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1. Introduction

A group is called (2, 3)-generated if it can be generated by an involution and an element of order 3. For instance,PSL2(Z) is generated by the projective images of the matrices
( 0 −11 0

)
,

( 0 −11 −1
)

of (projective) order 2 and 3, respectively. Moreover, it is well known that PSL2(Z) is isomorphic to the free product ofthe cyclic group of order 2 and the cyclic group of order 3. Thus, the problem of (2, 3)-generation is closely related tothe problem of description of the normal subgroups of PSL2(Z).L. Di Martino and N. Vavilov conjectured in [1, 2] that, for any finitely generated commutative ring R , elementaryChevalley groups over R are (2, 3)-generated provided their rank is large enough. For classical matrix groups over finitefields this conjecture was settled affirmatively in [4]. For matrix groups over other finitely generated rings see e.g. [8, 9].The latter results are only asymptotic, i.e., they do not give the answer for low-dimensional groups. However, for certain
∗ E-mail: vadim@pdmi.ras.ru
† E-mail: vsemir@pdmi.ras.ru

36



V. Vasilyev, M. Vsemirnov

series of groups and certain rings the problem can be solved completely. For instance, joint efforts of several authors[6, 7, 11–14] led to the discovery that the groups SLn(Z) and GLn(Z) are (2, 3)-generated precisely when n ≥ 5.It turns out that the problem for the symplectic groups Sp2n(Z) is more delicate than for SLn(Z), because all generalresults in the symplectic case either required invertibility of 2 in the ring under consideration [6] or dealt only withgroups over finite fields [5]. Moreover, these methods cannot be directly transferred to Sp2n(Z). The evidence arisingfrom the solution of a similar problem for SLn(Z) shows that low-dimensional cases require a separate treatment.We began a systematic study of the (2, 3)-generation problem for Sp2n(Z) in [10], where the cases n ≤ 4 were considered.We also conjectured that Sp2n(Z) is (2, 3)-generated precisely when n ≥ 4. In the present paper we make the next stepand give the affirmative answer for Sp10(Z). Our methods are similar to those developed in [10], but even a subtleincrease of the dimension led to a significant growth of computational efforts. It might be rather difficult to proceed inthe same manner for larger values of n.
2. Main result and notation

Let In be the n× n identity matrix. Recall that up to conjugation
Sp2n(Z) = {g ∈ GL2n(Z) : gT Jg = J

}
,

where
J = ( 0 In

−In 0
)

.

Our main result is the following theorem.
Theorem 2.1.
The group Sp10(Z) is (2, 3)-generated. More precisely, define

x =



1 1 0 0 −1 0 −2 1 1 30 0 0 1 0 2 0 3 −3 10 1 1 0 −2 −1 −3 0 1 30 −2 0 0 0 −1 3 −1 0 −20 0 0 −1 −1 −3 −1 −3 2 00 0 0 0 0 1 0 0 0 00 0 0 1 0 1 0 1 −2 00 0 0 0 0 0 0 1 0 00 −1 0 0 0 0 1 0 0 −10 0 0 0 0 −1 0 −2 0 −1


, y =



2 −2 1 −1 −3 −3 2 −5 6 3
−2 5 −3 −4 3 2 −7 0 −1 13 3 −2 −1 2 5 0 5 −1 3
−1 0 0 2 1 1 −1 1 −4 −31 1 −1 1 2 3 1 3 −3 −21 −1 1 3 0 2 2 3 −3 −1
−3 5 −3 −4 4 2 −6 1 −2 −12 −3 2 3 −3 −1 3 −1 1 13 −4 3 7 −3 1 4 1 −3 −1
−2 4 −3 −3 5 3 −3 2 −3 −3


.

Then x2 = y3 = I10 and Sp10(Z) = 〈x, y〉.

Remark 2.2.The method of finding x and y is similar to that used in [10]. The starting point is a pair of parametric matrices

x0 =



0 0 1 0 r1 0 0 0 0 r30 0 0 1 r2 0 0 0 0 r41 0 0 0 −r1 0 0 0 0 −r30 1 0 0 −r2 0 0 0 0 −r40 0 0 0 1 0 0 0 0 00 0 0 0 0 0 1 0 0 r50 0 0 0 0 1 0 0 0 −r50 0 0 0 0 0 0 0 1 r60 0 0 0 0 0 0 1 0 −r60 0 0 0 0 0 0 0 0 1


, y0 =



1 0 0 0 r7 r9 0 r11 0 r130 1 0 0 r8 r10 0 r12 0 r140 0 0 0 −1 0 0 0 0 00 0 0 0 0 −1 0 0 0 00 0 1 0 −1 0 0 0 0 00 0 0 1 0 −1 0 0 0 00 0 0 0 0 0 0 −1 0 00 0 0 0 0 0 1 −1 0 00 0 0 0 0 0 0 0 0 −10 0 0 0 0 0 0 0 1 −1


37



The group Sp10(Z) is (2,3)-generated

of order 2 and 3, respectively. Next we try to find r1, . . . , r14 such that x0, y0 fix some skew-symmetric form J0, whichremains non-degenerate modulo any prime p. This assumption implies certain relations between r1, . . . , r14, which allowto reduce the search area. For instance, the following parameters will suit us:
r1 = r2 = r14 = −1, r3 = 1, r4 = −4, r5 = 3, r6 = −2, r7 = r10 = r11 = 2, r8 = r9 = r12 = 0, r13 = 4.

