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Two types of 3D boundary value problems are solved for boundary conditions on a closed 
toroidal surface with axial or N-fold symmetry around the Z axis of a cylindrical coordinate 
system R, 0, Z. In case I a surface current distribution is computed which generates inside the 
torus a given magnetic vacuum field. In case II a vacuum field within the torus with finite 
toroidal flux and zero surface normal is calculated. The method of solution is based on the avail
ability of some complete set of auxiliary field harmonics which are regular outside the torus in 
case I and regular inside the torus in case II. The applied formalism is presented together with 
a new complete set of special field harmonics suited for case II and especially for the analytical 
representation of stellarator fields. The convergence of the solution method is tested and ex
amples relating to stellarator field configurations are shown.

1. Introduction

The need for a solution to boundary value prob
lems of the two types discussed in this paper has 
mainly arisen in connection with stellarator field 
optimization problems. The first type of problem 
(case I) arises if a given (analytical) field has to be 
generated by currents in a real device. The second 
type (case II) corresponds to, for example, the 
adaption of a field configuration to a predefined 
magnetic surface or to ideal fluid motion in a doubly 
connected spatial region of prescribed surface shape.

In both of the above mentioned cases the solu
tion method to be presented assumes that: 1) a 
closed toroidal surface is given which is N-fold or 
axially symmetric around the Z axis of a cylindrical 
coordinate system R, 0 , Z, 2) some vacuum field is 
given for the region inside the torus, where it has 
to be nonsingular, 3) a complete auxiliary set of 
field harmonics is available.

In case I the scalar potential and its gradient 
must be explicitly available for all fields to be used. 
The functions of the auxihary set must be regular 
and single-valued outside the torus with the excep
tion that one of the auxiliary potentials may be 
multi-valued around the minor circumference of the 
torus. A linear combination from the auxiliary set 
is used to describe the field in the region outside the 
torus. The coefficient of the multi-valued potential
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is obviously determined in advance by the net 
toroidal surface current which has to be prescribed 
(see below). The residual coefficients are adjusted 
to get agreement at the surface between the normal 
components of the field outside and the field given 
inside the torus. The prescription of the normal 
components at the closed toroidal surface repre
sents a well posed Neumann boundary value prob
lem in the outer domain whose solution is unique 
since the net toroidal current is prescribed in addi
tion. This current is equal to the value of the closed 
path integral over the magnetic field or to the cor
responding increment of the scalar potential around 
the small circumference of the torus. Cases with 
zero net toroidal surface current correspond to the 
classical stellarator which has alternating currents 
around the minor torus circumference. A non-zero 
net toroidal current, on the other hand, corresponds 
to conditions in torsatrons if this current is properly 
chosen.

The surface current is determined by the dif
ference between the surface tangent vectors of the 
fields outside and inside the torus and is shown to 
be divergenceless. The stream lines of the current 
density are shown to be the contour lines of the 
scalar potential difference between the two fields at 
the surface. The procedure determines a field distri
bution which is maintained by no other singularities 
than the surface currents and agrees inside the 
torus with the given field.

In case II only the field vector must be explicitly 
available for all fields to be used. The auxiliary set
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of functions (and the corresponding scalar poten
tials) must be regular and single-valued inside the 
torus. A linear combination from the auxiliary set 
is used in this region to describe a field which is then 
adjusted to compensate the surface normal compo
nents of the given field to zero. This again con
stitutes a Neumann boundary value problem. The 
resulting coefficients of the linear combination 
render a "Fourier decomposition" of the given field 
with respect to the applied auxiliary functions and 
to the prescribed toroidal surface. If the potential 
of the given field is single-valued with respect to 
the toroidal coordinate 0 , the resulting composite 
field (given field -f linear combination) approaches 
zero. If, on the other hand, this field is especially 
chosen to be the field of a constant current along the 
Z axis (scalar potential proportional to 0) then the 
resulting composite field is the solution to the prob
lem of finding the field of which one magnetic sur
face coincides with a prescribed toroidal surface.

