pressure is bigger than that of
main�ow inertia inside the dimple and the reverse point
moves down. With the increase of the velocity, the radian
of the �ow separation line increase gradually. As shown
in the case of Uin =8.69 m·s−1, the area of the vortex zone
is almost as big as the teardrop dimple and the radian of
the separation line is large enough todistort the streamline
around the rear section. The limiting streamline distribu-
tion basically keeps symmetrical in all cases. It is shown
that the temperature of �ow impinging zones and the trail-
ing section is apparently lower than that of �ow separation
zones.

As seen from the �gures, the working substance mov-
ing through the teardrop protrusion region shows symmet-
rical fusiform �ow structure. At the leading edge, the �ow
moves along the teardropprotrusion surface and the veloc-
ity of nano�uids increases gradually because of the area
decrease at cross section. As shown in Fig. 6, there is ap-
parent vortex and �ow separation at the trailing edge and
the size of vortex zone becomes bigger as the velocity in-
creases. As seen from the contours, the temperature at the
back region of the protrusion structure is a little bit higher,
which indicates that the �ow separation weakens the heat
transfer andmass exchange. As the velocity increases, the
in�uence from back�ow to main�ow grows bigger, which
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Table 3: Grid independence validation.

Mesh Nodes Nu Di�erence,% f Di�erence,%
1 792792 3.161 0.1684 1.622 0.282
2 1357884 3.178 0.1162 1.624 0.179
3 2404630 3.159 0.0962 1.627 0.0083
4 4571555 3.156 1.627

Table 4: Numerical method validation.

Uin (m·s−1)
Nu

Deviation %
fRe

Deviation %Referenced Proposed Referenced Proposed
1.41 2.94 2.914 0.88 18.233 18.324 0.50
3.72 2.94 2.961 0.71 18.233 18.401 0.92
6.21 2.94 2.923 0.58 18.233 18.175 0.32
8.69 2.94 2.935 0.17 18.233 18.341 0.59

(a) Uin =1.41 m·s−1 (b) Uin =3.72 m·s−1 (c) Uin =6.21 m·s−1 (d) Uin =8.69 m·s−1

Figure 5: Limiting streamline and temperature contour on the teardrop dimple surface for AW0.5.

leads to the distortion of the limiting streamlines as shown
in the case of Uin =8.69 m·s−1.

The distribution of streamline and tempera-
ture counter on the streamwise middle section at
Uin =1.41 m·s−1 with four non-Newtonian nano�uids, as
displayed in Fig. 7 and Fig. 8, illustrates the �ow character-
istics from another point of view. It is clearly found that at
the same inlet velocity, the size of vortex grows gradually
with the increase of the solution volume fraction. When
the non-Newtonian �uids �ow through the teardrop dim-
ple region, the special structure produces low pressure,
which makes the �ow moves down and forms vortex. It
should be noticed that there appears secondary �ow struc-
ture caused by the non-Newtonian shear thinning e�ects
in the dimple region for the solution of φ =3.5%.

As shown in Fig. 8, the �ow structure indicates that
the vortex appears at the back region of the protrusion

structure, because of the �ow separation caused by the ad-
verse pressure gradients. With the solution volume frac-
tion increases, the size of the back�ow vortex grows grad-
ually bigger. As stated above, the existence of the rear vor-
tex leads to the weakness of the mass exchange and heat
transfer, so the temperature in this region is little higher
than others. However, the temperature of the main�ow
is apparently lower compared with the �ow in dimpled
channel at the same condition, mainly because the protru-
sion structure, diminishing the cross section area, makes
the velocity increase and enhances the heat transfer of
the main�ow. Meanwhile, with the increase of the vol-
ume fraction, the temperature of the main�ow is increas-
ing gradually, which indicates the secondary �ow e�ect of
non-Newtonian �uids weakens the local heat transfer.
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(a) Uin =1.41 m·s−1 (b) Uin =3.72 m·s−1 (c) Uin =6.21 m·s−1 (d) Uin =8.69 m·s−1

Figure 6: Limiting streamline and temperature contour on the teardrop protrusion surface for AW0.5.

(a) φ =0.5% (b) φ =1.5% (c) φ =2.5% (d) φ =3.5%

Figure 7: Distributions of streamlines and temperature on the streamwise middle sections at Uin =1.41 m·s−1 for dimpled microchannels.

(a) φ =0.5% (b) φ =1.5% (c) φ =2.5% (d) φ =3.5%

Figure 8: Distributions of streamlines and temperature on the streamwise middle sections at Uin =1.41 m·s−1 for protrusioned microchan-
nels.

4.2 Heat transfer characteristics

The variations of relative Nusselt number Nu/Nu0 based
on the �ow of water in smooth channel at same bound-
ary conditions, with the inlet velocity for four solutions are
shown in Fig. 7 and Fig. 8 respectively. The relative Nusselt
number increases steadilywith increasing velocity and the
values for all the cases discussed in the present study are
bigger than 1.0, which means teardrop dimple and pro-
trusion structures e�ectively strengthen the heat transfer
of Al2O3-water nano�uids compared with water �ow. As
statedbefore, a bigger volume fraction leads to a larger vor-
tex in the teardropdimple/protrusion region,whichmakes
AW2.5 and AW3.5 have better heat transfer performance.
Meanwhile, the increasing ratio ofAW3.5 is larger than that

of AW2.5 for the �ow in dimpledmicrochannel. In the case
of the protrusion, it can be seen that the higher volume
fraction leads to better heat transfer performance.