Finally, we find an invertible integral matrix Z such that J0 = ZT JZ and set x = Zx0Z−1, y = Zy0Z−1. In our case

Z =



0 5 0 4 0 3 2 0 −1 00 0 1 −2 1 2 −4 2 −1 12 8 1 7 0 5 5 1 2 1
−1 −5 −1 −4 0 −3 −3 −1 −1 −20 0 −2 1 0 −2 2 −3 1 −21 1 1 1 0 1 1 1 1 00 −2 0 −3 1 −1 −3 0 0 10 1 0 1 0 1 1 0 0 −10 0 0 0 0 1 0 0 0 −30 −2 −1 −1 0 −3 0 −2 1 0


.

We omit further computational details.
The claim about the orders of x and y is trivial. It is also straightforward to verify that 〈x, y〉 ⊆ Sp10(Z). To prove theconverse inclusion we use the well-known fact (e.g. see Theorem 5.3.4 in [3]) that Sp2n(Z) coincides with the elementarysymplectic group ESp2n(Z). Recall the definition of ESp2n(Z). For 1 ≤ i, j ≤ 2n, let ei,j be the 2n× 2n matrix with 1 inthe ith row and jth column and zeros elsewhere. Define

Pi,j (k) = {I2n + k · (ei,j+n + ej,i+n) 1 ≤ i < j ≤ n,
I2n + k · ei,i+n 1 ≤ i = j ≤ n,

Qi,j (k) = {I2n + k · (ei+n,j + ej+n,i) 1 ≤ i < j ≤ n,
I2n + k · ei+n,i 1 ≤ i = j ≤ n,

Ri,j (k) = I2n + k · (ei,j − ej+n,i+n) 1 ≤ i 6= j ≤ n.

Notice that, for k ∈ Z,
Pi,j (k) = (Pi,j (1))k , Qi,j (k) = (Qi,j (1))k , Ri,j (k) = (Ri,j (1))k .

Following [3, Chapter 5] we define ESp2n(Z) as the group generated by the matrices Pi,j (1), Qi,j (1), 1 ≤ i ≤ j ≤ n, and
Ri,j (1), 1 ≤ i 6= j ≤ n.Thus, to prove the inclusion ESp10(Z) ⊆ 〈x, y〉 it is enough to show that Pi,j (1), Qi,j (1), Ri,j (1) ∈ 〈x, y〉. We split the proofinto several steps, which are presented in the next section. In the proof we construct a sequence of matrices in 〈x, y〉.In order to assist the reader and make the construction more transparent we use the following notation:

• Ai are upper block-triangular matrices in 〈x, y〉 of the shape(
I5 L0 I5

) ; (1)
• Bi are lower block-triangular matrices in 〈x, y〉 of the shape(

I5 0
L I5

) ; (2)
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• Ci are upper block-triangular matrices in 〈x, y〉 of the shape
(

K L0 M

)
, (3)

where K, L and M are 5× 5 matrices;
• Di are block-diagonal matrices in 〈x, y〉 of the shape

(
K 00 (K T )−1

)
, (4)

where K is a 5× 5 matrix and T denotes the transpose of a matrix;
• gi are auxiliary matrices from 〈x, y〉 with no prescribed shape.

3. Detailed proofs

To assist the reader in verifying the proof, the corresponding Magma file is also available as a supplementary informationto the article.
Lemma 3.1.
We have P1,1(4) ∈ 〈x, y〉 and P1,i(2), R1,i(2) ∈ 〈x, y〉 for 2 ≤ i ≤ 5.

Proof. First of all, let us define
g1 = y (xy)3(xy2)4,
g2 = (xy)2(xy2)2(xy)3,
g3 = y

(
xy2)2xy

(
xyxy2)2,

C1 = ((
xyxy2)3g1)4.

Now we can construct first matrices of shape (1):
A1 = (

y−1g2yx
)−1C1y−1g2yx · g−13 C−11 g3 = P1,1(4) P1,3(2) P1,5(2),

A2 = (
g−12 C1g2x)2 = P1,1(−4) P1,3(−4),

A3 = xA1A2xA1 = P1,3(−4),
A4 = A3A−12 = P1,1(4).

This gives the first inclusion stated in the lemma. Let us set
g4 = (

xy2)3,
g5 = xyxy2x,
g6 = y

(
xy2)2(xy)2(xy2)2xy

(
xy2)3x,

g7 = (
xyxy2)2(xy2)3x,

g8 = (
xy2)3((xy)2xy2xy

(
xy2)2)2.
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Using these matrices and A1, . . . , A4 we can find more matrices of the desired shape (1):
A5 = g−15 C1g5 · g2xC1xg−12 · A23A24 = P1,2(4),
A6 = (

xg−15 C1g5)2 · (g5xg−11 )−1C1g5xg−11 · (g22xg4)−1C−11 g22xg4 · A1 = P1,4(4),
A7 = (

g−12 g4x)−1A1g−12 g4x · g−16 A1g6 · A−41 A−13 A−44 A5A6 = P1,5(2),
A8 = A−14 A1A−17 = P1,3(2),
A9 = (g2xg4)−1A8g2xg4 · A−14 A−28 = P1,2(2).

