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CODATA has recently published its readjustm ent o f the fundam ental physical constants and 
assigns a relative precision o f 128 x 10~6 to G, the N ew tonian constant o f gravitation. G iven that 
most o f the o ther constants in physics have relative precisions o f ~  10~6 or better, we exam ine 
the reasons why the value for G rem ains so imprecise: The role o f G in physics in general is 
considered and the m ost recent experim ental determ inations are exam ined. C onstraints are given 
for perturbing effects in G m easurem ents and a key result is that horizontal ground m ovem ents 
must be taken m ore carefully into account in future m ore precise terrestrial experiments.

The Role o f G  in Physics

In physical science th e re  are very few subject 
areas  which d e m a n d  a precise  value for (7, the N e w ­
ton ian  constan t o f  g rav i ta t ion . In celestial mechanics, 
for instance, it is only the  products  o f  p lanetary  
masses and  G w hich  are  o f  im po rtan ce  in d e te rm in ­
ing orbita l param eters .  A n o th e r  exam ple  arises in 
geophysics, where the most im portan t “constant” is g , 
the accelera tion  o f  grav ity  at a po in t on the e a r th ’s 
surface, a q ua n t i ty  w h ich  includes, again , G , the 
mass o f  a p lane t (ea r th ) ,  and  the rad ius  o f  the earth. 
Most scientists and  engineers  s im ply  have no need 
o f  G in the ir  work.

There  are, how ever,  som e fields o f  s tudy which 
requ ire  its use. In genera l  relativity  G is a factor in 
the  constant w hich  relates  stress-energy o f  space 
t im e  to its curva ture .  T hen ,  in astrophysics, the 
lum inosity  o f  stars d e p e n d s  on the  seventh  pow er 
o f  G. M oreover,  in cosm ology, o u r  p resent in te rp re ­
ta tions o f  M ach 's  p r inc ip le  state tha t  the  m ag n i tud e  
o f  local inertial forces is governed  by the produc t 
o f  G and  a factor d e te rm in e d  by the large-scale 
mass d is tr ib u t ion  o f  the  universe. A n um erica l  value 
for G can, in princip le ,  be  derived  using M a c h ’s 
principle.

Values o f  G have  also been  derived  from o the r  
theoretical s tandpo in ts ,  as well. A lthough  there  is,
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as yet. no  consensus on  even the fu n d am en ta l  p r in ­
ciples used as a star t ing  po in t  for such calculations, 
several w orkers [1 ,2 ,  3] have p ro d u c ed  useful th e o ­
retical m odels  tha t  m ay  lead to G , and  so m e  have  
actually  derived num er ica l  results [4, 5] w hich  are 
in ag reem en t with  the currently  accep ted  m e a s u re ­
ments [6 ], In m uch  the sam e way th a t  q u a n tu m  elec­
t rodynam ics  has d r iven  re f inem en ts  in the  m e a s u re ­
ments o f  the fine s truc tu re  constant,  a w ell-accepted  
theoretical p red ic tion  o f  G w ould  p ro v id e  a s t irr ing 
s t im ulus for h igher-p rec is ion  gravity  experim ents .  
F u r th e rm o re ,  such a p red ic tion  w ou ld  relate  G to 
the a tom ic  constants, the reby  increasing its im ­
portance  to metro log ists  as well. An a l ternat ive  
v iew point is tha t  G  shou ld  be given a fixed value: 
a c o m b in a t ion  o f  G, c, and  P lanck 's  constant,  /?, 
could be used to define  the unit o f  mass, th e  Planck 
mass, in a way s im ila r  to the 1983 defin i t io n  o f  the 
m etre  in terms o f  a fixed value  for the speed  o f  
light [7], Indeed, it seem s likely, accord ing  to s u p e r ­
string theories  [8 ], th a t  the masses o f  the e lem en ta ry  
particles can be c o m p u te d  from the  P lanck mass. It 
is in teresting to c o m p a re  the  re la tive  rates o f  in ­
crease in the  precis ion  o f  m easu rem en ts  o f  G and  c 
as show n in F ig u re  1. W hils t there  was no s t im ulus  
from theoretical physics to increase the prec is ion  
o f  the speed o f  light,  the  sam e is not necessarily  
the case for the g rav i ta t iona l constant. T h e  re len t­
less increase in the prec is ion o f  the speed  o f  light 
was fuelled by advances  in technolog ies  such as 
rad io -frequency  techn iqu es  and  lasers. In contrast.
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Year

