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Abstract:
The eﬀect of the construction of the 4th subway line of Budapest (Metro4) on the potential surfaces of the gravity field has been simulated, using the prism modelling technique. In the study mass loss due to the excavation of the two tunnels and of the stations has been
considered. Mass variations deform the level surfaces; as so, the vertical reference surface of the levelling measurements is changing by
time. In this study, the eﬀect of the mass loss on levelling measurements was determined at a level 1 m above the ground, roughly simulating common instrument heights. Subsequently, the eﬀect of the actual deformations of the surface on the levelling measurements
has also been determined. According to the results, under certain arrangements of the levelling line with respect to the position of the
excavations, the error due to the change of the vertical reference is in the 1 µm order of magnitude, thus negligible.
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1. Introduction

In case of a huge industrial project, certain geodetic aspects should
be considered for surveying engineering applications. The excavation of various layers of soil during the construction of a subway line aﬀects the local gravity field. As the gravity field serves
as the local reference frame of the simultaneously performed vertical control measurements, it aﬀects the results of vertical measurements. In the study, gravity field variations due to the excavation
of the new subway line of Budapest, Metro4 is analysed from the
aspect of the accompanying surveying tasks, particularly the vertical control measurements.
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2. Theoretical background
In case of excavating tunnels, deformations on the surface are expected to be accompanied. Furthermore, the removal of a notable
amount of bed rock and soil changes the local mass distribution,
hence it changes the structure of the gravity field too. Therefore,
the observed height variation of repeated levelling measurements,
δH is influenced not only by the actual deformation, but also an
apparent deformation due to the change of the gravity field by
time. The observed height variation is thus formulated as (Biró
1983):

δh = δH + δN,

(1)

where δh is the actual surface deformation, δH is the change in
orthometric height, and δN is the change of the geoid undulation due to the mass variation. (Temporal variation between two
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Figure 1.
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The deformation of the equipotential surfaces occurs due
to (1) the tunnelling and (2) vertical deformations. The arrows visualize those gravitational eﬀects, which are cancelled due to the mass removal.

epochs, t0 and t1 is henceforth noted by the symbol δ throughout this study.) The change of the geoid undulation does aﬀect
the height measurements, but means no actual deformation, so it
has no eﬀect on the neighbouring structures, buildings. Still, its
appearance aﬀects the geometrical levelling.
The change of the geoid undulation by time, δN in Eq. (1) can be
derived as (Strang van Hees 1977, Heck 1982, Sjöberg 1982, Biró
1983, Sjöberg 1987, Biró et al. 1986):

∫∫

R
δg S(ψ)dσ +
4πγ

∫∫

2g
δH S(ψ)dσ .
R
(2)
In Eq. (2) R is a the mean Earth radius, γ is the normal gravity, δg is
the change of gravity anomaly in time, S(ψ) is the Stokes function
with ψ being the spherical distance between the source point and
the point of evaluation, dσ = cos ϕdϕdλ is an infinitely small
surface element on the unit sphere, ϕ and λ refers to the latitude
and the longitude. The derivation of Eq. (2) is presented in ApR
δN =
4πγ

pendix A based on Biro et al. (1986) and Biro (1983).
The terms on the right hand side of Eq. (2) consist of two independent sources of mass variations: 1) deformation of the equipotential surface due to the mass loss corresponding to the tunnelling, 2)
deformation of the equipotential surface due to the actual vertical

Figure 2.

The ground, potential surfaces, plumb lines and height differences before the construction (top), after the construction (middle) and comparison of the two (bottom).

displacement of the physical surface (c.f. Fig. 1).
Considering a mass anomaly, δm occurring between times t0 and

t1 , the major component of δN , i.e. the first term of the right hand
∫∫
R
δg S(ψ)dσ , can directly be
side of Eq. (2), δN main = 4πγ
obtained by applying the Bruns’ equation on the Newtonian potential:
∫

δN main =

k
γ

δm
.
r

(3)

In the followings a single height diﬀerence between stations A and
B with repeated levelling measurements performed at times t0
and t1 is considered (c.f. Fig. 2). The temporal variation of the geoid
undulation between the two stations can be defined as the diﬀerence of the temporal changes in each point:

δNAB = δN B − δN A .

(4)

In Eq. (3) r refers to the distance between mass element and the
point of evaluation, and k is the gravitational constant.

The measured vertical displacement is interpreted as the temporal
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change of the observed height diﬀerence:

δHAB = HAB (t1 ) − HAB (t0 ) .