We have already proved that P1,2(2), P1,3(2), P1,5(2) ∈ 〈x, y〉. Before proving that P1,4(2) belongs to 〈x, y〉 we have toconstruct a few block-diagonal matrices of shape (4). Let us consider
D1 = (xA6)2A−44 A−16 A27A−29 = R1,2(−4),
D2 = xD1x · A−84 A−36 A27A68 = R1,4(−4),
D3 = g−17 D−11 g7 ·D2A−84 A36A67 = R1,5(8),
D4 = g−18 C1g8 ·D32D−13 A744 A76A47A−208 A−59 = R1,4(2),
D5 = g−14 C−11 g4 ·D4A−24 A−16 A−27 A28A9 = R1,5(−4).

In particular, we have just shown the inclusion R1,4(2) ∈ 〈x, y〉. Finally, let us set
g9 = (

xy2)6(xy)2xy2xy
(
xy2)2,

C2 = (
g−12 g4xg2xg4)−1A8g−12 g4xg2xg4 ·D4D−25 A254 A−16 A−47 A29 = P1,4(2) R1,5(2).

Now we are able to complete the proof by constructing the following matrices:
D6 = (g2xg4)−1C2g2xg4 · A−14 A26A−168 A−69 = R1,5(2),
A10 = C2D−16 = P1,4(2),
D7 = g−19 C−11 g9 ·D34A284 A47A248 A69A−910 = R1,2(2),
D8 = (

g−12 g4xg2xg4)−1A9g−12 g4xg2xg4 ·D−54 D−66 A1044 A107 A−48 A−59 A910 = R1,3(2).
Let us define two subsets of Z10:

U1 = {
u = (u1, . . . , u10)T : u6 = u7 = . . . = u10 = 0},

U2 = {
u = (u1, . . . , u10)T : u1 = u2 = . . . = u5 = 0}. (5)

Remark 3.2.Clearly, I10 + uvT J + vuT J has shape (1) if u, v ∈ U1 and has shape (2) if u, v ∈ U2.
Lemma 3.3.
We have P1,1(2), Pi,j (2) ∈ 〈x, y〉, where 2 ≤ i ≤ j ≤ 5.

Proof. First, we explain further constructions that are used in the proof of the lemma. Let u, v be two integralcolumn-vectors orthogonal with respect to J, i.e., vT Ju = 0. A direct computation shows that
S = I10 + uvT J + vuT J ∈ Sp10(Z). (6)
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If we take
u = (1, 0, 0, 0, 0, 0, 0, 0, 0, 0)T (7)and

v = ((a2b2 + a3b3 + a4b4 + a5b5)/2, b2, b3, b4, b5, 0,−a2,−a3,−a4,−a5)T , (8)where all coefficients ai and bi are even, then we can write S as
S = 5∏

i=2 R1,i(ai) · 5∏
i=2 P1,i(bi). (9)

In other words, since a2, a3, a4, a5, b2, b3, b4, b5 are assumed to be even, S can be written as a product of suitablepowers of D7, D8, D4, D6, A9, A8, A10, and A7. Hence, such S belongs to 〈x, y〉 by Lemma 3.1. Assume further that
g ∈ 〈x, y〉 and g−1u, g−1v belong to U1. Then g−1Sg ∈ 〈x, y〉 and

g−1Sg = I10 + (g−1u)(g−1v)T gT Jg + (g−1v)(g−1u)T gT Jg = I10 + (g−1u)(g−1v)T J + (g−1v)(g−1u)T J

has shape (1) by the remark preceding the statement of the lemma. Moreover, the above conditions on v guarantee that
g−1Sg belongs to 〈Pi,i(4), Pi,j (2) : 1 ≤ i < j ≤ 5〉.Let us describe the strategy which is used in further computations.

1. We search for g ∈ 〈x, y〉 such that the last five entries in the first column of g−1 vanish (this is equivalent to thecondition g−1u ∈ U1, where u is given by (7)).
2. We find v of the form (8) such that g−1v ∈ U1, and find the corresponding decomposition (9) for S. After that weevaluate g−1Sg.
3. Finally, to simplify the subsequent calculations we multiply g−1Sg by suitable powers of

P1,1(4), P1,2(2), . . . , P1,5(2) ∈ 〈x, y〉

(i.e., respectively by powers of A4, A9, A8, A10, A7 defined in the proof of Lemma 3.1) and obtain matrices from〈
Pi,i(4), Pi,j (2) : 2 ≤ i < j ≤ 5〉.

Now we present the results of computation based on the above strategy. Let
g10 = y2((xy)7xy2)2xy

(
xy2)2xyxy2,

g11 = y2((xy2)3xy
(
xy2)4)2xyxy2x,

g12 = y2(xy2)4xy
(
xy2)9xy

(
xy2)4xyxy2x,

g13 = yxy2((xy)6xy2(xy)3)2,
g14 = yxy2xyxy2(xy

(
xy2)5)2((xy2)2xy

)2xyxy2,
g15 = y

(
xy2)3(xy)2(xy2)4xyxy2(xy)4(xy2)4(xy)4xy2xyxy2x,

g16 = (
xy2)2xyxy2xy

(
xy2)9xy

(
xy2)7x,

g17 = y2xy2(xy)2(xy2)8xy
(
xy2)2xyxy2xy

(
xy2)2xy

(
xy2)3,

g18 = (
xy2)2xy

(
xy2)4(xyxy2)2xy2(xy)2(xy2)2xyxy2(xy)2(xy2)2(xy)2(xy2xy

)2(xy2)2xyx,

g19 = y2((xy2)3xy
)2xy2xy

(
xy2)2(xy2xy

)3xy
(
xy2)2xy

(
xyxy2)2xyx,

g20 = y2xyxy2(xy)10xy2(xy)5xy2xy
(
xy2)3xyx,

g21 = (
xy2)4xy

(
xy2)9(xy

(
xy2)2)2xyxy2(xy)3xy2xy

(
xy2)3x,

g22 = xy2(xy)2(xy2)2(xy)7xy2(xy2xy
)2.
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All these matrices as well as g16g2xg4 and g11g2xg4 satisfy the condition g−1u ∈ U1. Using the idea described at thebeginning of the proof we can find 15 upper-block triangular matrices A11, . . . , A25 ∈ 〈x, y〉 ∩
〈
Pi,i(4), Pi,j (2) : 2 ≤ i <

