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Abstract — We have developed an approximation to the solution of the Schrédinger
equation in abstract setting. The accuracy of our approximation depends on the
smoothness of this solution. We show that for the analytical initial vectors our ap-
proximation possesses a super exponential convergence rate.
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1. Introduction

In the theory of operators in Hilbert space the Cayley transform Ta5 = (ol + BA)(vI —
dA)"L a, B,7,6 € C is frequently used to switch from the study of the closed but in general
unbounded linear operator A with a dense domain D(A)(E(A) = H) to that of bounded
operators 1" ¥ 1In the classical case T, = (yI+ A)(y] — A)~', v = —i, this transform converts
the self—adpmt (symmetric, dlSSlpatlve) operators A into unitary (respectlvely, isometric,
contractive) operators T, (see [1]).

The Cayley transform can also be used to turn the processes with a continuous time
parameter into such with discrete time (see, e.g., [20] dealing with the prediction theory of
stationary stochastic processes).

In [2,5-7,11-14,16,17], the Cayley transform was used to obtain explicit and constructive
representations of the solutions of various evolution differential equations with operator
coefficients, where, in fact, the solutions with a continuous time parameter were represented
in terms of those with discrete time. Moreover, these representations can be considered
as a method for separating time and “spatial” variables. A further important feature of
these representation is the fact that they serve as the basis for algorithms without accuracy
saturation, i.e., their accuracy increases automatically and unboundedly with increasing
smoothness of the solution.

In the present paper, we derive an explicit representation of the solution operator (and,
therefore of the solution as well) of the Schrédinger differential equation in abstract setting,
i.e., with the operator coefficient in some Hilbert space. We propose an approximation with
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an accuracy depending on the smoothness of this solution. We show that for analytical initial
vectors our approximation possesses a super exponential convergence rate. Note that the
exponential convergence is needed to provide algorithms of the optimal or near optimal com-
plexity [7-9]. In [7-9,14,15|, a representation through an improper Dunford-Cauchy integral
along the path enveloping the spectrum of operator coefficient and the Sinc-quadrature were
proposed to obtain exponentially convergent approximations.

The paper is organized as follows. In Section 2, we derive an explicit representation of
the solution operator as a series where the time variable is separated in Laguerre polynomials
and the “spatial” operator in the powers of a Cayley transform. The convergence properties
of the series are studied. Section 3 is devoted to the truncated series as an approximation to
the exact solution. We show that this approximation features no accuracy saturation, i.e.,
its accuracy depends on the smoothness of the exact solution. In the case of an analytical
initial vector, we prove a super exponential convergence of our approximation. In Section 4,
we derive another form of representation for the exact solution and a modified approximation
(truncated series with N terms) to this solution. The error of the new approximation tends
to zero as N — oo and as t — 0. The second property allows us to develop a preconditioning
technique which is the topic of Section 5.

2. Exact representation of the solution

Let H be a complex Hilbert space and B- a self-adjoint unbounded positive definite operator
in this space with the domain D(B) and the spectrum X(B) € [A\g,00),Ag > 0. Let us
consider the following initial value problem for the Schrodinger equation:

#(t) = iBx(t), x(0) = . (2.1)

The solution operator of this problem is the operator exponential family S(t) = e8! such that
the solution of the IVP is given by x(t) = S(¢)xy. Using the well-known expansion [3, v.2,
Ch. 10.12]

(1—2)le=1 = > L (t)2" (2.2)
n=0
after the substitution z — iB(iB — I)~! we obtain formally

¢P = —(iB-1)"" LOH)T", (2.3)
n=0

where T'=T(B) = iB(iB — I)~! is the (non-classical) Cayley transform of the operator B.
Now, the solution of the IVP can be formally represented by

x(t) = iL,@) (t)tn, (2.4)

where the sequence {u,} is defined by the recursion
ug = —(iB — 1) a,

0T UB ) (2.5)

Ups1 =1B(EB —1)""u,, p=0,1,..

