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Abstract:

The production of ∆0 (1232)-resonances in p+12 C collisions at 4.2 GeV/c was analyzed with 4π acceptance.
The mass distribution of ∆0 (1232) was reconstructed using an angular criterion. The fraction of charged
π − -mesons coming from ∆0 (1232) decay was estimated and compared to those obtained in earlier works.
The momentum, transverse momentum, kinetic energy, and rapidity distributions as well as invariant cross
sections of ∆0 (1232)-resonances were reconstructed in the laboratory frame. The mean kinematical characteristics of the reconstructed ∆0 (1232) were compared to those of participant protons in experiment and
within some of the models. The freeze-out temperature of ∆0 (1232) estimated in the present analysis was
compared with those obtained using different methods for ∆(1232) produced with other sets of colliding
nuclei at various incident energies. The relative number of nucleons excited to ∆0 (1232) at freeze-out
conditions in p+12 C collisions was estimated.
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1.

Introduction

The lowest excitation of nucleons, ∆(1232)-resonance, has
an important role in physics of strong interactions. Decaying in 99% cases into nucleon and pion (∆ → Nπ), it dominates the pion-production phenomena at beam kinetic energies of the order of a few GeV/nucleon. A lot of research
works [1–43] has been devoted to investigate ∆(1232) ex∗
†
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citation in various strong and electromagnetic processes
involving protons, pions, photons, light nuclei as well as
heavy ions. The mass and width of ∆(1232)-resonances
produced in nuclear matter in relativistic hadron-nucleus
and nucleus-nucleus collisions were found to modify significantly as compared to those (M∆NN = 1232 MeV/c2 ,
Γ = 115 – 120 MeV/c2 ) [44] of ∆(1232) produced in
nucleon-nucleon collisions. The decrease of the mass and
width of ∆(1232)-resonances produced in dense hadron
matter in heavy ion collisions was interpreted in terms of
thermal and isobar models [11, 25]. In a recent work [45] it
was shown that an accurate account of in-medium modifi-
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cation of ∆(1232) mass, which is itself not trivial, was very
important in thermal model to describe successfully the
experimental pion spectra in heavy ion collisions at energies 2 – 8 A GeV. This modification was also related to the
hadronic density, temperature, and non-nucleon degrees
of freedom in nuclear matter [11, 25, 34, 46–48]. However
still many results on ∆(1232)-resonance production need
to be interpreted more clearly to understand the basic
mechanisms responsible for such modifications.
The ∆(1232)-resonance dominates various nuclear phenomena at energies above the pion-production threshold [29, 49–51]. In cosmology it is mainly responsible for
the ”GZK cut-off” effect [52], which occurs due to the suppression of the high-energy cosmic ray flux by the cosmic
microwave background (CMB). Once the energy of cosmic
rays is sufficient to produce ∆(1232)-resonances in the
scattering off the CMB photons, the rate of observed cosmic rays drops dramatically [53]. This effect puts a cutoff
on the primary cosmic ray energy at around 1019 eV for
the rays coming from a distance larger than a few tens of
Mpc [29, 53].
During the last few decades, the possibility of a phase
transition of nuclear matter into the state of quark gluon
plasma has been widely discussed and researched. The
spectrum of nuclear matter on the border of the phase transition should be very complex, but it seems undoubted that
the lower states of this spectrum are related to excitation
of ∆(1232) and other resonances [9]. Thus, information
on the properties of the ∆(1232)-resonances produced in
nuclear matter is important for an in-depth understanding of nucleus-nucleus collisions at ultra relativistic energies [9, 10].
Identification of structures in the invariant mass distribution of correlated proton and pion pairs provides a direct proof that nucleons are excited to high-lying resonances [11]. The major obstacle that should be overcome
in reconstructing the invariant mass is the large combinatorial background from non-correlated pπ pairs [11]. In peripheral reactions with very light projectiles, e.g. p [26, 27]
or 3 He [28] induced reactions at around 2 GeV bombarding energy, the pπ correlations were successfully analyzed
and the mass distribution of ∆(1232) was extracted. The
resonance mass was found to be shifted by about −25
MeV/c2 towards lower masses in reactions on various targets, compared to those on protons [26–28]. The mass reduction of ∆(1232) in p+A collisions (A =C, Nb, Pb) at 0.8
and 1.6 GeV incident energy [26] was related to the effects
of Fermi motion, NN scattering, and pion reabsorption in
nuclear matter.
This work is a continuation of a series of our papers [40–
43] on experimental investigation of ∆(1232) production
in relativistic hadron-nucleus and nucleus-nucleus colli-
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sions. The main aim of this paper is to determine various
physical properties of ∆0 (1232)-resonances, produced in
p+12 C collisions at 4.2 GeV/c, and compare them with
those for ∆(1232)-resonances produced with other sets of
colliding nuclei at various incident energies. To analyze
∆0 production in the present work, the observed protons
and π − -mesons were used. The results can be useful to
enhance understanding on ∆ production in proton induced
reactions as well as to interpret data on relativistic heavy
ion collisions.