j ≤ 5〉:
A11 = g−110 D137 A37A−18 A−69 A310g10 · A3104 A27A7088 A3259 A−33510 ,
A12 = g−111 D7A27A28A−49 A−210 g11 · A114 A27A368 A109 A−1710 ,
A13 = g−112 D−57 A77A−228 A−129 A−1510 g12 · A−544 A57A−2728 A−929 A10710 ,
A14 = g−113 D457 A247 A248 A−629 A−1510 g13 · A27874 A157 A167598 A55719 A−557710 ,
A15 = g−114 D7A7A28A−49 A−210 g14 · A134 A167 A418 A219 A−1410 ,
A16 = g−115 D27A7A38A−49 A−210 g15 · A124 A197 A948 A599 A−1810 ,
A17 = g−116 D−127 A7A−48 A119 g16 · A1584 A87A−8678 A−2889 A28410 ,
A18 = (g16g2xg4)−1D−127 A7A−48 A119 g16g2xg4 · A1474 A87A8418 A2749 A−28910 ,
A19 = (g11g2xg4)−1D7A27A28A−49 A−210 g11g2xg4 · A154 A27A−628 A−209 A1710,
A20 = g−117 D−347 A57A148 A339 A410g17 · A11864 A−187 A23178 A289 A−234310 ,
A21 = g−118 D27A77A258 A69A−910 g18 · A−84 A−47 A−188 A−149 A410,
A22 = g−119 A−38 A−19 A10g19 · A−724 A−597 A−1508 A−509 A9310,
A23 = g−120 D−17 A7A58A29A−110 g20 · A44A8A49A−110 ,
A24 = g−121 D−17 A7A−138 A−69 A610g21 · A−344 A−437 A1358 A349 A−2610 ,
A25 = g−122 D117 A117 A618 A59A−1810 g22 · A−1764 A−3587 A−9848 A−1349 A53010 .

The matrices A11, . . . , A25 can be written in the following way:
Ai = I10 + k (i)1 e2,7 + k (i)2 (e2,8 + e3,7) + k (i)3 (e2,9 + e4,7) + k (i)4 (e2,10 + e5,7) + k (i)5 e3,8+ k (i)6 (e3,9 + e4,8) + k (i)7 (e3,10 + e5,8) + k (i)8 e4,9 + k (i)9 (e4,10 + e5,9) + k (i)10e5,10.

For reader’s convenience, we present the values of the coefficients k (i)
j in Table 1.

Table 1. The coefficients k (i)
j

i k (i)1 k (i)2 k (i)3 k (i)4 k (i)5 k (i)6 k (i)7 k (i)8 k (i)9 k (i)1011 −340 −738 350 −2 −1592 758 −4 −360 2 012 4 0 10 −4 −36 42 −12 −24 4 013 152 448 −182 −10 1320 −538 −30 212 10 014 −11136 −33500 11148 −30 −100776 33536 −90 −11160 30 015 −32 −52 18 −22 −24 10 −22 −4 8 −1216 −276 −434 82 −88 −680 128 −138 −24 26 −2817 −520 −1566 512 16 −4716 1542 48 −504 −16 018 −508 −1562 538 −16 −4800 1652 −48 −568 16 019 −20 −64 14 4 −204 46 12 −8 −4 020 0 −56 56 0 −4524 4576 36 −4628 −36 021 20 30 −10 10 40 −10 10 0 0 022 32 96 −64 40 288 −192 120 120 −76 4823 0 8 0 0 20 −2 0 0 0 024 0 34 0 −34 236 −26 −144 0 26 5225 92 732 −404 274 5472 −2964 2004 1596 −1078 728
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Clearly, the matrices A11, . . . , A25 commute pairwise. It turns out that we can express Pi,i(4), Pi,j (2), 2 ≤ i < j ≤ 5, ascertain products of their powers:
A26 = A411A66312 A−53913 A4114A−299015 A28416 A−106217 A−6418 A−13019 A−720 A−275821 A−44122 A−771223 A−41024 A2025 = P2,2(4),
A27 = A−22311 A−129612 A−43913 A27314 A134415 A−75416 A−248117 A−328118 A−11519 A1620A−481621 A38822 A472623 A17624 A−4525 = P2,3(2),
A28 = A−19311 A−54412 A−42213 A43014 A−52615 A8616A−666317 A−240218 A−203219 A520A280621 A36522 A412623 A−81824 A2925 = P2,4(2),
A29 = A911A72612 A8413A10714 A−107315 A47816 A−250517 A29518 A−155519 A−620 A443221 A322A−15323 A−59524 A4325 = P2,5(2),
A30 = A−16511 A−143412 A−60513 A28714 A−56415 A−14716 A−423617 A−192018 A−84219 A620A−110721 A18622 A150223 A−42324 A325 = P3,3(4),
A31 = A−28811 A−149812 A−104413 A42414 A−150015 A−52316 A−516517 A−397618 A−149819 A1220A−703521 A10122 A−105223 A−41324 A−2225 = P3,4(2),
A32 = A−15611 A−85812 A18913 A14414 A286815 A−75516 A−40217 A−240318 A−60419 A1620A−228121 A52922 A787523 A45324 A−4925 = P3,5(2),
A33 = A−13011 A−33312 A−13813 A6614A124915 A−78716 A100417 A−236118 A19619 A1320A−684621 A15022 A166623 A55224 A−5925 = P4,4(4),
A34 = A−19311 A−116712 A−91913 A28214 A−201615 A−28716 A−359217 A−258318 A−107519 A620A−610621 A−9422 A−351923 A−37924 A−1125 = P4,5(2),
A35 = A−4511 A32112 A57013 A2814A318215 A−43916 A71317 A−102218 A11619 A1020A150521 A49422 A827823 A46224 A−3025 = P5,5(4).