2. Formalism

The formalism presented in this section is valid 
for both of the above mentioned cases if not other
wise stated. Let B =  B(R, 0 , Z) be the vector of 
the field to be given (the absolute value is denoted 
by B) for the region inside the torus, Fj =  Fj(R, 0 , 
Z) the vector of the 7-th auxiliary field function and 
C] its (scalar) coefficient in the linear combination 
(where j = l ,  2, J), n =  n(R, 0 , Z) the unit 
surface normal vector (if R, 0 , Z is a point at the 
surface), and df the scalar element of surface. For 
the time being the net toroidal current is taken to 
be zero. The non-zero case is discussed below. In the 
index range j (or i) =  1, 2, ..., J  the vector func
tions Fj and corresponding scalar potentials are 
assumed to be single-valued throughout this paper. 
Also throughout this paper a normalization is as
sumed such that one chooses as the unit of length 
a value near the major radius of the torus and as 
the unit of the magnetic field the main field at the 
(normalized) radius R — 1 (which corresponds to 
the accepted unit of length). In this normalization 
the main field is thus always given by B —(0, ljR, 
0), where the values in parentheses are the compo
nents of the field in cylindrical coordinates R, 0 , 
Z and, correspondingly, by the scalar potential U =  
0 . A homogeneous field in the direction of Z which 
is p times stronger than the main field at R =  1 is

thus to be given by, for example, B =  (0, 0, p) and 
by the scalar potential U =  pZ.

The Cj are adjusted to minimize the surface 
integral:

l ^ B T . l ^ F ^ n J ö d / .  (1)

Here G =  G(R, 0 , Z) >  0 is a scalar weighting func
tion (usually put to 1). The upper sign corresponds 
to case I, the lower sign to case II. The minimiza
tion of (1) yields for the Cj the system of equations:

^A tjC j =  R i, i — 1,2, . . . , J . (2)
7 = 1

Here A ij and Rt (i, j =  1, 2, ..., J) are defined by 
A-ij =  J (Fi n) • (Fj n)Gdf, (3)
Ri =  ± J ( F t n )-(B n)O df. (4)

After solving (2) the sum expression inside the 
innermost parentheses of (1) is explicitly known. In 
case I it represents an approximation to the field 
required outside the torus. In case II the whole 
expression inside the innermost parentheses of (1) 
represents the explicit approximation to the field 
required inside the torus.

In case I (upper sign in (1) and (4)) the stream 
lines of the surface current are determined as 
follows: Let U and V be the scalar potentials inside 
and outside the torus i.e.

\ U  =  B , (5)

VV =  %CjFj. (6)

Let 1 and 2 be two points at the torus surface. The 
amount I  of current which flows between these 
points is determined by a closed path integral over 
the magnetic field from 1 to 2 inside and from 2 to 1 
outside the torus. Because of (5, 6) this yields

Ioc U2 -  E7i+ F i -  F2. (7)

The subscripts in this equation denote points 1 and 
2. If point 1 is kept fixed and point 2 moves, I  — 
const, determines the stream line:

U - V  =  const. (8)

Situations in which the net toroidal current in case 
I (upper sign in (1) and (4)) is different from zero 
may be included by a slight change of (1, 4, 6). To 
do this, we extend the summation in (1) and (6)
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from j =  1, 2, ... ,  J  to j =  0, 1,2, ..., J . We assume 
the scalar potential of the new additional term 
Co*Fo to be multi-valued around the small circum
ference of the torus and define the scalar coefficient 
Co in advance to be equal to the net toroidal current 
(which has to be prescribed) divided by the scalar 
potential increment of Fo around the minor torus 
circumference. In (4) we replace B by B — Co* Fo- 
Equations (2, 3, 5, 7, 8) remain unchanged.

The divergence of the surface current density is 
zero. This is easily derived from (7) by assuming 
some arbitrary triangular figure (which can be con
tracted to a point) on the surface and with vertices 
1, 2, 3. If the right sides of (7) are summed for the 
three sides of the figure then the result is seen to be 
zero.