In other words, the elements u, of the sequence are solutions of the operator equations

(ZB — I)UO = —X,

2.6
(iB —Iupt1 =iBu,, p=0,1,.. (26)
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By formal differentiation and using the well-known relations %L,(f‘) (t) = —Liﬁﬂl)( t),

p—1
L;ljl(t) = ZL,(,O) (t) we obtain from (2.4) the series

v=0
oo p—1
> LO(t)u,. (2.7)
p=1v=0

The next Lemma resolves the convergence conditions for series (2.4), (2.7).

Lemma 2.1. Let xy € D(B?), then

1) series (2.4) converges in H uniformly in t on an arbitrary finite closed interval [0, D]
(on an arbitrary finite closed interval |a,b],0 < a < b) and x(t) is a continuous function on
[0,0] (on [a,b]) provided that o > 2 (o > 3/2),

2) series (2.7) converges in H uniformly in t € [0,b] (on [a,b]), z1(t) is a continuous
function on [0,b] ((on [a,b])) and (t) = x1(t) provided that o >4 (0 > 5/2),

3) x(t) € D(B) Vt € [0,b] (on [a,b]) provided that c >4 (o >5/2).

Proof. We can represent

w1 = [iB(iB — 1)~ Pug / (A N g
ptl = 0= L\t AL
A\ A= i
_ iE L (A=A g 2.
/AO ()\+z) Ao = /A AU(HAZ) A0 (28)

S| \P—o p fipgodE Y
‘/M F((lww) ©

where z§ = B%x, p = arccosr, 7 = A\/V/A? + 1. This yields the estimate

[upiall < sup @A)l (2.9)

/\E[)\o,oo)

WhereCID()\):(ljr\iﬁ—Qa T)p/g: v(0),
From W'(0) = 67/~ (1+60) P71 [2(1+6) — 2o

the maximum value

0 = A2 and E, is the spectral family of B.

we obtain the extremum point 6 = ﬁ and

g

p—0

Dy = P(——) < c(0)p?/? (2.10)

with some constant ¢ = ¢(o) independent of p. Now estimate (2.9) takes the form
|l < ep™?[lag . (2.11)

Let us recall the following properties of Laguerre polynomials (see, e.g., |21, p. 243, 248|
and [3, vol. 2, Ch. 10.18]):

L (t) = =12t/ 2=/ 271400221 4 o5 (24/nt — ) + O(nY2)], t € [a, b],

0<a<b<oo, f=2a+1)/4,a>—1,
(2.12)

15 1
(1+n"4t 4),a+520,t20,

@

L@ (1)) < ns it 8 1e

[MC

e LW <1, >0,
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where ¢ is a constant independent of k and 0 < a < b arbitrary fixed numbers. Therefore,

series (2.4), (2.7) are majorized by the number series

thes S pmr 2V it g e [a, )

p=

—

C

ez po/?, ift € [0, 0]
p=1
and
tiez S p 24 it t e [a, B]
c =1
e2 S p /21 if t €10, 9]
p=1

respectively which converge uniformly in ¢ provided that

{a>3/2, if t € [a,b] d{0>5/2, if t € [a,b]

o>2, iftef0,] M o>4, ifteo

Let us prove that series (2.4) satisfies the differential equation

o0

i(t) — iBax(t) f:piw) A (Ai\ri)p1dEAx0—z'ZL§)O)(t)/OO)\

p=1v=0 p=0 Ao
B oo p— 1L 00 A u—1 0 by p—1 .
=22 / BX»H) _E:Q+J }A%
p=1v=0 H=p pu=p+1

A \p-1
—zZL / ()" B

oo p—1

I oo p—2
= — L / ( ) dE\xo + L /
pZIVZO Ao = Ati pZ2VZO Ao p=p
_ ZZL;()O) (t) /}\ A(}\ > 1) dE)\l’o
p=0 0

o A A+ A 1
p=0 0
> </ A VA
_ L(O)t/ ( ) { A]cuz 0
pzo P (t) o \A i +1 AL0

(2.13)

(2.14)

(2.15)

A\

n—1
()\ —I—Z) dE)\xO

(2.16)
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3. Approximation I

We consider the truncated series
oy (t) =Y L (t)u, (3.1)

as an approximation to the exact solution. The next theorem characterizes the goodness of
this approximation.