To complete the proof of Lemma 3.3 it remains to show that Pi,i(2) ∈ 〈x, y〉 for 1 ≤ i ≤ 5. For this purpose let us definethe following matrices:
g23 = yxy

((xy)4(xy2)2)2,
g24 = (

xyxy2)3(xy)2(xyxy2)2(xy)3xy2(xy)2x,

g25 = (
xyxy2)3,

C3 = (xy)3(xyxy2)2,
and set

A36 = (C3g24)4A−18 A−19 A227A−128 A430A−331 A33 = P1,1(2) P4,4(2),
A37 = A−136 (C3g23)20A84A157 A608 A159 A−1510 A826A6027A−1528 A1529A12030 A−6031 A6032A833A−1534 A835 = P2,2(2) P5,5(2),
A38 = (

A37g−125 )2A−28 A−19 A−126 A−227 A−230 A−135 = P1,1(2),
A39 = (

A36g−125 )2A−17 A−48 A10A−830 A431A−432 A−133 A34A−338 = P5,5(2),
A40 = A−138 A36 = P4,4(2),
A41 = A−139 A37 = P2,2(2),
A42 = (

g2xg4A−141 )−2A−98 A−69 A−627 A−430 A−938 A−541 = P3,3(2).
The last five entries complete the proof.
Lemma 3.4.
We have R1,i(1), P3,5(1), P1,j (1) ∈ 〈x, y〉 for 2 ≤ i ≤ 5, 1 ≤ j ≤ 5.

Proof. Let us define
g26 = y (xy)2(xyxy2)5(xy)3(xyxy2)2,
g27 = y

(
xy2xyxy2)2xy

(
xyxy2)2,

g28 = (xy)2(xy2)2(xyxy2)2(xy2)3x,

g29 = (
xyxy2)3(xy)2(xy2)2(xyxy2)2xy2xy

(
xyxy2)2,
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and consider
D9 = (

A27g−126 yxy2g5)−2A8A27A−131 A232 = R3,5(2),
D10 = (

g26A−127 )2A−28 A27A231A−1042 = R3,4(2),
D11 = (

A31x)−2A27A31A−132 A−242 = R3,2(2),
D12 = (

A31g−15 g−125 )2D9A27A−231 A−232 A242 = R3,1(2),
D13 = (

g2xg4C1)2D34D210C−11 A728 A319 A−610 A2627A−428 A−431 A7238A−1241 A6442 = R2,4(−4),
D14 = (

A27g−127 )2A−227 A228A229A−641 = R2,4(2) R2,5(2),
D15 = g−128 D14g28 ·D−66 D−49 D−113 D−214 A−127 A−808 A−339 A1210A627A628A−629 A831A−832 A−20438 A1841A−1642 = R2,5(2).

Finally, we can obtain the following matrices:
C4 = (

yxy2xy
(
xy2)2(xy)2(xy2)2(xy)5(xyxy2)2x)15,

C5 = C4D26D49D13D214A−47 A398 A229 A−610 A3927A−628 A−429 A−1631 A−532 A34A2238A640A2241A7042.
The advantage of C4 and C5 is that they have shape (3) and some of their non-diagonal entries are odd. Moreover, C5will help us to construct the first matrix of shape (1) with the block L containing only ones and zeros, namely

A43 = (
g2xg4C−15 )−2D−16 D−19 D−115 A−27 A−78 A−69 A410A−1227 A728A−429 A1331A−832 A234A−638 A−540 A−841 A−2142 .

Now let us set
C6 = (

g−13 g6)−1A43g−13 g6 ·D210D12D14D−115 A68A39A727A−128 A−331 A741A242 = R2,1(−1) P2,2(1) P2,4(1),
C7 = (

g25g−14 xg−12 )−1C6g25g−14 xg−12 ·D29D210D11A68A327A−531 A−132 A3442 = R3,1(1) R3,2(1) R3,4(1) P3,3(1) P3,5(1),
C8 = (

g26g−14 )−1C6g26g−14 ·D−39 D10D11D212A−18 A−327 A231A432A3642 = R3,1(1) R3,2(1) P1,3(1) P2,3(1) P3,3(−1),
C9 = (

g29g−13 )−1C6g29g−13 ·D−39 D311D−112 A−327 A−131 A632A7542 = R3,2(1) R3,5(1) P2,3(1) P3,4(1),
C10 = (

g7g2)−1C6g7g2 ·D29D−211 D212A527A31A−332 A2842 = R3,1(1) R3,2(1) R3,5(1) P3,3(1),
C11 = (

g−13 g26)−1C6g−13 g26 ·D59D310D11D−112 A68A427A−831 A−532 A13842 = R3,2(1) R3,4(1) R3,5(1) P3,4(1),
C12 = (

g27g−13 )−1C6g27g−13 ·D−19 D210D211A48A−127 A−431 A332A4242 = R3,1(1) R3,2(1) R3,4(1) R3,5(1) P2,3(1) P3,3(−1) P3,5(1).
Using them we are now able to prove some of the statements of the lemma. Namely, take