3. Field Harmonics

As an auxiliary set of functions for the region 
outside the torus (case I) the well known toroidal 
field harmonics of the first kind are used, which are 
singular on the circle R =  1, Z =  0 (which must be 
enclosed by the toroidal surface) and regular every
where else [1]. One factor in these functions is the 
half-order Legendre function P fl-U2 (cosh ju) of the 
first kind where /j, depends on R and Z. The residual 
factor is periodic with m periods in the toroidal and 
I periods in the poloidal direction. The numerical 
representation of the above Legendre functions 
requires some caution to avoid undue losses of ac
curacy. Good results were obtained with the fol
lowing integral representation [2] whose integrand 
is non-negative:
P"vl (x) =  y (m, v) ■ (X* -  1 )»/a (9)

Tt
• J [x +  {x2 — 1)1/2 cos (t)]v~m • sin2m (t) d f.
o

Here y is a scale factor depending only on m and v. 
The evaluation of the integral (and also its deri
vative with respect to x) was done by Gauss- 
Legendre integration of order greater than or equal 
to 2 m and with tg(£/2) as the variable of integration.

As a possible auxiliary set of functions for the 
region inside the torus (case II) the toroidal field 
harmonics of the second kind could be used [1]. 
They are obtained by using the half-order Legendre 
functions of the second kind QH-i/2 (cosh ju) in 
place of Pf^u2 (cosh /u) in the above mentioned 
field harmonics. Another equivalent set could be

obtained with Bessel functions. Both systems of 
functions were used in [3] to represent stellarator 
field configurations and to calculate corresponding 
magnetic surfaces.

For the present work we used a different com
plete set of functions for the region inside the torus, 
which is described in [4]. This set was used not 
only as an auxiliary set for case II but also for the 
analytical representation of the prescribed interior 
field in case I. A short characterization of this set 
follows. I t is supplemented in Appendix 1 (and in 
[4]). Interrelations to vector potentials and Bessel 
functions (not in [4]) are discussed in Appendix 2. 
The set contains up to 4 different types of elements. 
A characteristic linear combination which contains 
one element of each type (with coefficients a, b, c, d) 
is represented by the scalar potential:

Vm, 1 {P, 0 , Z) =  (a cos (m 0) +  b sin (m 0)) 
■ Dmtl(Z, R)
+  (c cos (m 0) +  d sin (m 0)) 

' Nm< i~\ (Z, R ). (10)

Here c =  d =  0 is valid if I =  0. The integer indices 
m and I have to be greater than or equal to zero and 
denote the toroidal and poloidal periodicity. The 
functions Dm< n (Z, R) and Nmt n (Z, R) are relatively 
simple, finite and non-separable expressions without 
singularities for R >  0 and for finite values of R and 
Z and are obtained as solutions of the Laplace 
equation after separation of the toroidal angle. 
With respect to Z they are polynomials of degree n. 
Since Do, 0 =  1, Do, 1 = Z  (see Appendix 1), it is not 
difficult to recognize some of the simplest funda
mental fields in (10). The potential U =  Z of a 
vertical field of strength 1 (in the applied normaliza
tion) is obtained from, for example Fo, 1 with a =  1, 
b =  c =  d =  0. The (normalized) potential XJ =  0  of 
the main field is obtained from Vm, 0 with a =  c =  
d =  0, ft =  1/m and m — >  0. This field is or may be 
regarded as a constituent of B in (1) and is there
fore not used as an element Fj in the sum expression.

The functions Dm< n and Nm< n have the following 
property at R =  1:

Dm>n =  Znjn \ , ÖDm,n/8Ä =  0, (11)

N m<n =  0, dNminlc)R =  Z^lnl. (12)

Fields produced by using Dm,n(Z, R) are thus 
tangential at the cylindrical surface R =  1 and can
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satisfy Dirichlet-type boundary conditions there. 
Fields resulting from Nmi n (Z, R) on the other hand 
are normal to this surface and can satisfy Neumann- 
type boundary conditions. Because of (11, 12) the 
expression (10) can be used to satisfy the following 
Cauchy-type boundary conditions at R = l :

Vm, i =  (a cos (m0) +  i  sin (m 0))

•Z'/U, (13)

e Vm, i/dR =  (c cos (m&) +  d sin (m 0))
■ Z ^ l ( l - 1 ) \ .  (14)

This property shows that the set (10) is complete in 
the sense that every vacuum field which is non- 
singular in a toroidal region near R =  1, Z =  0, is 
periodic in 0  in the form of a truncated Fourier 
series up to and including the harmonic number 
M and is a polynomial of degree L — 1 in .Z at i? =  1 
can be exactly represented by a linear combination 
of expressions (10) with m less than or equal to M 
and I less than or equal to L. This is the case be
cause : 1) two vacuum fields are identical in space if 
they satisfy the same Cauchy boundary conditions 
at some surface. 2) at the surface R =  1 the condi
tions (13, 14) can be made to agree for both fields 
term by term for every Fourier component and 
every power of Z by a proper choice of a to d in 
each of the Vm> i in the linear combination.