Theorem 3.1. Let g € D(BY), then the following estimates hold true

1t
t~iea N=0/2H5/1  ift € [a, b]

t) —an(t)| < c|B° : ’ I 3.2

lz(t) —zn ()] < $0||{62No/2+2’ ift € [0,b] (32)

with some constant ¢ independent of N.

Proof. We have

t‘ie% Z p—0/2+1/4’ ift e [Uub]

[2(t) —zn(®)|| < || B 2o ¢ §:N+1/2+1 ftel0,0]
o P ’ iftt € |0,
b (3.3)
1 t
tHes N=0/245/4 if { € [a,b)]
< | B” : | 7
CH JIOH { 65N70/2+2’ ift e [O7b]
) ]
Let us recall that vectors from () D(B") are called C*°—vectors for the operator B |18,
n=1

Ch. 1, §9.20]. For example, for the operator B = % the functions of the class C'° are
C>—vectors. A vector f is called analytical for B if f € C* and the power series

oo 4 .
S oiBn
n=0

possesses a positive convergence radius.

Example 3.1. Let B be an operator in R" represented by a matrix B. Each vector
f € R™ is analytical because the power series

o tn .
SiB
n=0
converges for all t € R due to ||B"f|| < ||B||™]| f]l-
Example 3.2. Let us consider the operator in Ly(0, ) defined by

D(B) = {u € H*(0,7) : u(0) = u(r) = 0},

d*u (3.4)
B=— D(B).
e Vu € D(B)
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The vector f = f(t) = sint is analytical for B since B"f = (—1)""!'sint, |B"f| =

1/2
( Jy sin® tdt) = /7/2V n and the power series

) 4 0o o
S DBl = VaBEy L = e
n=0 n=0

converges for all t € R.

Example 3.3. Let us consider the operator in Ly(—00,00) defined by

D(B) = {u € H*(—00,00) : ¢)(—00) = 1)(c0) = 0},
B2 d%)  mw? (3.5)

In the quantum mechanics, the operator B is a Hamiltonian of an oscillated particle of
mass m subject to a potential V(x) given by V(z) = mw?z?, where w is the angular
frequency of the oscillator. It can be shown that the normalized eigenfunctions (subject to

2 v (z)dx = 1) are
Un(2) = Cre 72 H,,(€), (3.6)

1 . .
Ch \/& NCTN and H,(§) are Hermit polynomials [21,22].

These eigenfunctions correspond to the eigenvalues E, = (n + 1/2)hw. The vector ug(z) =

where * = af,a =

mw’

> k() with a fixed m is analytical for B since
k=0

BMuy = (hW)"é%vk(k: + 1/2)"py(),
1Bl = e ( /_: LZT;%(’C + 1/2)”%(90)} 2) 1/2
) (m)nﬁ<i’y’3<k #1/2)") : (é | vtwe) "

< (hw)"m(m +1/2)" (ka>

and the power series

>0 ¢n NP (hw)(m 4 1/2)"
St < m(Yoop) YL

n=0

(3.7)

converges for all ¢t € R.

The next theorem shows a super exponential convergence of approximation (3.1) provided
that the initial vector is analytical.
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Theorem 3.2. If zq is analytical for B, then approzimation (3.1) converges super-
exponentially with the error estimate

lz(t) — an@)]| < et teze C Nzl ¥V t€[a,b], 0<a<b, (3.8)

oo
where ¢, c1,a,b,e € (0,c1) are positive constants independent of N, |||zol|| = Z’,;—ITHB’“%H

oo
and r is the convergence radius of the power series Z%]\B%o”.
k=0

Proof. First of all we note that estimates (2.12) yield for ¢ € [a, D]