Fig. 1. The increase in fractional precision o f the N ew tonian constant o f gravitation G and the speed o f light, c (finally 
fixed by defin ition  in 1983 [7]). The log-log plot clearly shows that the rate o f reduction of the uncertain ties o f these 
fundam ental constants is not linear in tim e; the c curve can be param etrised as z l c / c a r -49 and J G / G a / “ 1,3 w here t 
is tim e in years. To keep pace w ith the increase in precision predicted by the G curve, we m ust achieve an im provem ent 
o f an order o f m agnitude w ithin the next six years! (The data  used for this plot can be found in [45].)

there  have been  no such b re a k th ro u g h s  in the  m e a ­
su rem en t o f  g rav i ta t iona l forces since the  t im e  o f  
Cavendish.

We feel th a t  a s trong m otiva t ion  for co n tinued  
deve lopm ent o f  the  techn iq ues  o f  ex per im en ta l  
g ravita tion  com es from th e  present d r ive  to unify 
the  four forces o f  n a tu re  [9]. O n e  o f  the  earliest 
a t tem pts  to inco rp o ra te  grav i ty  into a un if ied  theory  
was m ade  by Fuji i  [10, 11], w ho  p rop osed  b re a k ­
downs in the N e w to n ia n  d escr ip t ion  o f  gravity  and 
related them  to o th e r  coup lings  via a sca le - invarian t 
theory. T his  led to a varie ty  o f  exp e r im en ta l  ver i­
fications o f  the inverse sq u a re  law. O n  geophysical 
scales, how ever,  the  w ork  o f  H o ld ing  et al. [12] 
w ould  suggest th a t  this  qu es t io n  is still op en ,  and  
som e see the i r  results as possib le  ev idence  for an 
addit ional shor t  range  force in n a tu re  [13]. T he  
theoretical d ev e lo p m en t  con tin ued  w ith  co n t r ib u ­
tions from F e in b e rg  and  S uch er  [14]. Later ,  G i b ­
bons and W hit ing  [15] es tab lished  the  presently  ac­
cepted  p a ram e tr iz a t io n  o f  the n o n -N ew to n ian  c o m ­
ponent o f  such a force.

In parallel with the theore tica l and  exp er im en ta l  
interest in G (/•) there  evolved an in terest  in the  p o s­
sibility o f  a t im e dep end ence  o f  G. T h e  orig inal sug­
gestion o f  D irac  [16] was res tud ied  by several 
workers du ring  the 1970’s tow ard  the  goal o f  in ­
corporating  his la rg e -nu m bers  hypo thes is  as a gauge  
condition  in a sca le-covariant theo ry  o f  gravity. 
M oreover, the possibil ity  o f  ra d a r  rang ing  to  the 
inner planets p resen ted  the ho p e  o f  expe r im en ta l  
investigation [17], U nfortuna te ly ,  th e  results o f  these 
experim ents  are not u n a m b ig u o u s  [18], and  a d e f in i ­
tive labora tory  ex per im en t  is no t yet foreseen, a l­
though  there  exists at least one ser ious c a n d id a te
[19]. A recent study [20] has given the  excit ing result 
tha t  a certain  class o f  supers tr ing  th eo r ies  p red ic t  
a value o f  the fractional rate o f  change  o f  G as 
- l x l 0 _,1±l per  year. U n am b ig u o u s ,  non-as tro-  
nomical m easurem en ts  o f  this  q u an t i ty  are  re q u ired  
to distinguish be tw een  these theories.

Nevertheless, to the present day , it a p p ea rs  tha t  
g ravita tion  s tands ap a r t  from the  qu an t iz ed  field 
theories, and in such a d eco up le d  theore tica l  p ic tu re
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there  is no d o u b t  tha t  G is, in fact, a true  constant o f  
nature .  An incorpora t ion  o f  g rav i ta t ion  into the rest 
o f  physics,  with the resultant un if ica t ion  o f  the 
forces, is the u lt im ate  goal o f  theore tica l physics, 
and  deve lopm ents  such as the supers tr ing  theor ies  
and  the new infla t ionary  universe scenario  give real 
ho pe  o f  reaching th is goal.