The relation of (10) to stellarator fields is seen 
from the following. Let us take a linear combination 
of only one of the expressions (10) with the nor
malized potential U =  0  of the main toroidal field 
and choose a =  d =  0, d =  ± b . This yields a stel
larator field configuration in the toroidal region 
near R — 1, Z =  0 with m toroidal and I poloidal 
field periods and with a circular magnetic axis if 
I >  1. For I >  0 the configuration is qualitatively 
equivalent to the interior field produced by helical 
currents flowing around a circular torus with a 
rotational transform m/l of the stream lines on the 
torus. A left-handed screw is produced if d/b =  
(_ !)* *  a right screw for the other sign of djb, 
and for 1 =  2 the rotational transform t of the 
magnetic field lines near the magnetic axis relates 
to b by

61 =(f(ro —0)1/2, t< m l  2 (15)

4. Evaluation

The form of the toroidal surface is defined by 
R =  Ro(0) +  S R 1(0 ,d ), (16)
Z = Z O(0) + S Z 1(0,'&). (17)

Here R, 0 , Z are the coordinates of a point at the 
surface, Ro, R\,Zq, Zx are periodic functions of the 
poloidal angle $ =  arctg(Z— Z0)I(R — R0)) and/or 
the toroidal angle 0 . S is a constant which deter
mines an aspect ratio. The choice of the right-hand 
sides of (16, 17) is quite unrestricted with the excep
tion that in case I the singularities of the auxiliary 
field harmonics must lie inside the surface. The 
right sides of (16, 17) must be supplied (in analytical 
form) together with their partial derivatives with 
respect to 0  and The derivatives are needed to 
compute the surface normal vector n and the func
tional determinant relating d0*d& to df in surface 
integrals.

The surface integration is done by discretization 
and Fourier summation in the variables 0  and 
The necessary refinement of this discretization is 
governed by some maximum tolerable deviation of 
the integrand in the surface integral (1) from zero. 
As a measure for this error we use

B T  ZC jFj
7=1

(\B -n \ max
(18)

Here a change in the sign of b corresponds to a 
toroidal phase shift by half of the toroidal period.

The maxima in the numerator and denominator are 
independently taken from the set of all discretiza
tion points as the surface and may thus belong to 
different points. The term e(B} (where <i?> is an 
average of B and e a constant of the order of the 
mashine accuracy) avoids division by zero in 
singular cases. In order that (18) makes sense and to 
get reasonable results, the number of discretization 
intervals must not fall short of some lower limit. 
This limit is found from the requirement that at 
least a rough representation by discretization must 
be possible in principle for each of the J  field har
monics applied in (1, 6). Since a fourth-order poly
nomial (5 constants) is at least necessary to repre
sent the full period of a wave there should be at 
least 4 discretization intervals available along the 
distance of the shortest oscillation interval which 
might be produced by one of these field harmonics. 
Let the whole configuration (boundary conditions 
-f field) have iV-fold symmetry around the axis Z.
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Then toroidal harmonic numbers m =  k*N, with 
=  1, 2, ... and poloidal harmonic numbers 1 =  

0, 1, 2, ... may be present in the field. If only field 
harmonics Fj with k ^ K (i.e . m K*N) and l ^ L  
are admitted in (1, 6), then Nt = ± K  and N P =  4L 
discretization intervals, respectively, should at 
least be used for one toroidal field period (1 /N of 
the full angle) and for the full poloidal angle, 
respectively.

The appropriate choice of K and L depends on 
the convergence of the sum expression in (1, 6) in 
the special problem under consideration. If the sur
face is axially symmetric then there is no coupling 
of different toroidal harmonics via the boundary 
conditions. In this case K needs not to be larger 
than the largest k of toroidal Fourier harmonics 
considered as relevant in B. This is not the case if 
the surface has a weaker symmetry and a similar 
statement is not necessarily true of L in any case 
even if the small torus cross-section is circular.