lo(t) — an @)l < ct7Tez > p 4wy, (3.9)
p=N+1
where
0 )\p—l )
_ —i(p—1)¢
Up = /AO i+ )\2)@_1)/26 dE\xg
00 A1 , > \kgh
— —As —i(p—1)p
= //\O e (1 n /\2)(1)—1)/26 (; i )dEAIO
00 o \k gk (3.10)
— / D,(N) <Z o )dEAxO
Ao k=0
oo o Sk
o prt k!
and = )
— A8 —i(p—1)p _ —As—i(p—1)p
s(A) = e 1+ A2)e-072° ¢ 1+ A2y
From the last equality we obtain the estimate
[[tp || < Prnax[|wol] (3.11)
with ®pax = sup @,(A). The extremum points of the function ®,(\) are the solutions of
)\G[)\o,oo)
the equation
d _ —Ar 1 p— 1 —Ar 2/)\3
o oW == et T e
1 p—1
. =Ar -2y _ 2 -
IR e r AT -5 (3.12)
1
_ —Ar 3 _
= _¢ N T AT [rA>+rA—(p—1)] =0,
i.e.,
Maa-bt=l_y (3.13)

r
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Since the coefficient in the front of A is positive the cubic equation (3.13) possesses a positive
real solution [4] \; = —2r, sinh ¢/3, where r, = sign((p — 1)/7)/v/3 < 0 and ¢ is defined by
sinh¢ = =25 > 0, i.e. A; < sinh¢/3 < ¥/p (see e.g. [4, p.132]). Therefore, we have that

2rr3

Dax < ce~eP"? with some positive constants ¢, ¢; independent of p. This yields

Y
lx(t) — an ()] < ctiez > p e P |a|

p=N+1
o0 oo

<ot Tes l|zol|| g Ve gy < ct_ie%|||:p0||| [x5/126_”1/3][x_2/3e_(61_6)“”1/3]dx
N+1 N+1

oo
<atelfanl] [ e @) < el e
N+1
(3.14)

with some constants ¢, c;,0 < € < ¢; independent of . O

Remark 3.1. For a fixed n x n-matrix B considered as an operator in R, an arbitrary
vector x € R" is analytical. If a matrix B = B, is a grid approximation of an unbounded
operator B, then n, as well as the norm of B, tend to infinity as the characteristic mesh
value h tends to zero. We call such operators quasi-bounded. In this case, the convergence
radius of the series

|| Bhao|t"
> (3.15)
n=0 ’

for the initial vector xy can tend to zero together with A — 0 and the above analyticity
definition has no more sense. This fact motivates the following definition of the analytical
vectors for By,

Definition 3.1. A vector xg € R"™ is called analytical for B = By, uniformly in h if series
(8.15) possesses a positive convergence radius independent of h.

Example 3.4. Let w =w, = {& =ih:i=1,2,...,n;h =1/(n+ 1)} be a grid on the
interval (0,1) and @ = w U {& = 0,&,+1 = [} be a grid covering the closed interval [0, 1].
Let R™ be the space of grid functions defined on w and vanishing at £, = 0,&,,1 = [. The
matrix B = By, corresponding to the difference operator

D(By) = {y(x),x € W: y(0) = 0,y(1) = 0},

3.16
By = —yz VyeR" ( )
possesses eigenvalues \p, j, = % sin? % corresponding to the eigenfunctions yx(x) = sin ]”Tx, S

w,k=1,2,...,n with the norm

n 1/2
(ol = (Xute) = VI 3.17)

The vector xo = sin #7* for each fixed m is analytical for B uniformly in h, since due to
Blixy, = /\fl’m sin m;m:,
1B ol = X, . \/1/2, (3.18)

|)\ |<i2_m7rh_ 2_m2
bl =2 " o T\
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we have that the series
Bl ao||lt? =, /2m tj
§ [Byzoll®” “” < l/2 ( ) (3.19)

converges for all ¢ € (—o0, 00).

4. Another form of representation and approximation II
From (2.6) it follows that
u, =iB(up —up_1),p=0,1,2,..;u_ =iB 'xg. (4.1)

Substituting this representation into (2.4) and using the summation by parts

N-1 N-1
g UpUp = UNUN_1 — UgUp — g UpUp, (4.2)
n=1 n=0

we obtain

x(t) = up + iBZL;O)(t) — Up_1) = Uy — zBuoL - ZBZ — LO®)u,

— a0~ iBY (L (1) - LOW)u.
" (4.3)

Here we have used estimates (2.12) (which yield lim,, LY )( t) = 0 for each fixed t) as well
as (2.11).