The Experimental Determination o f G

In its recent reassessm ent o f  the  values o f  the 
fu ndam en ta l  constants [21], C O D A T A  gives a 
value for G as

G =  (6.67259 ±  0.00085) x 10 “ 11 m 3 k g - ’ s ~ 2.

T h e  relative uncerta in ty  in this value  is 128 x 10~6, 
and  this result is based on an analysis o f  the  th ree  
most recent m easurem en ts  [6 ], each o f  w hich c laims 
an  uncertain ty  o f  ab o u t  1 0 -4 , b u t  all o f  w hich  ex­
clude each o ther  from the limits o f  e rro r  q u o ted  by 
each o f  the authors.  All th ree  o f  these works in ­
volved the use o f  torsion p end u lum s:  Sagitov et al. 
[22] and L u th e r  and T ow ler  [23] used the t im e  o f  
swing m e th od  largely developed  by Heyl and  C hrza-  
nowski [24] w hereas  Pontikis [25] em ployed  a reso­
nance m e th od  s im ilar  to tha t  first used by Z a h ra d -  
nicek [26].

We have a ttem p ted  to su m m arize  in T ab le  1 the 
possible per tu rb a t io ns  encounte red  in an ex p e r i ­
m en t to de te rm in e  G to a relative prec is ion  o f  10~6. 
W e have taken  the attrac t ing  mass to be 10 kg (M ), 
the test mass (m) to be 1 0  g and th e i r  centre  o f  mass 
separa tion  (/-) as 10 cm. These  p a ram e te r s  are  r e p re ­
sentative o f  the most recent to rs ion  balance  m e a ­
surements.

T h e  first fou r  items in the tab le  are  s t ra ig h tfo r­
wardly calculated and the constrain ts listed in the  
final co lum n can be satisfied in p ract ice  w i tho u t  too  
m uch  difficulty. However, the p ro b lem  o f  h o r izo n ­
tal ground  vibra tions is o f  a m ore  subtle  n a tu re  and  
m uch  m ore  difficult to resolve: A horizonta l  ac ­
ce le ration  ( jo )  will cause a sim ple  p e n d u lu m  oscil­
la tion o f  the torsion balance. T h e  balance  a rm  will 
then  try to align itself pe rpend icu la r ly  to the  d i re c ­
tion o f  the ground  d isp lacem ent in o rd e r  to m in i ­
mise its m o m en t  o f  iner tia  (and  k inet ic  energy) 
ab o u t  the ro ta tion  axis. W e have  ca lcu la ted  the  
m ag n i tud e  o f  this effect by assum ing  a s im pl if ied

Table 1. The constraints on pertu rba tion  effects in a de ­
term ination  o f G to a relative precision o f 10~6. See the 
text for details o f the experim ental arrangem ent con­
sidered.

Perturbing effect C om m ents Lim its for 10 6 G

G ravity  g radient torsion balance
due to a person 
o f mass 100 kg
Electrostatic
forces

arm length  20 cm

grounded con­
ducting  vacuum  
cham ber

T herm om olecular vacuum  pressure 
flow 10“ 5 m m  Hg

(1.3 x 10~8 Pa)
M agnetostatic
forces

Horizontal
ground
vibrations

no m agnetic 
shielding, pure 
m aterials

closest distance of 
approach /. >  25 m

voltage difference 
betw een test masses 
and cham ber 
A V ^ 5m V
tem perature differ­
ence across cham ber 
A T =i 0.1 K
product o f volume 
susceptibilities of 
masses X\ X i — 10“ 7

critical dam ped spectral density o f 
sim ple pendulum  horizontal accelera- 
m ode, w hite ac- tion 
celeration  spec- y  ^  10-7 m s_ 2/H z l/2 
trum  (see appendix)

Therm o-elastic tim e o f swing variations in ab ­
solute tem peraturecoefficient m ethod with

of fibre 35 (im d iam eter j r abs^ 0 .0 1 K
tungsten fibre of 
therm o-elastic  co­
efficient ß =  7 x 10“5 
(for quartz  
ß = -  l . l x l O “ 4)

m odel o f  a tors ion  ba lan ce  as descr ibed  in the  a p ­
pendix , and  we no te  th a t  a com ple te  t rea tm en t  o f  
the dynam ics  o f  th e  to rs ion  balance  can be found 
elsewhere [27],