The number J  of field harmonics which are actu
ally needed in (1, 6) for given values of K and L is 
reduced by symmetry properties of the configura
tion and by the fact that the surface integral of the 
normal component of the magnetic field must be 
zero. If besides the iV-fold symmetry there is no 
further symmetry (case SI), one has J  =  2*(2K*L 
-{-K +  L). The above value of J  is halved if a 
further symmetry is present with the property that 
the transformation 0 - > — 0 , Z-> — Z reflects the 
toroidal surface into itself and U in (5) into -f- U 
(case S2) or — U (case S3). The radial component 
of V£7 then changes its sign as U, the other com
ponents changing sign if U does not and vice versa

under this transformation. The reduction of J  in 
cases S2 and S3 occurs because the special sym
metry of the surface imprints the symmetry of U on 
V in (6) via the boundary conditions.

5. Results

Computations for both of the above mentioned 
types of boundary value problems denoted as cases 
I and II (Sect. 1) have been carried out mainly for 
configurations with 10-fold symmetry around the 
Z axis. This has been done up to now for the above 
mentioned symmetry type denoted as case S3 
(Sect. 4) for 10-fold symmetric fields and axial 
symmetric boundary conditions as well as for con
figurations where the fields as well as the toroidal 
surface were 10-fold symmetric. With J <  50 the 
best results with an error parameter (18) of e<C 
0.005 were obtained for axially symmetric toroidal 
surfaces with circular minor cross-sections for an 
aspect ratio A =  (^By/^ry not less than 5 (where <i?> 
and <r) denote mean values of the major and minor 
torus radius, respectively). Surfaces of weaker 
symmetry required larger values of A to get com
parable errors even for 50 < J <  150. This was ob
served in case I even if the singularity of the 
auxiliary field was sufficiently centered inside the 
torus as well as in case II where no such singularity 
is present. Apart from the requirement for the 
singularity the residts seem to indicate as an addi
tional requirement for both cases I and II that the 
toroidal curvature of the surface must be suffi
ciently small everywhere against its poloidal curva
ture in order to get a sufficient convergence of (6).

Fig. 1. Example of case I. Projection of 
stream lines on a 10-fold symmetric to
roidal surface into the plane of the toro
idal angle (abscissa, (1/10 of the full 
angle) and the poloidal angle (ordinate, 
full angle from torus outside to outside).
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In Fig. 1 a solution to case I is shown where the 
given field is the analytical stellarator field con
figuration discussed in [5] (loc. cit. Fig. 1, column 1). 
This configuration has 2V=10 periods and con
tains partial fields with 1=1 and 2. The picture 
shows stream lines (with a constant amount of 
current between neighbouring lines) on a toroidal 
surface in the plane of the toroidal angle 0  (abscis
sa, 1 IN of the full angle) and the poloidal angle # 
(ordinate, full angle, from outer torus aequator). 
The surface (16, 17) was described in this case by

B0 =  1 +  0.01 cos (100), 
Zq =  0.015 sin (10 0 ) , S = l /A ,  
H = S (  1 -  0.05 cos (2^)), 
R\ =  H cos (#), Zi =  H sin (#),

where 4̂ =  11 was chosen for the aspect ratio and 
=  1 as the mean value of the major radius. The 

surface corresponds to a 10-fold symmetric toroid 
with respect to the Z axis with a non-circular minor 
cross-section whose position in the R, Z plane de
pends on its position in the toroidal direction. The 
calculation was done with K =  L =  8, J  =  144, Nt =  
N p =  60 and the resulting error (18) was e =  0.0057. 
An improved symmetry of the above surface (pic
tures not shown) reduced this error by one order of 
magnitude if the minor cross-section of the surface 
was made circular (H =  S), by 1.2 orders of magni
tude if the surface was made axially symmetric 
(i?o= 1, Zo =  0) and by 3.1 orders of magnitude if 
both simplifications of the surface were applied at 
the same time. In the last two cases the number of 
auxiliary functions could, moreover, be reduced to 
J  =  42 (with K =  2, L =  8) because of the axial 
symmetry for reasons discussed near the end of 
Section 4.