2.

The experimental procedures

The experimental data were obtained on the basis of processing stereophotographs from the 2-m propane (C3 H8 )
bubble chamber of the Laboratory of High Energy of the
Joint Institute for Nuclear Research (JINR, Dubna, Russia)
placed in a magnetic field of strength 1.5 T and irradiated
with a beam of protons accelerated to a momentum of 4.2
GeV/c at the JINR synchrophasotron. To select events of
inelastic p+12 C interactions in the total set of proton interactions with propane, we used criteria based on the
determination of the total charge of secondary particles,
the presence of protons emitted into backward hemisphere,
the number of π − -mesons produced, etc., as described in
detail in [54–57]. This allowed us to separate ≈ 70% [54]
of the total number of inelastic proton-carbon interaction
events, estimated by using the known cross-sections for
p + p and p + 12 C interactions and the proton-carbon
ratio in propane molecule. The remaining ≈ 30% of the
total number of proton-carbon events were extracted statistically from p + p interactions on quasi-free protons
of C3 H8 molecules. It should be mentioned that p + p
interaction events on quasi-free protons of carbon nuclei
constitute approximately 69% of all the p + p interaction
events on quasi-free protons of propane molecules. This
can easily be estimated from the fact that 18 protons out
of the total 26 protons in propane molecule belong to carbon nuclei. These p + p interaction events were added
into the data base of p +12 C interactions with the relevant weights. The weights were determined in such a way
that the numbers of events occurring on carbon and hydrogen corresponded to the numbers expected on basis of the
known cross-sections for inelastic interactions [56–60]. It
is worth mentioning that number of such p + p interaction
events added into the data base of p +12 C interactions
equals, within statistical errors, to the number of p + n
interaction events on quasi-free neutrons of carbon nuclei.
This is expected because of the equal number of p and n
in carbon nuclei, and hence nearly equal p + p and p + n
interaction cross sections.
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The corrections to account for the loss of particles emitted
under large angle to object plane of the camera were introduced. The losses of protons emitted at large angles to
the photographic plane were corrected for; they amounted
to about 3% for protons with momenta plab > 300 MeV/c
and ≈ 15% for slow protons with plab < 300 MeV/c [56].
The separation of protons and π + -mesons was done visually, based on their ionization up to momentum p ≈ 0.75
GeV/c. However under conditions of the present experiment, protons and positively charged pions are identified
unambiguously up to momentum of 0.5 GeV/c. Therefore all the positively charged particles with momentum
greater than 0.5 GeV/c were assigned weights determining the probability that a given particle is a proton or
a π + -meson. All the negatively charged particles were
identified as π − -mesons. It should be mentioned that
π − -mesons make up the main fraction (> 95%) among the
negatively charged particles, and admixture of fast electrons among them does not exceed 4%. Most of the pions and protons with momenta lower than 70 MeV/c and
150 MeV/c respectively were not registered because of
their short range (less than 2 mm) in the propane bubble
chamber. The average error in measuring angles of the
secondary particles was 0.8 degree, while the mean relative error in determining momenta of the particles from
the curvature of a track in the magnetic field was 11% [56].
The momentum distribution of protons produced in p +12 C
collisions at 4.2 GeV/c is presented in Fig. 1a. In Ref. [56–
60] protons with plab > 300 MeV/c were denoted as participant protons. The mean multiplicity per event of protons
with plab > 150 MeV/c and plab > 300 MeV/c was determined to be 2.44±0.11 and 1.83±0.10 [56] respectively in
p +12 C collisions, with a statistics of 2886 inelastic events.
After introducing all above mentioned corrections in the

Figure 1.