Remark 4.1. One can see that representation (4.3) satisfies Eq. (2.1) also using the
well-known relation [3,21]

e - 10| = 10w, (4.4

which, together with (2.4), yields

i(t) =iBY LY(t)u, = iBx(t). (4.5)
n=0
It holds [21] that
t
L) = L] = L2 (1] < ettt Pn8 (1 V0 (4.6)

uniformly in ¢ € [0,7]. Combining this estimate with (2.11), we obtain the following majo-

rant for series (4.3)
o0

> pr (4.7)

p=1
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which shows that the series converges provided that o > 1/2. For the truncated series

2V (t) = 2\ (t; 20) = 0 — ZBZ (LO (t) = LO())u,, (4.8)

which represents an algorithm for an approximate solution of problem (2.1), in view of (4.6)
we have the following error estimate:

() = 2§ (0)] < et />N B . (4.9)

In the case of an analytical initial vector xg we have instead of 3.14 the error estimate

lo(t) =2 @I < et/ e Y7 p e g || ' AN T RN g | (4.10)
p=N+1

Estimates (4.9), (4.10) indicate that the approximation error xg\l,) (t) tends to zero as N — oo
but also together with ¢ — 0.
Note that we can rewrite representation (4.3) and algorithm (4.8) in the form

(t) = ug+iBY L (t)(un — un1) = 1o+ iBY LI (t)(un — )

n=1 n=1
= — Y (L) (1) = LO(t)) i, (4.11)
n=0
N
1 0 ~
2§ (t) = 20 — Y (L) (1) — L)),
n=0

where (cf. (2.6))

(ZB - I)ﬂo = —iB.Io,

4.12
(iB — I)iipy1 = iBii,, p=0,1,.. (4.12)
From (4.12) we have
g = —1'x,
I (4.13)
Upyr =Ty, =T 29, p=0,1,..
The equivalent form of (4.11)) is
I(t) = ¢ l’o, =1- Z n+1 —L 0)( ))Tn+1
" (4.14)
oy (1) = e, ff = T =3 (L (1) — LY ()T,
n=0

Given the solution operator S(t) = S(t; B) = e8! for the homogeneous Schrodinger
equation (2.1), the solution of the inhomogeneous Schrodinger equation

&(t) = iBx(t) + f(t), z(0) = xo. (4.15)
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with a given function f(t) can be represented by

x(t) = ePloy + /eiB(t_T)f(T)dT. (4.16)

0

Example 4.1. The problem

u(t) = 1Bu(t) + f(t), u(0) = up. (4.17)
with
D(B) = {u(r) € H*(—00,00) : xgirlmu(x) =0},
d*u
Bu = o (4.18)

2

f(t) = f(t,z) = e (1 = 2it + 4itz?), up = up(z) = e*
possesses the exact solution u(t, z) = te=*". Using the well known formula [3] (here LY (t) =
Ln(t))

d

E[Ln(t) — Lpa(t)] = La(?)

as well as the intgration by parts one obtains easily

/O TLn(T)dT = (t = 1)(Ln(t) = Lns1 () + (Lt (t) = Lnya(t)),

/0 t 72 Lo(T)dr = (£ =2t42) (L () = L1 () + (2t = 1) (Lo (8) = L2 () + (L2 (t) = L3 (1))

and further

/0 Pt — 7)dr = —(Ln(t) — Loer () + (L (£) — Luga(t)).

/O 2Ly (t=7)dr = 2(641) (Lu(t) = Lys (6)) + (26— 1) (Lus (1)~ L2 (D) + (Lo ()~ Lo (8)).