(5)

Then the relationship between change of geoid undulation and
observed vertical displacement can be derived from the equations
above as follows (c.f. Biró 1983, Eq. (212.5) on page 31):

δHAB = −δNAB −

g̃B (t1 ) − g̃B (t0 )
HAB (t0 ) .
g̃B (t1 )

(6)

In this equation g̃B refers to the mean gravity between levels of
A and B along the plumb line through point B. This is approximately equal to the gravity at the half of the HAB height diﬀerence.
Derivation of Eq. (6) can be found in Appendix B.

Figure 3.

The tunnel (black line interrupted at the stations) and the
gravimetric points (grey stars) with main structures of Budapest in the background. The axes are in meter, referring
to coordinates in the Budapest Municipal Projection system.

Figure 4.

The location of the vertical control lines with respect to the
tunnels (note that the interruptions of the tunnels referring
to the presence of a stations). The axes are in meter, referring to coordinates in the Budapest Municipal Projection
system.

In the present study the eﬀect of the excavation on the level
surfaces was estimated based on Eqs. (3)-(6) for the newly constructed subway line of Budapest, the Metro 4 line. The integral
of Eq. (3) was approximated by a summation over mass elements.
A preceding study has already been presented by Égető and Földváry (2011), where the eﬀects of vertical displacements due to the
tunnelling were neglected. In the present study, actual vertical displacements based on the vertical monitoring measurements were
included to the analysis.
3. Data
The calculations have been performed by actual data of the Metro 4
construction. The used data are the following:
1. longitudinal sections and cross sections of the tunnels (provided by the DBR Metro Project Directorate)
2. soil density along the tunnels (provided by the Geovil Ltd)
3. gravity anomaly data in the vicinity of the tunnels (provided
by the Hungarian Geological and Geophysical Institute)

4. Calculations for Metro 4

4. vertical displacements in the control points (provided by
the Consortium of the Soldata Ltd and Hungeod Ltd)

First a 3D geometry model of the tunnels and of the stations was
determined based on the longitudinal sections. The correspond-

The top view of the tunnels and the location of the surrounding

ing mass model of the excavated soil has been derived by using
the soil density data. The resolution of the mass model was 30 cm,

gravimetric data are displayed on Fig. 3 with a sketch of the streets
of Budapest in the background. The used coordinates are local
stereographic coordinates in Budapest Municipal Projection system.

i.e. the tunnel was decomposed into cubes with 30 cm long edges.
Using this mass model, its eﬀect on the equipotential surfaces can
be determined by Eq. (3). For that, points of evaluation are de-

Figure 4 provides a closer view of the south-west part of the sub-

fined. The points of evaluation were defined to be 1 m above the
benchmarks of the vertical control levelling lines (c.f. Fig. 4). The

way line. At this scale the two tunnels already appears separately.
The blue lines show the levelling lines, where vertical control data

vertical control network in the test area incorporates 80 levelling
lines, containing 223 benchmarks. As the study intents to analyse

is available.

the eﬀect of the deformation of the equipotential surfaces on re-
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Eﬀect of the level surface deformations on the levelling
measurements due to the tunnelling. The horizontal axis
counts the number of benchmarks, grouped according to
the 80 levelling lines, separated by grey vertical dashed
lines.

Figure 6.

Eﬀect of the level surface deformations on the levelling
measurements due to the subsidence. The horizontal axis
counts the number of benchmarks, grouped according to
the 80 levelling lines, separated by grey vertical dashed
lines.

Figure 7.

The relation between the depth of tunnelling and the extension of the subsided area.

peated levelling measurements, the value of the 1 m was added to
the heights of the benchmarks in order to roughly simulate a typical instrument height.
Then the strict formulas of rectangular prisms (c.f., Holstein 2003,
Nagy et al. 2000) were simplified to simple point masses, and
Eq. (3) was used. The accuracy loss due to this simplification was
verified by Égető and Földváry (2013), and it was found to cause
negligible diﬀerence. Along the subway line there are altogether
10 subway-stations (the term “subway-station” is used instead of
“station” to avoid confusion with gravimetric stations or surveying
markings). In Fig. 3 at the subway-stations there is a gap, since it
was modelled separately from the tunnel. In case of the subwaystations, the exact rectangular prism formula was used. The mass
removals due to excavation along the tunnels and in the subwaystations were summed, resulting in an estimate of the eﬀect of the
excavation only. Thus no vertical displacements were assumed to
occur at this stage (i.e. the right hand side of Eq. (2) is simplified to

tunnelling on the levelling (c.f. Fig. 5) is in the µm order. The observed subsidence has an even smaller eﬀect on the level surface

its first term).