A ssum ing  a w hite  horizonta l  v ib ra t ion  spec trum  
(which is realistic  fo r frequencies  h igh e r  than  
~  1 Hz) o f  m a g n i tu d e  v0 (v) we find the  rms value 
o f  the applied  noise to rq u e  to be

m d m

4  g 1/2
Q  sin 2  i//

(d 2 +  R 2 s in 2  y/) 1/2 (1)

w here  Q  is the  s im ple  p e n d u lu m  m o d e  quali ty  fac­
tor, d  is the  length o f  the  tors ion  fibre and  n /2  -  y  
is the  angle  be tw een  the  ba lance  a rm  and  the  d irec ­
tion o f  the  g rou nd  d isp lacem en t  (see F igure  A 1). 
T h e  m a x im u m  noise level w hich  can be to lera ted  
given in T ab le  1 has been  ca lcu la ted  assum ing  that 
the  s im ple  p e n d u lu m  m o d e  is critically d a m p e d  as 
was a p p ro x im a te ly  th e  case in L u th e r  and  T o w le r’s 
experim ent .  H ow ever,  even u n d e r  these circum-
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stances, the spectral densi ty  lim it is close to the 
m in im u m  that one can expect at a q u ie t  location  
on ou r  planet [28], T his  result clearly  im plies  th a t  
d a m p in g  for the sim ple  p en d u lu m  m o d e  and  v ib ra ­
tion isolation are requ ired  in fu ture  d e te rm in a tio n s  
o f  G with o therw ise  u nco m p ensa ted  torsion b a l ­
ances. Equally, as typical values o f  g rou nd  v ib ra t ion  
level and the Q o f  the  u n d a m p e d  s im ple  p e n d u lu m  
m od e  are 5 x 10 “ 5 m s~ : / H z 1 / 2  and 104, respectively, 
it is qu ite  possible th a t  this p e r tu rb a t io n  has l im ited  
the precision o f  prev ious d e te rm ina tions .

T he  coupling  can be reduced  by increasing the  
sym m etry  o f  the suspended  system as has been  d o n e  
on the tests o f  the w eak  equ iva lence  p r incip le  by 
Roll et al. [29] and Braginsky et al. [30], U n fo r tu ­
nately, increasing the n u m b e r  o f  ba lan ce  a rm s also 
reduces the gravity  signal in a G m e asu rem en t  as 
well as the sensitivity o f  the  balance. Perhaps ,  even 
so, this app ro ach  should  be inves tiga ted  in m ore  
detail.  Sagitov et al. noted  tha t  a fractional change  
o f  period  o f  up to 1.5 x 10 “ 5 cou ld  occur  be tw een  
night and day- t im e  m easurem en ts ,  a nd  this v a r ia ­
tion. as they point out. was d u e  to the  chang ing  
a m p l i tu d e  o f  g round  vibrations. T h e  f luc tua t ions  in 
oscillation period  gave rise to a fractional u nce r­
ta inty in Sagitov et al.'s value o f  G o f  1 .2 x 1 0 -4 . It 
is in teresting to note tha t  in P o n tik is ’ resonance  
m ethod  the statistical uncerta in ty  associa ted  with 
each individual m easu rem en t  is only o f  the  o rd e r  o f  
10~5. H owever his set o f  G values shows a c lear 
t im e  dep endence  o f  ab o u t  1 0 - 5  pe r  day.

T h e  t ime o f  swing m e th od  relies on the re p ro ­
ducibili ty  o f  the torsion constant o f  the  fibre, and  it 
is this feature  o f  the G d e te rm in a t io n s  w hich  has 
proved  the most t rou b leso m e  in the  past . Sagitov 
et al. observed varia tions in the per iod  o f  oscilla tion 
o f  the ir  tungsten fibre  torsion ba lance  d u e  to 
changes in shear  m od u lus  as a funct ion  o f  te m p e ra ­
ture  (see T ab le  1) and , tak ing  the i r  va lue  for the 
therm o-e las t ic  coefficient, a 35 | im  d ia m e te r  f ibre  
and  o u r  model experim en ta l  p a ram ete rs ,  it can be 
show n tha t the te m p e ra tu re  o f  the f ib re  m ust be 
held constant to 0.01 K to achieve  a 10 - 6  d e te r ­
m ina tion  o f  G. T h is  w ould  not be easy b u t  is po s­
sible in principle.