A44 = C7C−18 C10C−112 A8A27A242 = P1,3(1),
A45 = C7C−18 C9C−111 A44 = P3,5(1),
A46 = (g2xg4)−1A44g2xg4 · A−18 A−138 = P1,2(1),
A47 = (g2xg5x)−1A44g2xg5x ·D−14 D−16 A27A210A338A−344 A−146 = P1,5(1).

Futhermore, let us consider
g30 = (

xy2)3(xy)2(xy2)2xy
(
xy2)7(xy)3x,

g31 = ((
xy2)2xy

)2(xy)2,
g32 = y

(
xy2)2(xy)2(xy2)4xyxy2.
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Now we finish the proof by constructing the following matrices:
D16 = (g5g4)−1A44g5g4 · A10A−338 A−344 = R1,4(1),
A48 = (g2xg31)−1A44g2xg31 · g−130 A−147 g30 ·D76D−17 D516A−610 A18038 A−944 A646A−2047 = P1,4(1),
D17 = g−132 D16g32 ·D−16 D27D−28 D−1116 A−48 A−49 A6338A1147A1148 = R1,5(1),
D18 = (

g−131 g4xg2xg4)−1A47g−131 g4xg2xg4 ·D6D27D516D−117 A3138A1444A−347 A−948 = R1,2(1),
A49 = (

g−131 g4x)−1A44g−131 g4x ·D26D16D−117 A−27 A9A−110 A1038A−148 = P1,1(1),
D19 = g−130 D18g30 ·D58D1416D−217 D−1118 A1244A1946A−1447 A−948 A16949 = R1,3(1).

Lemma 3.5.
We have Pi,j (1) ∈ 〈x, y〉 for 2 ≤ i ≤ j ≤ 5.

Proof. We argue as at the beginning of the proof of Lemma 3.3, but now we consider v ∈
( 12Z)10 of shape (8) with

ai, bj ∈ Z, i.e. without any assumptions on their parity (taking u as in (7) we always have that uvT J + vuT J is anintegral matrix). Again, the matrix S defined by (6) can be represented in the form (9), where now the product is in
〈x, y〉 by Lemma 3.4. In other words, S is a product of suitable powers of D18, D19, D16, D17, A46, A44, A48, and A47. Set

g33 = y2xy2(xy)2(xy2)5xyxy2(xy)4(xy2)4(xyxy2)3(xy2)2(xy)4(xy2)2x,

g34 = xy
((xy)7xy2)2(xy)5(xy2)2x.

It is easy to check that the last five entries in the first column of g−133 , g−134 as well as (g16g2xg4)−1 vanish. Recall thatthe same property holds for g−110 , . . . , g−122 constructed in the proof of Lemma 3.3. Hence, for these matrices g we have
g−1u ∈ U1. Finding suitable vectors v and reasoning in the same way as in the proof of Lemma 3.3, we define thefollowing matrices:

A50 = g−110 D1318A−144 A−646 A347A348g10 · A39644 A16946 A247A−17948 A30849 ,
A51 = g−112 D−518 A−2244 A−1246 A747A−1548 g12 · A−9244 A−3246 A547A4748A−4849 ,
A52 = g−114 D18A244A−446 A47A−248 g14 · A2944A1746A1247A−1048 A2249,
A53 = g−116 D−1218 A−444 A1146A47g16 · A−47144 A−15646 A847A15248 A18449 ,
A54 = (g16g2xg4)−1D−1218 A−444 A1146A47g16g2xg4 · A44544 A14246 A847A−15748 A16249 ,
A55 = g−122 D1118A6144A546A1147A−1848 g22 · A−32444 A−2446 A−13847 A20048 A−13249 ,
A56 = g−133 D−1918 A19544 A7346A1947A−4348 g33 · A3967444 A1581846 A398347 A−796348 A1190149 ,
A57 = g−134 D−118 A1244A546A347A−248 g34 · A−8544 A−2846 A247A2548A3549.