Figures 2 a to c show cross-sections of magnetic 
surfaces* in three different meridian planes (1/4 of 
a toroidal field period apart from each other). These 
magnetic surfaces belong to a 10-fold symmetric 
field configuration which was obtained as the result 
of a solution to case II, where one of the surfaces 
and U =  0  in (5) were prescribed. In (16. 17) this 
surface was defined by :

R0 =  1 +0.02 cos (10 0 ) , 
ZQ =  0.02 sin (10 0 ) , S =  i/A ,

* The representation of the calculated configurations as 
shown in Figs. 2 and 5 was obtained with a program of 
W. Lötz.

a)

b)
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Fig. 2 a to c. Example of case II. Meridional cross-sections 
of 10-fold symmetric toroidal magnetic surfaces as obtained 
from a field configuration which was found by prescribing 
one of the innermost surfaces. The toroidal distance of 
pictures a to c is 1/4 of a period.
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H =  S( 1 -  0.28(cos(2# -  100)
+  cos (20))), 

R1 =  H cos (#), Z\ =  H sin (&),

This corresponds to a surface of 10-fold symmetry 
with respect to the Z axis with a minor cross-section 
whose position, form and direction depend on 0 , as 
may be seen from Figs. 2 (where 100 means 1) for 
large aspect ratios. The solution of the boundary 
value problem was done with A =  1000, K =  2, 
L =  3, J  =17, Nt =  Nv =  30 and led to an error e - 
0.006. As can be seen, the resulting field configura
tion has smooth magnetic surfaces for A not less than 
about 20. Apart from a few exceptions (see Figs. 4 and 
5) case II has been investigated up to now only with 
the relatively small values of K and L given above. 
The existence of smooth surfaces still far beyond 
the prescribed one was observed in most of these 
cases if the aspect ratio of the prescribed surface 
was sufficiently large. On the other hand, poor 
convergence and large error parameters were ob
tained in all of these cases if it was attempted to 
prescribe a non-trivial (not axially symmetric) sur
face and to use a moderate value of A from the 
beginning. This indicates that the analytical form 
of magnetic surfaces for field configurations (6) and 
for small values of A and J  is quite restricted.

Figures 3 and 4 exemplify the dependence of the 
error (18) on different paiameters of the surface for 
some typical cases of special interest. Figure 3 shows 
results obtained for case I with the same field con

Fig. 3. Example of case I. Dependence of the error e 
(Eq. (18)) on the deviation of a 10-fold symmetric surface 
from axial symmetry (abscissa) and on the number J  of 
auxiliary fields admitted for the calculation.

figuration which was used for Fig. 1. The surface 
(16, 17) was defined by

l?o= l+ 0 c o s ( lO 0 ) , Zo =  g sin (100),
Äi =  £cos(0), Zi =  Ssin(0), S =  1\A .

With a constant aspect ratio A =  11. The picture 
shows the dependence of e on the amplitude g 
(which is a measure of the deviation of the surface 
from axial symmetry) and on the number J  of 
auxiliary field harmonics applied in (1, 6). The 
computations were done with K =  L and a rela
tively large number of surface points (Nt =  N p 
7.5*K) as compared to the above given lower limit 
(Section 4). As can be seen from the figure, the 
error may become extremely small for weak devia
tions from axial symmetry of the surface, but it is 
difficult to get reasonably small errors for larger 
deviations from the axially symmetric case even 
with a large number J  of auxiliary functions.

Figure 4 shows a result obtained for case II. The 
surface (16, 17) was defined by

Rq =  1, ZQ =  0,
H =  S/(1.61 cos2 (tt) +  0.60 sin2(7t))1/2, 
S = l / A ,  u =  & -  5 0 ,  R1 =  Hcos(&),

Zi =  H sin (0).

The surface is 10-fold symmetric with respect to 
the Z axis, and its minor cross-section is an ellipse 
centered at R =  1, Z =  0 with a constant ratio 0.6 
of its half-axes, whose geometric mean equals S. 
The orientation of the ellipse depends on 0  and 
changes by 180 degrees (transforms into itself) if 0

Fig. 4. Example of case II. Dependence of the error e 
(Eq. (18)) on the aspect ratio (abscissa) of a prescribed 10- 
fold symmetric toroidal magnetic surface and on different 
combinations of auxiliary fields admitted for the calculation.
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changes by 36 degrees. The content of Fig. 4 is in 
agreement with the above comments to Figures 2. 
For small values of the aspect ratio A and small 
values of J  the convergence of (6) becomes unsatis
factory. For larger values of A, however, it is easy 
to get a small error parameter even with a relatively 
small number J  of auxiliary functions. The same 
would be the case for smaller values of A if the 
deviation of the surface from axial symmetry were 
smaller than in the given example, which is some
what critical.