The natural per iod  o f  oscillation o f  the  qu a r tz  
fibre used by L u th e r  and  T ow ler  d r i f ted  by a frac­
tional am o u n t  o f  3 x l 0 - 6  per day. and  they a t ­
tem p ted  to e l im ina te  this u nexp la ined  effect by 
rem oval o f  a trend from the data .  T h e  statistical

varia tions o f  the res iduals  gave a relative uncertainty 
o f  4 x 10~ 5 to the value  o f  G which was the largest 
single con tr ibu t ion  to the error  budget. These  p ro b ­
lems with the s tability  o f  the fibre are most likely 
d ue  to anelastic ity  and  could be e lim ina ted  with 
feedback  techn iques  o f  the type developed  by 
de Boer et al. [31].

A no ther  difficulty  arises in the need for absolute  
d is tance m easu rem en ts  w hich requires  tha t the 
position  o f  the  centres o f  mass o f  the bodies  be well 
know n; h ow ever  densi ty  inhom ogeneit ies  m ak e  this 
uncertain. A ccording to the error budgets  o f  the 
recent experim en ts  such metrological p rob lem s 
w ould lim it the relative precision to ab o u t  4 x 10-5 .

N ew  m easu rem en t  strategies are being  s tud ied  
which m ay  obvia te  som e o f  the problems. F o r  in ­
stance. var ious  alte rnat ives to the to rs ion-fibre  sus­
pension have  been investigated. These  include m a g ­
netic suspensions [32. 33] and  fluid suspensions [31, 
34], O th e r  forms o f  classical m echanical de tec tor 
such as the c o m p o u n d  p e n d u lu m  [35] and the beam  
balance  [36] are being revived and show prom ise  
o f  becom ing  serious alternat ives to the torsion b a l ­
ance [37], All these detec tors  a im  at increasing the 
gravita t ional to rq ue  signal by increasing the mass 
o f  the suspended  test bodies  over tha t  possible with 
torsion balances and use servo systems to im prove  
the s tability  o f  the suspension. F eed back  can also be 
used to isolate m echanical  detectors from micro- 
seismic noise, a tec h n iq u e  which is also being  d e ­
veloped for in te r fe rom etr ic  gravity wave detec tors 
[38]. A n o the r  key fea ture  o f  this class o f  a lte rnative  
detec tor  is tha t they are  less susceptible  to p e r tu r ­
bations d ue  to g round  vibrations.

Advances in the m an u fac tu re  and m easu rem en t  
o f  the h om ogene i ty  o f  a m o rp h o u s  m ater ia ls  o f  the 
sort used in the R elativ ity  G yro  E x perim en t [39] 
will reduce the  uncerta in t ies  in the m etro logy o f  the 
att rac t ing  masses. S im ilarly ,  the  use o f  m onocrysta l­
line silicon in a C aven d ish  experim en t has already  
been p roposed  [40]. T h e  difficulties associated with 
ground  v ib ra tions  w ould  be greatly reduced  if  an 
a p p ro p r ia te  exp er im en t  could  be pe rfo rm ed  in 
space. O n the  o ther  hand ,  new design challenges 
would arise and  the p ro b lem s associated with them  
have been discussed by various au thors  [4 1 ,4 2 .43 ,  
44],

T he  rou te  tow'ard a m ore  precise value o f  G lies 
in long-term experim en ta l  p rogram m es  which a d ­
dress the p rob lem s associated  with the terrestrial
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experim ents  and also investigate the d iff iculties o f  
m easu rem en ts  in space. T he  experience  and  know l­
edge gained in searches for forces w eak er  than  
gravity  o f  the type p rop o sed  by F ischb ach  et al. [13] 
m ay  also con tr ibu te  usefully to the  techn iqu es  re ­
qu ired  in experim enta l  gravita t ion.

W e w ould  like to thank  W. Towler,  T. J. Q u inn ,  
and  R. C. R it ter  for useful discussions. O n e  o f  us 
(CCS) thanks the C en tre  for A dvanced  S tudies  o f  
the University  o f  Virginia for financial assistance in 
S u p p o r t  o f  this work.