1 m above, in the order of 0.01 µm (c.f. Fig. 6).

Subsequently, the gravity value was interpolated from the neigh-

In the present case, the observed vertical deformations are small,

bouring gravity data to each point of evaluation, and for every single height diﬀerences of the levelling line the eﬀect of the tun-

showing some millimetres subsidence and uplift only. Among the
observed deformations at the 223 benchmarks, in 166 cases the

nelling on the measurements was determined by Eq. (6). The

deformation is less than ±5 mm. Only in 3 cases the deformation was found to be more than 20 mm (−50 mm, −36 mm and

obtained eﬀect is presented in Fig. 5. As the eﬀect was calculated along many levelling lines, they are separated by grey vertical
dashed lines in the figure.
In the next step, the eﬀect of the actual vertical movements on the
gravity field has been determined, i.e. the second term on the right
hand side of Eq. (2). A rectangular prism model was developed
from the observed subsidence. The horizontal resolution of the
model is 10 m, and subsidence values were interpolated for each
grid cells. The grid was covered by Delaunay triangulation, and interpolation was performed assuming linear variation of the subsidence along every edge of the triangles.
Then, similarly to Fig. 5, for every single height diﬀerence of the levelling line the eﬀect of the subsidence on the measurements was
determined by Eq. (6). The change of the level surfaces due to the

−27 mm), the rest of the observed vertical deformations is within
±16 mm, and shows a normal distribution. As this amount of vertical motion is quite small, and was found not to be relevant subsidence, further investigations are performed for reliable simulated
cases in the next section.
5. Simulation of the eﬀect of the subsidence on equipotential surfaces
From Fig. 6 it is obvious that the eﬀect of the subsidence on level
surfaces is negligible in the case of Metro4. In order to generalize
the conclusion on negligibility of this eﬀect, diﬀerent reliable scenarios are tested.

subsidence is shown in Fig. 6.

The subsidence due to the tunnelling takes place over a large area,
depending on the depth of the tunnelling and of the internal fric-

The eﬀect of the deformation of the levelling surfaces due to the

tion angle of the soil (c.f. Fig. 7).
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The internal friction angle, ϕ varies between the theoretical 0° and
about 35°, ranging values between 0° and 10° for clay and silt, between 15° and 25° for sand and between 20° and 35° for gravel
(Look 2007). Considering such internal friction angles, the tunnelling at a depth of H causes vertical surface deformation over a
radius between H and 2H. According to that, the modelled subsiding area was defined by a maximal radius of 100 m corresponding
to more than 50 m in depth in gravel.
Theoretically, the shape of the subsidence can be approximated
by a bell curve (Széchy 1966). However, in real cases the subsidence is governed by local eﬀects, so the de facto subsidence
rarely shapes a bell. In the lack of any generalizable realistic models, in the present study the bell curve shape is used.
The depth of the subsidence depends on several parameters, including the size of tunnelling, the soil, the building technology, etc.
It is so variable that instead of analytical choice of depth values, reliable orders of magnitude of subsidence are taken. The analysed
subsidence values are 1 mm, 10 mm and 100 mm.
The model has considered two cases: subsidence due to a point
mass change and subsidence due to mass change along a line.
These arrangements are visualized in Fig. 8. (Note, that this figure is
for visualization purposes only. As diﬀerent subsidence values are
tested in the study, no scale for the vertical axis is presented. The
horizontal axes are also not scaled, since that would be misleading:
the actual resolution of the model is much finer, than the presented
resolution, which is just defined for the visualization.) In the first
case the eﬀect was modelled by a circular subsidence with maximal value at its centre exactly above the mass anomaly. Diﬀerent
estimates of the eﬀect were determined by varying the maximal
subsidence and the extension radius of the subsided area. With
these two parameters a bell curve was defined that at the radius

Figure 8.

Prism models of circular (top) and linear (bottom) subsidence.

of the extension it reaches the 3σ probability. The derived subsidence model was then approximated by a fine set of orthogonal
columns, and the eﬀect of each prism was calculated by the exact
rectangular prism formula (Holstein 2003).