These formulas together with (2.4) imply the following representation for the solution of
(4.17), (4.18)

¢
u(t,z) = / B e~ (1 — 2ir + dira?)]dr
0

_ f:{ /Ot LOG — 7)™ (1 — 2ir + 4i7x2)]d7}un

_ erZ{ —(La(t) - Ln+1(t))}un - 2¢eI2Z{ — (L (t) = Losa () + (Lnga (t) = Ln+2(t)>}un
+ 4m2e—m2§;{2<t + 1)(La(t) = Lusa (1) + (2t = D(Losa(t) = Lugs(t)) + (L (t) — Ln+3<t>>}%-

(4.19)
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5. Preconditioning

In the case of a bounded self-adjoint operator B with the spectrum in [Ag, Ag], \g > 0, we

p
have u,11 = Ao ( A ) dFE\xo, where E) is the spectral family of B. Taking into account

X \ 2
that

i AMA =) VAN
A+l | A2+1 A2 +1

5.1
_\/(A2+1)2—)\2—1_\/1_ [ P S (5:1)
- 221 - PO A1 1T

this representation yields the estimate

[upsall < @°lloll- (5.2)

Estimate (3.3) can be modified now to

tmier S pMAg, ift € [a, ]
[z(t) —zn (@) < cllzoll ¢, g‘N;l e 0.
e2 q°, e e U,
p=N+1 (53>
tmies(N 4+ 1)"V4Cif ¢ ¢ [a, b)
< CH$OH t gN+1 1 .
621Tq, lft € [O, b]

If B = By is a finite difference or the FEM approximation of a second-order elliptic
operator, then Ay = c¢/h?, where c is a constant and h — 0 is the characteristic mesh
parameter. In this case, we have

as h — 0, i.e., the convergence of series (2.3) or (2.3) can be slow.

To overcome this difficulty, one can use the following simple preconditioning of the matrix
Bj,. Let a = 2M be such that Ay < a. We consider the matrix Bho = Bp/a and the
operator exponential £, = eBrat. The matrix E, can be computed by algorithm (3.1)
which converges at least exponentially as a geometric progression with a denominator gp, .
Since the spectrum of By, lies now in (0, Ag/a) and this interval can be made arbitrarily
small, then due to (5.1) we can make ¢p, , arbitrarily small and arrive at a very rapid
convergence. The required solution matrix e?®+* can be computed by the following squaring
algorithm in M steps:

Algorithm ES.

This algorithm computes e??+! from E, = e

Input: ¢, B, = e'Breat

Output: E = e!Prt

1. Set £ := E,,.

2. Fork=1:Mdo F:=FExFE.

A similar so-called Scaling and Squaring Method was described in [19], p.241, but to
compute the matrix exponential, the Taylor or Padé expansions of e* were used.

iBh ot
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Indeed, this algorithm cannot be used in the case of an unbounded B. In this case, one
can make use of algorithm (4.8) and estimates (4.9, 4.10) which indicate the convergence of
the algorithm with respect to N — oo or ¢ — 0. Suppose we can compute x(tg) efficiently
for some t, though we are to compute z(t) for t = 2™t,. The following algorithm does it in
M steps.

Algorithm ES1 .

This algorithm computes e'5* for t = 2t using (4.8).

Input: g, tg, M, N

Output: arg\l,)(t)

1. Set X := xy and compute X := xg\})(to;Xo) by (4.8).

2. Fork=1: M do

begin

2.1. Xy :=X;

2.2. Compute X := xg\l,)(to;Xo) by (4.8)

end

This algorithm exploits the relation e?5?0 = (¢i8%)2 and is also similar to the Scaling

and Squaring Method.

Remark 5.1. Using the well-known correspondence for the Laplace transform

£l ey = (5:5)
as well as the correspondence
ﬁw%W@”:Fm+ﬁ;3S_Da%a>—L%a>a (5.6)
which for v = 0 reads as
ey =3 6.)

Sn+1 )

we obtain for (2.3)

L{eP'xe} = L) LV (tun} = L) LV (t)un} = 5(s), (5.8)

where

s—1

R e I =

S

s 52

GB&B—IYO}lm,(aw

n=0

and ug = —(¢B—1)"'zy. Note that here thought was given to the fact that |[iB(iB—1)7!| <
1 and !5;—1| < 1 for Rs > 1/2, as well as the formula for the sum of infinite geometric series,
has been used. Thus, the discrete spectrum of the Schrédinger operator coincides with the
poles of the function ||3(s)|| multiplied by —i.
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