Figures 5 a to c show magnetic surfaces and refer 
to the case indicated in Fig. 4 by a cross at A =  7.8 
and e =  0.065. The representation is the same as 
was described for Figure 2. The example shows that 
quite reasonable solutions to case II may be found 
with an increased number J  of auxiliary fields even 
for relatively small aspect ratios of the prescribed 
surface and in spite of the relatively large error 
parameters resulting. In contrast to cases where 
the aspect ratio of the prescribed surface was very 
large, as in Fig. 2, the surfaces of Fig. 5 cease to 
exist almost immediately outside the prescribed 
one. This situation might possibly be changed by a 
more refined calculation with the same small value 
of e that was obtained in the case of Figure 2.

6. Conclusion
3 D boundary value problems of relevance for 

stellarators have been solved for boundary condi
tions on toroidal surfaces for two types of boundary 
conditions (cases I and II above). A new complete 
set of field harmonics for the interior of the torus 
has proved useful here because each of these fields 
is a relatively simply structured finite expression 
which represents a typical stellarator field with a 
unique toroidal and poloidal periodicity. Within 
the limitations mentioned in Sect. 5 the described 
method has proved useful in case I because if finds 
the shape and position of the continuous analogue of 
the so called Wobig Rehker coils [6, 7]. As a further 
application, currently being in progress, discrete 
Wobig Rehker coils may be obtained by discretiza
tion of the calculated current distribution. Calcula
tions made for case II have also proved of advantage 
since, for example, the field configurations discussed 
in [5] (loc. cit. Fig. 1) were generated by optimiza
tion of configurations which were originally ob
tained by prescribing the shape of magnetic sur
faces.

20.0.
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C)
Fig. 5a to c. Example of case II. Meridional cross-sections 
of a 10-fold symmetric helical/=  2 configuration where one 
of the outermost magnetic surfaces (with aspect ratio 7.8) 
was prescribed. The toroidal distance of pictures a to c is 
1/4 of a period.



259 W. Dommaschk • Stellarator Boundary Value Problems

A chiowledgements

The author would like to thank A. Schlüter for 
his continuous interest as well as for useful discus
sions and J. Nührenberg for his stimulating advice 
and critical comments. He is also indebted to W. 
Lötz for his support of the present work by his 
program for calculating magnetic surfaces and for 
critical remarks.

7. Appendix 1

The functions DmtTl(Z, R) and Nm<n(Z, R) in 
(10) are found in [4] (in a slightly different nota
tion) as follows. Let

U =  f(Z, R) exp (± im & ),
ro = 0 ,1 ,2 , . . . ,  (A. 1)

be required to solve the Laplace equation A U =  0 
in cylindrical coordinates R, 0 , Z, where f(Z, R) is 
assumed to be independent of 0  and i is the imagi
nary unit. Then f(Z, R) is found to satisfy this 
equation if / =  n (Z, R) and

2 ASn Zn-2Jc

n =  0 ,1 ,2 , . . . .  (A.2)

Here n is a non-negative integer and the summa
tion** proceeds down to the lowest possible non- 
negative power of Z. The functions Cm,k(P) in 
this expression are independent of 0  and Z and 
defined recursively by

1 R
Cm, *(£) =  — /  Cm, *_i (S) ■ ((slR)mZ 171 ^

-  {R/s)^)sds, if ro >  0, (A. 3)
R

C0tk(R) =  JC 0,*-i(s) • (ln (*) -  ln 
l

if ro =  0. (A. 4)

The recursion is started in two alternative ways 
which yield two different possible types of func
tions I m,n for each pair of indices ro and n. These 
functions (which are linearly independent of each 
other) are given the above notations Dm,n(Z, R) 
and N m<n(Z, R). For Dm> n the recursion starts