The results are shown in Fig. 9 for the point mass case and Fig. 10
for the linear tunnelling case. The maximal eﬀect can be detected

In the second case, the linear excavation was considered to occur
along one of the horizontal axes. The bell curve is the character-

in the extreme case of having an infinitely long linear subsidence
with maximal value of 10 cm, vanishing gradually along a bell curve

istic of the profile of the subsidence, perpendicularly to the line
of tunnelling. The profile was defined similarly to the point mass

at a distance of 100 m. Even in this case, the level surfaces have
maximal displacement in the µm range.

case, by free parameters of the maximal subsidence and of the extension radius (as in this case the subsidence is not circular, but

All in all, the eﬀect is found to be negligible for most cases. Accord-

a stripe, ‘extension half-distance’ would be a more exact term for
this case). By having the subsidence profile in 2D, it is extended

ing to Eq. (6), this eﬀect is diﬀerentiated, so it is even smaller in case
of a height diﬀerence.
Note, that the reality can be extremely diﬀerent from the simulated

along the direction of tunnelling by setting the size of the prisms
to ‘large’ values along the subsidence axis. In order to be rigorous,

cases. Much larger subsidence can be assumed, due to some additional, local circumstances. When obvious holes appear in the test

the value of convergence with increasing length was determined
by Richardson-extrapolation.

region, then the eﬀect can be relevant. However, in such cases the
emphasis is not on the precise engineering surveying tasks, but on

In both cases, the calculation is evaluated 1 m above the surface,
similarly to the former assumption, i.e. the levelling instrument

surveying tasks of prevention of landslides or building damages.
6. Discussion

height is modelled with this altitude. Since the maximal displacement of the level surfaces occurs above the mass anomaly, the cal-

Classical surveying techniques are tied to the horizontal and verti-

culation is presented in this singular point.

cal directions. As so, the local features of the gravity field implic-
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vestigated. Based on exact information on the new subway line of
Budapest, the eﬀect of the gravity field variations on the levelling
measurements was found to be in the range of some µm, which is
generally negligible.
As the actual vertical deformation in the case of Metro4 was found
to be very small, theoretical scenarios of vertical deformation were
also analysed and found to be negligible in all cases.
As long the earthwork does not exceed the excavation of the presented subway line, the variations of the gravity field have only theoretical eﬀect on the accompanying surveying measurements.
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Figure 9.

The eﬀect of circular subsidence on the gravity field as function of the radius of the subsiding area.
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(A1)

Budapest.
It can also be defined through a linear approximation based on the
potential in point Q :

APPENDIX A

(
Derivation the formula for the true vertical displacement

WP (t1 ) = WQ (t1 ) −

∂W
∂h

)
δN.

(A2)

Q

Since most of the literature, which has developed the formula for
the true vertical displacement is not widely available or not written
in English (e.g. Strang van Hees 1977, Heck 1982, Sjöberg 1982, Biró
1983, Biró et al. 1986, Sjöberg 1987), and since the corresponding
formulae, namely Eq. (2) and Eq. (6) are not trivial, it is worth to de-

Relating Eq. (A1) and Eq. (A2) to each other, making use of the
equality of WQ (t1 ) = WP (t0 ), and defining the vertical gradient
( )
of the potential by the negative gravity vector, ∂W
= −gQ ,
∂h Q
the following relationship between δW and δN can be found:

duce them. The formulation is introduced according to Biró (1983)
and Biró et al. (1986). Note that this way of derivation the formulae

δN =

is not the only option; other authors derive the same result in more
or less diﬀerent ways (Strang van Hees 1977, Heck 1982). Figure 11

δW
g

(A3)
.

Since the investigation deals with generally slight variations, gQ =

gP is a good approximation both in t0 and t1 .
The change of gravity in Q is
(
δgQ = gQ (t1 ) − gQ (t0 ) = −
(
)
∂
=−
δW
.
∂h
Q

∂WQ (t1 ) ∂WQ (t0 )
−
∂h
∂h

)

(A4)

Assuming the gravity field to be homogeneous between Q and P
(before the displacement) and between Q and P ′ (after the displacement), linear approximation of gQ (t1 ) and gQ (t0 ) can be obtained by expansion into series:

Figure 11.

The eﬀect of the time variation of the gravity field at the
Earth’s surface.

(
gQ (t1 ) = gP ′ (t1 ) −

shows an arbitrary point P in its original position at the Earth’s surface before the displacement at time t = t0 . The potential surface,

W = WP passes through the point. There is a displacement assumed to occur between t0 and a subsequent time t1 .
The displacement, δh physically shifts by the point P to P ′ . The
displacement of the ground means mass redistribution, which
causes changes in the gravity field as well. The change of the gravity field during this time span is noted by δW = W (t1 ) − W (t0 ),
which is in the original point P results in a new potential value,

WP (t1 ) = WP (t0 )+δW . There is a point Q along the plumbline
passing through P , where the value of the potential after the displacement coincidently becomes equal to the potential value in P

(
gQ (t0 ) = gP (t0 ) +
(
Supposing that

∂g
∂h

)
P

. ( ∂g )
=
∂h

P′

∂g
∂h
∂g
∂h

)
δH.