Appendix

The torque on a torsion balance due to horizontal  
ground  movement s

F o r  this calculation  we im ag ine  tha t  the  torsion 
balance  comprises a light, rigid inverted  “ 7” ’ a t ­
tached  to the g round  by an  ideal universal flexible 
jo in t  at 0 (see Fig. A l ) .  T h e  y  axis is de f ined  by the 
d irec tion  o f  the horizonta l g rou nd  d isp lacem en t,  
Vo, which can o f  course  lie at any a rb i tra ry  angle 
(tt / 2  — y/) to the suspended  dum b-be ll .

First we calculate the co ord ina tes  o f  the  d u m b ­
bell a f ter  the a rb i tra ry  d isp lacem en t  show n in 
Fig. A 2, and then go on to ca lculate  the  L agran g ian  
o f  the system. T he  initial positions o f  the  two test 
masses are  given by the  vectors

± R  c o s y/i  ± R  s i n y j  -  d k  . ( A l )

These  vectors give the positions o f  the  masses 
relative to the poin t (0 , y 0 , 0 ) before  the  ro ta t io n  in 
the y  — z  p lane o f  the p e n d u lu m  “ f ib re” . A ro ta t ion  
ab o u t  the x  axis can be descr ibed  m a th em a t ica l ly  
by the t ransfo rm at ion  m atrix ,

1 0 0 \
0 cos 9 — sin 9 J, (A 2)
0 sin 9 cos 9 /

T h us  the  coord inates  o f  the masses o f  the  ro ta ted  
p e n d u lu m  relative to (0 , v0 , 0 ) becom e

(
±  R  cos y/\
±  R  sin yj J ( A 3 a)

or

( x \  y \  z ' )  = ( ±  R  cos y/, ±  R  sin y/ cos 6 + d  sin 9 ,

±  R  sin y/ sin 9 -  d c o s  9).  (A 3 b)

1

Fig. A l. Schem atic o f the m odel dum b-bell torsion b a l­
ance and the coordinate axes. The “ fibre” has a length d  
and the total length o f the balance arm  is 2 R.

Fig. A 2. A horizontal ground m ovem ent, v0, gives rise to 
a sim ple pendulum  oscillation o f am plitude 9 about the 
instantaneous axis o f  rotation.

So the co o rd ina tes  o f  the  two masses in the o r ig i­
nal coord in a te  system (rela tive to 0 ) are

(.v, v, z)  =  ( ±  R  cos y/, Vo ±  R  sin y/ cos 9 +  d  sin 9,

i  R  sin y/ sin 9 — d cos 9).  (A 4)

W e can now  calcu la te  the po tentia l ,  V, and k i ­
netic, T, energies o f  the d u m b-b e ll  masses. F o r
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T , =  —  {*2 + y 2 + t 2}

m

o r  ignoring th ird  o rd e r  and  h ig he r  terms, we ob ta in  

( d 2 + R 2 s in 2  y/) 9 + g  d  9 = -  v0  d. (A 15) 

F o r  the t// e qua t ions  o f  m o t ion  we find
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=  {>’o + y/2 R 2 + 0 2 ( d 2 + R 2 s in 2  yj) (A 5)

+  v0  9 (2 d  cos 9 — 2 R  sin yj sin 9)

+  V'o yj(2 R  cos yj cos 9)  +  yj 9 (2 R  d cos (//) j

and  for mass 2 , 

m
T2 = —  {jo +  y/2 R 2 + 9 2 ( d 2 + R 2 s in 2  <//)

+  v’o 9 ( 2 d  cos 9 +  2 R  sin y/ sin 9) (A  7) 

— v0  y / { 2R  cos y/cos 9) -  y / 9 ( 2 R d c o s  y/)}, 

thus  giving a total k ine t ic  energy

T  = m  (jo +  y/2 R 2 + 9 2 (d 2 +  R 2 s i n 2  y/)

+  2 j >0  Ö d cos 9).  (A 8 )

T h e  po ten tia l  energy is s im ply

V = m g  {z , +  z2j 

=  -  2  m g  d cos 0 ,

and  the  L agrang ian  o f  the  system is 

L  =  T — V.

(A 9)

(A 10)

W e can now calculate  the equa t io n s  o f  m o t io n  in 9 
using L a g ran ge’s equa tion

d I ÖL \ _  d £ _

d t \ d 9  

W e find

0 9
=  0 . ( A l l )

d l d T \  ,
d 7 \ ' e ? )  =  2 w  " + R  s in “ yj)

+  2 9 R 2 sin yj cos y/ yj 9

and tha t

0 ( -  V)
d 9

+ v'o d  cos 9 — v 9 d  sin 9 !