Clearly, the matrices A51, . . . , A57 can be written in the form (10). The coefficients k (i)
j are presented in Table 2. Moreover,we can simplify the result by making the reduction modulo 2 (the possibility of such simplification follows from Lemmas 3.1and 3.3; moreover, using A45 = P3,5(1) it is possible to make k (i)7 equal 0):

A58 = A50A10727 A−4828 A29A−11131 A5140A4641A24242 A245,
A59 = A51A−2227 A1628A329A4531A−234 A−2340 A−841 A−6042 A1545,
A60 = A52A727A−228 A429A431A39A−140 A641A−1242 A−145 ,
A61 = A53A19427 A−6228 A−429 A−18731 A434A6040A6441A58542 A−2445 ,
A62 = A54A19327 A−6828 A429A−21531 A−434 A7640A6141A60642 A2445,
A63 = A55A−1827 A1928A−1329 A24631 A10534 A−7239 A−15140 A541A−37842 A−34245 ,
A64 = A56A2636627 A−529228 A264729 A−1327331 A−133234 A66739 A266440 A1051241 A6613042 A1327845 ,
A65 = A57A3227A−928 A−129 A−2731 A34A840A1141A9842A−645 .
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Table 2. The coefficients k (i)
j

i k (i)1 k (i)2 k (i)3 k (i)4 k (i)5 k (i)6 k (i)7 k (i)8 k (i)9 k (i)1050 −92 −213 97 −1 −484 223 −2 −102 1 051 16 44 −31 −5 120 −89 −15 46 5 052 −12 −14 5 −7 24 −7 1 2 0 −253 −128 −387 124 8 −1170 375 24 −120 −8 054 −122 −385 137 −8 −1212 430 −24 −152 8 055 −9 36 −37 27 756 −492 342 303 −209 14456 −21024 −52732 10584 −5294 −132260 26546 −13278 −5328 2665 −133357 −21 −64 18 2 −195 55 6 −15 −2 0
The matrices A58, . . . , A65 satisfy (10) with k (i)

j ∈ {0, 1}. The coefficients k (i)
j are listed in Table 3.

Table 3. The coefficients k (i)
j

i k (i)1 k (i)2 k (i)3 k (i)4 k (i)5 k (i)6 k (i)7 k (i)8 k (i)9 k (i)1058 0 1 1 1 0 1 0 0 1 059 0 0 1 1 0 1 0 0 1 060 0 0 1 1 0 1 0 0 0 061 0 1 0 0 0 1 0 0 0 062 0 1 1 0 0 0 0 0 0 063 1 0 1 1 0 0 0 1 1 064 0 0 0 0 0 0 0 0 1 165 1 0 0 0 1 1 0 1 0 0
Recall that we already have P3,5(1) ∈ 〈x, y〉 by Lemma 3.4. To complete the proof it is enough to construct the followingmatrices:

A66 = A58A−159 = P2,3(1),
A67 = A59A−160 = P4,5(1),
A68 = A61A−166 = P3,4(1),
A69 = A62A−166 = P2,4(1),
A70 = A59A−167 A−168 A−169 = P2,5(1),
A71 = A64A−167 = P5,5(1),
A72 = A63A−167 A−169 A−170 = P2,2(1) P4,4(1),
A73 = A65A−168 A−172 = P3,3(1),
A74 = (g2xg4)−1A72g2xg4 · A−441 A−944 A−646 A−949 A−1866 A668A269A−4573 = P4,4(1),
A75 = A72A−174 = P2,2(1).

The statements of Lemma 3.4 and Lemma 3.5 show us that Pi,j (1) ∈ 〈x, y〉, 1 ≤ i ≤ j ≤ 5. Using this fact we can provethat Qi,j (1), 1 ≤ i ≤ j ≤ 5, are also in 〈x, y〉.
Lemma 3.6.
For 1 ≤ i ≤ j ≤ 5 we have Qi,j (1) ∈ 〈x, y〉.

46



V. Vasilyev, M. Vsemirnov

Proof. Observe that
S = I10 ± uuT J ∈

{〈Pi,j (1) : 1 ≤ i ≤ j ≤ 5〉 ⊂ 〈x, y〉 if u ∈ U1,〈Qi,j (1) : 1 ≤ i ≤ j ≤ 5〉 if u ∈ U2.
Here U1 and U2 are the subsets defined in (5) and the matrix J is defined at the beginning of Section 2. Also it is clearthat

g−1Sg = g−1(I10 ± uuT J
)
g = I10 ± (g−1u)(g−1u)T gT Jg = I10 ± (g−1u)(g−1u)T Jprovided g ∈ Sp10(Z). Thus, if we take g ∈ 〈x, y〉 ⊆ Sp10(Z) and u ∈ U1 such that g−1u ∈ U2, then the above matrix

g−1Sg belongs to 〈Qi,j (1) : 1 ≤ i ≤ j ≤ 5〉 ∩ 〈x, y〉. Set
g35 = y (xy)2(xy2(xy)3)2(xy)4(xy2)2xyx,

g36 = xy
(
xy2)2(xy)3(xy2)2,

g37 = y (xy)2xy2(xy)3(xy2)2xyx,

g38 = (xy)5(xy2)2(xy)4(xy2)5(xy)3,
g39 = y2xy2(xy)2x,
g40 = y

(
xyxy2)2(xy2)2xy,

g41 = y2xyxy2xy
(
xy2)4xyx,

g42 = yxy2xy
(
xy2)2xy

(
xy2)4(xy)3(xy2)2(xy)2(xy2)3xyx,

g43 = y
((

xy2)3xy
)2xy2,

g44 = (
xy2)5xyxy2x,

g45 = (
xyxy2)2xy

(
xyxy2)3xy

((xy)2xy2)2(xyxy2)3y,

g46 = y
(
xy2)2(xyxy2)2(xy)4x,

g47 = (
xy2)3(xyxy2)3x,

g48 = y (xy)4(xyxy2)3(xy2)2,
g49 = xyxy2(xy)7xy2(xy)2x,
g50 = y2(xy2)3,
g51 = (

xy2xy
)3xyxy2,

and also
u1 = (1, 1, 2,−1, 0, 0, 0, 0, 0, 0)T ,
u2 = (−1, 1, 3,−1, 0, 0, 0, 0, 0, 0)T ,
u3 = (−2,−7,−20, 1,−5, 0, 0, 0, 0, 0)T ,
u4 = (−10,−29,−64, 3,−4, 0, 0, 0, 0, 0)T ,
u5 = (−4, 0,−2, 3,−1, 0, 0, 0, 0, 0)T ,
u6 = (−7,−19,−31, 5,−2, 0, 0, 0, 0, 0)T ,
u7 = (−3,−3,−11, 4,−3, 0, 0, 0, 0, 0)T ,
u8 = (−6,−3, 13,−4,−1, 0, 0, 0, 0, 0)T ,
u9 = (−6,−6,−19, 7,−2, 0, 0, 0, 0, 0)T ,