(A5)

δN.

(A6)

P′

)
P

, and inserting Eqs. (A5)

and (A6) to Eq. (A4) the following formula can be derived:

)
( )
∂g
∂
δW
−
δN
∂h
∂h P
Q
[
( )
]
∂g
= − gP ′ (t1 ) − gP (t0 ) −
δH .
∂h P

(

(A7)
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Considering the left hand side of Eq. (A3) and the right hand side
of Eq. (A7) the following diﬀerential equation is gained:

(

)

(

which are defined by Eqs. (4) and (5), respectively. The height dif-

)

∂
1 ∂g
−
δWQ
δW
∂h
g ∂h P
Q
]
[
( )
∂g
= − gP ′ (t1 ) − gP (t0 ) −
δH .
∂h P

ference, HAB at these two epochs can be written as

(A8)

In Eq. (A8) quantities at the right hand side can be observed, since
δg = gP ′ (t1 ) − gP (t0 ) is the time variation of the gravity in P ,
and δH is the levelled change in height. The vertical gravity gradi∂g

ent, ∂h can be approximated by neglecting the Earth’s flattening,
for the gravity field of a sphere with radius R and spherically symmetric mass distribution is the following form:

(

∂g
∂h

)
P

∂
δW
∂h

)
+
Q

1
(A12)
(WB (t0 ) − WA (t0 ))
g̃B (t0 )
1
(WB (t1 ) − WA (t1 )) =
HAB (t1 ) = −
g̃B (t1 )
1
((WB (t0 ) + δWB ) − (WA (t0 ) + δWA )) =
−
g̃B (t1 )
(
)
WB (t0 ) − WA (t0 ) δWB − δWA
−
+
.
g̃B (t1 )
g̃B (t1 )
(A13)
HAB (t0 ) = −

( )

. 2g
=− .
R

(A9)

Inserting Eq. (A9) and using δg = gP ′ (t1 ) − gP (t0 ) for the
change in gravity, Eq. (A8) becomes:

(

Fig. 2. Temporal variation of geoid undulation diﬀerence at points
A and B is δNAB , and the observed vertical displacement is δHAB ,

[
]
2
2g
δWQ = − δg +
δH .
R
R

In Eqs. (A12) and (A13) Wi tj refers to the potential at point i
at the time tj , the symbol δ refers to temporal variation of a quantity from t0 to t1 , and g̃B is the mean gravity along the plumb line
through point B between level surfaces of A and B .
The change in the vertical displacement using Eq. (A12) and
Eq. (A13) can be explained as:

(A10)

1
(δWB − δWA )
g̃B (t1 )
WB (t0 ) − WA (t0 ) WB (t0 ) − WA (t0 )
−
+
. (A14)
g̃B (t1 )
g̃B (t0 )

δHAB =HAB (t1 ) − HAB (t0 ) = −

As the right hand side is considered to be known from measurements, this linear diﬀerential equation is suitable for to serve as a
boundary condition written for the displaced level surface, for the
determination of δWQ . As a zero order solution of the third boundary value problem, Stokes’ integral is given for the surface of a simplified Earth (sphere with radius R ):

R
δWQ =
4π

∫∫ (

2g
δg +
δH
R

)

The last two terms on the right hand side of Eq. (A14) may be simplified considering

WB (t0 ) − WA (t0 ) WB (t0 ) − WA (t0 )
+
=
g̃B (t1 )
g̃B (t0 )
(WB (t0 ) − WA (t0 )) (g̃B (t1 ) − g̃B (t0 ))
=
g̃B (t1 ) g̃B (t0 )
g̃B (t1 ) − g̃B (t0 )
.
(A15)
− HAB (t0 )
g̃B (t1 )
−

S(ψ)dσ .

(A11)

By applying the Bruns formula on Eq. (A11), and separating by the
two terms of the integrand, Eq. (2) is obviously derived.
APPENDIX B

Substituting Eq. (A15) to Eq. (A14), it simplifies to

Derivation the formula for observed height diﬀerences due to true vertical displacement
The derivation of Eq. (6) is presented here, which is performed according to Biró (1983). Let us consider levelling observations before and after deformation between stations A and B according to

g̃B (t1 ) − g̃B (t0 )
1
(δWB − δWA )−HAB (t0 )
.
g̃B (t1 )
g̃B (t1 )
(A16)
By substitution of (A3) and (3) to the first term of the right hand
side of Eq. (A16), Eq. (6) is derived.
δHAB = −