4.3 Flow resistance characteristics

The variations of normal Fanning friction factor f /f0 based
on the �ow of water in smooth passage are presented
in Fig. 10. The f /f0 for all the cases investigated in the
present study increases with the growth of the inlet ve-
locity. For the �ow in dimpled/protrusioned microchan-
nels, the f /f0 of AW0.5 always shows the highest value
and that of AW3.5 shows the lowest. As the volume frac-
tion increases, the non-Newtonian shear thinning e�ect
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(a) dimpled microchannel (b) protrusioned microchannel

Figure 9: Normal Nusselt number Nu/Nu0 variations with inlet velocity.

(a) dimpled microchannel (b) protrusioned microchannel

Figure 10: Normal Fanning friction factorf /f0 variations with inlet velocity.

is strengthened gradually and the development of bound-
ary layer is disturbed in advance, which makes AW3.5
show the best �ow characteristics with low resistance loss
among the cases discussed in the present study.

4.4 Thermal performance evaluation

It is known that TP is the parameter used to evaluate the
heat transfer augmentation quantity [18, 19]. In order to
obtain the overall thermal performance, the variation of
TP with inlet velocity for all the cases studied is shown in
Fig. 11. It is clearly found that TP for these four solutions
in these twomicrochannels all increase gradually with the
increase of the velocity. The values ofmost cases are bigger
than 1.0, except the �ow of AW0.5 and AW1.5 in dimpled

microchannel at relatively low velocity. Comparing all the
results,TP ofAW0.5 is roughly the lowest and that of AW3.5
is the highest for the speci�c channel structure. The max-
imum value of TP has reached 2.59, which indicates AW
solution has favorable overall thermal performance, com-
pared with the �ow of water in smooth microchannel. In
the cases discussed in the present study, AW3.5 solution
shows the best thermal performance in the dimpled and
protrusionedmicrochannel.Meanwhile, the increasing ra-
tio of the TP of dimpled cases is mostly higher than that of
protrusioned cases.
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Figure 11: Thermal performance TP variations with inlet velocity.

5 Conclusions
The �ow structure and heat transfer behavior of Al2O3
aqueous solutions with four di�erent volume fractions
in the teardrop dimpled/protrusioned microchannel with
positive eccentricity as e/Dh =0.3 and relative depth as
δ/Dh =0.2 are investigatednumerically. The following con-
clusions can be obtained.

1. Theworking substance�owing through the teardrop
dimpled region is e�ected by pressure gradient and
inertial force,which produces large vortex andback-
�ow. As �ow velocity and volume fraction increase,
the size and intensity of vortex grows gradually.
When the shear-thinning e�ect is large enough,
there is secondary vortex in thedimple region. These
characteristics enhance the exchange of mass and
energy, which leads to the enhancement of overall
thermal performance.

2. There is an apparent �ow separation at the trail-
ing edge of protrusion structures when the nano�u-
ids �ow through the channel. It is di�erent from the
dimpled cases in that the vortex caused by �ow sep-
aration leads to the weakness of local heat transfer
e�ect. However, the increase of mainstream velocity
leads to the enhancement of the overall thermal per-
formance.

3. Normalized Nusselt numberNu/Nu0 is increasing as
inlet velocity increases in the range of present study.
Comparing all the values studied, the cases of AW2.5
and AW3.5 show the best thermal characteristics.
Meanwhile all the values are larger than 1.0, which
illustrated that Al2O3-water nano�uids have supe-
rior heat transfer performance thanwater �owing in
smooth microchannel.

4. The normalized Fanning friction factor f /f0 in-
creases with the inlet velocity, based on the �ow
of water in smooth microchannels. Solutions with
higher volume fractions produce lower pressure loss
at the samevelocity due to the shear-thinning e�ects
and the special �ow structure.

5. TP increases gradually as the inlet velocity increases
and AW3.5 solution shows the best thermal per-
formance in most cases. The maximum of TP has
reached 2.59. In order to obtain the best overall ther-
mal performance, working substances with AW3.5
in the teardropdimpled/protrusionedmicrochannel
is preferred with the condition stated in the present
study.

Nomenclature
Cp speci�c heat capacity, J·kg−1·K−1

D dimple print diameter, µm
Dh charateristic length, µm
H height of cross section, µm
W width of cross section, µm
L streamwise length, µm
λ thermal conductivity, W·m−1·K−1

k power-law �ow consistency index, Pa·sn
n power-law �ow behavior index
Nu average Nusselt number over surface
P pressure, Pa
q heat �ux, W·m−2

T temperature, K
Uin �uid inlet velocity, m·s−1
Xwall wall shear stress
µ viscosity, Pa·s
ρ density of the �uid, kg·m−3

φ volume fraction of nanoparticles
τ shear stress, N
γ shear rate, s−1

Subscripts
f base �uid
nf nano�uid
p nanoparticle
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