u10 = (1,−3,−8, 2,−1, 0, 0, 0, 0, 0)T ,
u11 = (0,−2,−6, 1,−1, 0, 0, 0, 0, 0)T ,
u12 = (−3,−2,−4, 2, 0, 0, 0, 0, 0, 0)T ,
u13 = (−5, 0,−2, 3,−2, 0, 0, 0, 0, 0)T ,
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u14 = (2,−2,−5, 0,−1, 0, 0, 0, 0, 0)T ,
u15 = (−8,−11,−29, 7,−2, 0, 0, 0, 0, 0)T ,
u16 = (−1,−3,−11, 3,−2, 0, 0, 0, 0, 0)T ,
u17 = (−1, 0,−1, 1,−1, 0, 0, 0, 0, 0)T .

Finally, let us consider
Bi = {g−134+i

(
I10 + uiuT

i J
)
g34+i if 1 ≤ i ≤ 15,

g−134+i
(
I10 − uiuT

i J
)
g34+i if i = 16, 17,

which belong to 〈Qi,j (1) : 1 ≤ i ≤ j ≤ 5〉∩ 〈x, y〉. Clearly, B1, . . . , B17 commute pairwise. It turns out that they generatethe same subgroup of Sp10(Z) as Qi,j (1) do. Namely, we can express the matrices Qi,j (1) as the following products of
B1, . . . , B17:

Q1,1(1) = B−971 B−1052 B123 B24B145 B−216 B957 B178 B29B13710 B1011B−2912 B−1013 B−27714 B−1915 B−4016 B6517,
Q1,2(1) = B341 B422 B63B4B−95 B−106 B307 B−28 B−59 B5610B−1511 B3612B−1413 B−12214 B−615 B−4816 B1617,
Q1,3(1) = B−1601 B−2212 B−203 B−34 B265 B346 B−937 B88B229 B−18010 B6311B−12212 B5413B39614 B1915B18216 B−4517 ,
Q1,4(1) = B−1111 B−1402 B−23 B165 B36B117 B118 B109 B−510 B3011B−5912 B1613B2314B−215 B5216B1517,
Q1,5(1) = B141 B182 B−63 B−14 B25B106 B−397 B−38 B29B−6510 B311B−1412 B813B13414 B815B3016B−2517 ,
Q2,2(1) = B17,
Q2,3(1) = B851 B1212 B133 B24B−175 B−226 B637 B−48 B−139 B12010 B−3611 B7512B−3213 B−26214 B−1315 B−11116 B3117,
Q2,4(1) = B1071 B1632 B153 B24B−115 B−266 B747 B−28 B−169 B13610 B−4511 B6912B−4013 B−29814 B−1515 B−13516 B3717,
Q2,5(1) = B491 B452 B−123 B−24 B−75 B216 B−867 B−128 B9B−12810 B211B612B1613B26514 B1715B5716B−5717 ,
Q3,3(1) = B361 B212 B−183 B−34 B−25 B316 B−1197 B−128 B69B−18910 B1211B−2112 B2713B39314 B2415B9916B−7517 ,
Q3,4(1) = B−1021 B−1252 B43B4B125 B−76 B457 B128 B69B5710B2111B−3712 B513B−10714 B−915 B1316B3517,
Q3,5(1) = B−761 B−1192 B−203 B−34 B165 B346 B−1087 B169 B−19310 B4211B−8612 B4313B41414 B2215B15216 B−6017 ,
Q4,4(1) = B2081 B2442 B−103 B−24 B−305 B186 B−1067 B−288 B−129 B−13210 B−4011 B8812B−613 B25414 B2115B−1216 B−8017 ,
Q4,5(1) = B−861 B−892 B183 B34B85B−316 B1297 B178 B−29 B19710 B11B−112 B−2113 B−40414 B−2615 B−7916 B8517,
Q5,5(1) = B16.

Proof of Theorem 2.1. By Lemmas 3.4, 3.5 and 3.6 we already have that Pi,j (1), Qi,j (1) ∈ 〈x, y〉, 1 ≤ i ≤ j ≤ 5.Finally, we set Pi,j (1) = Pj,i(1), Qi,j (1) = Qj,i(1) for i > j and use the commutator identity
Ri,k (1) = Pi,j (1) Qj,k (1) Pi,j (−1) Qj,k (−1)

which is true for any triple of pairwise distinct indices 1 ≤ i, j, k ≤ 5. We conclude that Ri,j (1) ∈ 〈x, y〉 for 1 ≤ i 6= j ≤ 5and hence ESp10(Z) ⊆ 〈x, y〉. Since Sp10(Z) = ESp10(Z) by [3], this finishes the proof of Theorem 2.1.
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