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Abstract: Compartmental modelling refers to modelling
the transport of substances in a system consisting of multiple compartments, which is characterized by the transfer
rates among the relevant compartments. In a generalized
compartmental system, recycling of substances among the
compartments is allowed. Compartmental modelling is a
generic technique which is needed in many branches of
applied physics. The most challenging task is to determine
the transfer rates. The present work described the use of the
Hooke and Jeeves (HJ) derivative free direct search method
in determining the transfer rates to construct a multi-compartmental model with recycling among the compartments.
The use of a direct search method ensures the applicability
of the model to functions which are not continuous or differentiable. The present model was successfully validated
using previously reported experimental data for distribution
of trace elements in four compartments in an animal.
Keywords: compartmental modelling, Hooke and Jeeves
method, numerical analysis, nonlinear ﬁtting, derivative
free method

1 Introduction
Compartmental modelling is a generic technique which is
needed in many branches of applied physics ranging
from medical physics [1] to environmental physics [2],
etc. As an example used here to provide background
information, in medical physics, analyses on the transfer
of drugs among diﬀerent organs in the human body are
required. Compartmental models are being widely used
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in biokinetic applications. Previously, Upton [3] discussed
the two-compartment recirculatory pharmacokinetic model
which consisted of the lungs and the remainder of the
body. Similarly, Petráš and Magin [4] developed a twocompartment model for drug uptake by the gut and the
target tissue. Sharma et al. [5] developed a multi-compartment model for radon contamination in the human
body. In another work, Garcia et al. [6,7] developed a
statistical method for multiple-compartment biokinetical
models, where the least-squares technique was employed
to determine the ﬂow parameters from experimentally
available curves of concertation versus time. From experimental studies, the drug concentrations in various organs
are obtained as a function of time. In compartmental
modelling, these organs are modeled as multiple compartments, and the rate of change in the drug concentration in a particular compartment is related to the rates of
change in the drug concentrations in all other relevant
compartments through linear diﬀerential equations [8,9].
More speciﬁcally, the temporal change in the drug concentration in each compartment is controlled by the
respective parameters: (1) uptake and excretion rates,
(2) initial drug concentration, (3) compartment volume,
and (4) transfer rates among the relevant compartments.
The task of compartmental modelling is to determine
these parameters based on experimental data. Notably,
a most challenging task is to determine the transfer rates,
particularly in a generalized compartmental system where
recycling of drugs among the compartments is allowed. The
present work described the use of the Hooke and Jeeves (HJ)
derivative free direct search method [10] in determining the
transfer rates to construct a multi-compartmental model
with recycling among the compartments. The use of a direct
search method ensures the applicability of the model to
functions which are not continuous or diﬀerentiable.

2 Materials and methods
The HJ method mainly involves two steps, namely, (1)
exploratory search and (2) pattern move. The HJ method
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perturbs the current point (which is initially the guessed
transfer rates) by a small amount in each variable direction (determined by the number of compartments in the
system and the presence or absence of recycling among
the compartments) and checks whether the value of the
objective function [which in the present case is the sum
of absolute values of (experimental value – ﬁtted value)/
(ﬁtted value)] improves or worsens. More information on
the well-established HJ method can be found in refs.
[11,12] and references therein. Remarkably, the method
does not necessitate very precise starting points (i.e.,
guessed values) and complex Jacobian matrices (as it is
derivative free) [13]. Furthermore, it is much more userfriendly since the users need to control fewer parameters
(only the step size, tolerance, and maximum iterations)
and the accuracy and convergence of the present method
have been found to be phenomenal [12]. The overall computational speed of this method is another advantage
that stands out when compared to other methods.
The general outline of our developed algorithm is
shown below:
1. Initialize variables.
2. Read number of compartments (N).
3. Dynamically allocate arrays based on N.
4. Read the input data into arrays; volume (V), excretion (ξ), uptake (P), initial concentrations (X0), guessed
transfer rates (Ri).
5. Read the time (t).
6. Get step size factor (ρ), tolerance (δ), maximum iterations (iter).
7. Call Hooke–Jeeves function.
(a) Calculate concentration vector xt.
(b) Calculate sum of absolute values of (experimental
value xtE – ﬁtted value xt)/(ﬁtted value xt)
(c) Determine new transfer rates (R) based on the
accepted exploratory search and pattern move.
(d) Check tolerance and iteration and, if reached,
terminate.
8. If t > tn (total number of time points), terminate; if
not, (t = t + 1) then go to step 5.
9. Determine mean and standard deviation of the transfer
rates (R).
10. Report the ﬁnal transfer rates (R) and associated
errors.
The user needs to input the required parameters such
as volume, uptake, initial concentration, and the initial
guessed transfer rates. Our model used in the present
work was developed with the FORTRAN90 programming
language. This model was highly ﬂexible and faster in
terms of computational speed and convergence, thanks

to the derivate free method and also the FORTRAN90
programming language. While derivative free methods
use function values, derivative-based methods involve
diﬀerentiation of the objective functions. When compared
to derivative-based methods, derivative free methods
have a major advantage in that they can have applications in a wide variety of mathematical problems, e.g.,
when the objective function is unknown (i.e., black box
functions), when determination of derivatives would be
impractical, when the objective function has stochastic
noise that may lead to inaccurate ﬁnite diﬀerencing, or
when it is computationally expensive to evaluate large
dimensional gradient of a system [14]. However, some
previously published works found that derivative-based
methods provided a better estimate of the objective function, and the computational time needed by derivativebased methods was shorter [15]. We refer interested
readers to ref. [16] and references therein for a more
detailed comparison between the pros and cons of derivative-based and derivative free methods for diﬀerent
applications. We refer interested readers to the supplementary materials associated with the present paper
for more information on our numerical model and its
benchmarking.

3 Results and discussion
Our model was tested using previously reported experimental data [2] for distribution of trace elements in
four compartments in an animal, namely, (a) blood, (b)
muscle, (c) fat, and (d) lung tissue. In that study [2], there
was uptake of trace elements only during the ﬁrst 60
days, and the diet was switched back to contaminationfree diet afterwards. The temporal changes of trace-element concentrations were reported. Fits obtained using
the present model as well as those obtained in ref. [2]
are presented in Figure 1 for comparison. Good agreement is observed between our ﬁts and the experimental
data, which demonstrates the feasibility of using the HJ
method in multi-compartmental modelling. The model
searches for the best transfer rates through minimizing
the sum of absolute values of (experimental value − ﬁtted
value)/(ﬁtted value) and does not necessitate very precise
guessed initial transfer rates. The entire ﬁtting process is
carried out automatically, with minimal human interaction and point correction. We plan to develop a graphical
user interface program in future which will be available
to the research community for multi-compartmental modelling and analysis.
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Figure 1: Validation of our present model using previously reported experimental data [2] (black squares) for distribution of trace elements
in four compartments in an animal, namely, (a) blood, (b) muscle, (c) fat, and (d) lung tissue. There was uptake of trace elements only during
the ﬁrst 60 days. Fits obtained using the present model (red curve) as well as those obtained in ref. [2] (blue curve) are presented.
Statistical variations for our ﬁts are shown as cyan shades.

4 Conclusion
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