=  -  2  m g d  sin

T h e  eq u a t io n  o f  m ot ion  in 9 then  becom es

( d 2 + R 2 s in 2 yj) 9 +  R 2 sin 2 yj yj 9 2 

+  v'o d  cos 9 -  y  9 d  sin 9 + g  d  sin 9 =  0

(A 12)

(A 13)

(A 14)

d ( d T \
—  —  = 2 m R -  y/, 
d t \ d y / )

but

d L / d y /  = 2 m  R 2 sin i//cos y/ 9 2 

and  then  ob ta in

y)  ̂ sin 2 y/ 9 2 = 0.

(A 16)

(A 17)

(A 18)

W e notice  tha t  the  s im ple  p e n d u lu m  oscillation 
can app ly  to rques  to the tors ion  m o d e  o f  the p en ­
du lu m . T h e  basic  m echa n ism  is tha t  o f  the redu c­
t ion  o f  the k inet ic  energy by the lining up o f  the 
d u m b -b e l l  with  the axis o f  rotation. The simple 
p e n d u lu m  oscilla tion can apply  a fixed to rque  for 
i/ /=  7t / 4  o r  app ly  an  ad d it ion a l  to rqu e  pe r  unit d e ­
flection to the ba lance  for y/ — 0 or n/2.  W e shall 
ca lcu la te  the  effect o f  horizonta l  g round  vibrations 
on  bo th  the t im e o f  swing m e th od  and the static 
deflec tion  m ethod .

F irs t we m ust find an  expression  for 9 2 in terms 
o f  the spectral densi ty  o f  horizonta l g round  v ib ra ­
tions v'o(v). R ew ri t ing  (A 15) and including a d a m p ­
ing term . b. p ro p o r t io n a l  to 9 , we find

/ 0 2 \  =  — y o ( v) 2 d 2—  j  —
V 7  ( d 2 +  R 2 s i n 2  y/)2 J (co20

dco

co2) 2 +  4 7 2  co2

(A 19)

w here  y = b / A m  ( d 2 + R 2 s i n 2  y/).
O n eva lua t ion  o f  the  (s tandard )  integral,

( 9 2)  =  4 m 2 d 2 y 0 (v)A2 .. (A 20)
4 b ■ 2 m  g d  

F inal ly  we m ak e  the  a p p ro x im a t io n  tha t

( 0 2) ^ co$ ( 9 2)

with — g d / ( d 2 +  R 2 s i n 2 y/) and  ob ta in  from 
(A 18)

yj =
V'o(v) 2  Q 13/2

w here

8  g U2 ( d 2 +  R 2 s in 2  y/)3/2

2 m  ( d 2 +  R 2 s in 2 y/) co0

(A 21) 

sin 2  i//,

(A22)
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W e shall a ssu m e  that the  s im p le  p en d u lu m  m o d e  
is critically d a m p e d  and ca lcu la te  the  m a x im u m  
vibra tion  spectral density  p e rm iss ib le  i f  we are  to 
m ak e  a m e asu rem en t  o f  G to a re la tive  p recis ion  o f
icr6

A ssum ing the  static deflec tion  m e th o d  ( t / /= rc /4) ,  
the  p a ram ete rs  o f  the m od e l  ex pe r im en ta l  setup, 
and  tha t the leng th  o f  the f ibre ,  d , is 0.5 m  and  the 
length o f  the b e a m ,  2 R . is 2 0  cm, we can write

, ,  , I G M m R  ,
2 m ( d 2 + R 2/2)  y) ± -------- r------ x l 0 ~ 6. (A 23)

r z
T hen  using (A 21) we find

j'o(v) ^  3 x 10 - 7  m s - 2 / H z i/2. (A24)

F o r  the tim e o f  swing m e th o d  we can  take  the  g ra ­
vita tional restoring to rq u e  signal as

2 G M m R ( R  + r)

° =  ?  ’ 
and with y/ ^  1 (A 18) becom es 

y ) = y / { 9 2) .

W e can then write

(A 25)

,, y) G M m  R (R  + r)
2 m  d -  —  --------------- ------------

i// r 3
x 1 0

-6 (A 26)

and  find ap p ro x im a te ly  the  sam e result for the  lim it
on jo  (v).
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