** The use of the symbols C, k, in Appendix 1 and A, C, 
J, Z in Appendix 2 differs from their use in the main text.

with:
Cm<0(R) =  (Rm +  R~m)l2, if m > 0 ,  (A.5) 
C0,o(R) = 1 ,  if m =  0. (A.6)

For Nm,n the recursion starts with

Cm,o(R) =  (Rm -  R~m)l'2m,
if m >  0, (A. 7)
C0t0{R) =  \n{R), if m =  0. (A.8)

The resulting sequences of expressions for Dm>n 
and NmiTl are thus found to begin with

A),o =  1 > -Do, l =  Z ,
Z>0,2= ^2/2  +  (1 — -R2 2 ln (7?))/4, (A. 9)

Dm, o =  (Rm +  K~m)l 2, m =  1 ,2 ,..., 
Dm>1=Z(Rm  +  R-m)l2, m =  1 ,2 ,...,

Dm,2 =  Z2(Rm +  R~m)l 4
+  {i?m[m(l -  m) R2 -f (ro +  1) (ro -  2)] 

+  Ä-»[ro( 1 +  m)R2 — (ro — 1)
• (ro -J- 2)]}/(8ro(ro2 — 1)),

ro =  2 ,3 ,..., 
2 )1 ,2 = ^ 2 (^ + 1 /^ /4

-  (Ä3 +  4i?ln(i?) - 4 R  +  3/i2)/16,
ro =  1,

N0t0 =  \n(R), N0<1= Z \n (R ),

N m, o =  {Rm — R~m)l2 ro, ro =  1, 2 ,..., 
N m,i= Z (R m  -  R-m)j2m, ro =  1 ,2 ,...,

Further details may be found in [4]. This mainly 
concerns formulas for the functions Cm,k as ob
tained with REDUCE and FORTRAN routines 
with formulas for field components for all ro and 
l <  6.

8. Appendix 2

The functions in Appendix 1 may be interrelated 
to vector potentials and to Bessel functions as fol
lows.

8.1. Connection vnth Vector Potentials

With Dm, n and Nm, n the scalar potential Fwl( j 
(R, 0 , Z) is constructed with the aid of (10). Start-
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ing from Vm> i, it is not difficult to get expres
sions for a two-component vector potential Amit =  
Am,i{R, 0 , Z) whose toroidal component is zero 
and where

Amil =  (Ar,0,A z), (A. 10)
V x Amtl =  (Br ,B (p,B z) =  VVm,i. (A. 11)

Here Ar , A z and Br , By, B z denote components of 
the vector potential and the field adjoined to the 
scalar potential Vm< i. The indices m, I of these 
components have been omitted here for simplicity. 
Excluding fields with a multi-valued scalar poten
tial such as the main field (where Ar =  0, A(f) =  0, 
A z= — In (is!) is appropriate), (A. 10) and (A. 11) 
then lead to

Ar =  — B z(R ,0 -7 il2 m ,Z )R lm , 
m =  1 ,2 ,..., (A. 12)

Ar =  -  B z(R ,0 ,Z )0 R , m =  0; (A.13) 
A z =  Br (R, 0  — n\2m,Z)R\m, 
«» =  1 ,2 ,..., (A. 14)

A z =  Br{R,O ,Z)0R, m =  0. (A.15)

8.2. Connection vrith Bessel Functions
An interrelation between Bessel functions and 

the Cm>k may easily be established. Multiplication 
of I m,n in (A.2) by exp(im 0) and by the w-th 
power of q (where q is a real or complex constant) 
and summation over n from zero to infinity yields 
a solution of the Laplace equation which separates 
(within some range of convergence) into a product 
of exp (im 0), exp (qZ) and a factor Zm which 
depends only on m, q and R :

Zm(q ,R )=  fq™ C m,k(R). (A. 16)
k = 0

The series rapidly converges for sufficiently small 
absolute values of q and R — 1 since in an expansion 
of the Cmtk with respect to powers of R — 1 the 
leading powers increase with k. Two different types 
of Zm are obtained from (A. 16), depending on 
whether Dm> n or Nmt n is used in place of / OT> n , i. e. 
whether (A. 5) and (A. 6) or (A. 7) and (A. 8) are used
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