Momentum distribution of protons (a) and π − -mesons (b)
produced in p +12 C collisions at 4.2 GeV/c, normalized to
the total number of inelastic events.

present analysis, we obtained the respective mean multiplicities to be 2.47 ± 0.05 and 1.83 ± 0.04, with a statistics
of 6736 inelastic p +12 C events. The mean multiplicity
of participant protons (plab > 300 MeV/c) calculated using Dubna Cascade Model (DCM) [61, 62] and FRITIOF
model [63–67] were 1.79 ± 0.01 [56] and 1.99 ± 0.02, respectively [60]. It should be mentioned that the broad
peak observed in momentum distribution of protons in region ∼ 3 – 4 GeV/c in Fig. 1a is due to quasi elastic
scattering of initial protons on the nucleons from carbon,
as was also shown in [56]. The momentum distribution
of π − -mesons produced in p +12 C collisions is presented
in Fig. 1b. The mean multiplicity per event of these π − mesons proved to be 0.36 ± 0.01 and practically coincided
with that, 0.33±0.02, obtained in an early work [54], with a
statistics of 1834 inelastic events. The mean multiplicity of
π − -mesons calculated using DCM and modified FRITIOF
model came out to be 0.42 ± 0.01 [54] and 0.41 ± 0.01 [67],
respectively. More details about the experiment and experimental procedures can be seen in Refs. [54–57]. The
statistics of the analyzed data in the present work consists of 6736 inelastic p +12 C events, measured under 4π
acceptance, corresponding to cross-section 265 ± 15 mb.

3.

Analysis of ∆0 (1232) production

The measured momenta of protons and π − -mesons were
used to calculate the invariant mass M of the p π system,
from the relation
M 2 = Ep + Eπ

2


2
− pp + pπ ,

(1)

where Ep , Eπ , pp , pπ are the energy and momentum of
the proton and π − -meson, respectively. The foreground
(or experimental) and background invariant mass distributions for p π − pairs in p +12 C collisions at 4.2 GeV/c
are shown in Fig. 2. In what follows the term ”foreground distribution” is used instead of commonly known
term”experimental distribution”. The foreground distribution was obtained by combining all protons and π − mesons in each individual event. The background spectrum was obtained by an event mixing method: that is,
the invariant mass of p π − pairs selected randomly using
a proton from one event and a pion from another event was
calculated. To take into account the event topology, only
the events with equal particle multiplicities were combined. As seen from Fig. 2, the foreground invariant mass
distribution for p π − pairs does not show a resonance-like
structure near M∆ = 1232 MeV/c2 , expected for ∆0 (1232)resonance, and the maximum of foreground distribution
is shifted to the values of M < 1200 MeV/c2 . This is
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Figure 2.

Foreground (•) and background (◦) invariant mass distributions of p π − pairs in p +12 C collisions at 4.2 GeV/c.

due to a large combinatorial background from uncorrelated p π − pairs as was also shown earlier for 16 O+ p
collisions [41] at 3.25 A GeV/c, C+C [39], 4 He+C [43], and
C+Ta [42] collisions at 4.2 A GeV/c, π − +12 C interactions
at 40 GeV/c [40]. To reduce such contribution as much
as possible, the method of analyzing an angle between
the proton and pion was used as done successfully in
Refs. [39–43] to extract the mass distribution of ∆0 (1232).
If the ∆ resonance decays in flight, the angle α between
the outgoing proton and pion, in the laboratory frame, is
defined by

1
cos α =
pp pπ

M∆2 NN − Mπ2 − Mp2
Ep Eπ −
2

!
,

(2)

where pp and pπ are the proton and pion momenta, Ep and
Eπ are the respective energies, and M∆NN = 1232 MeV/c2 .
This value was compared with the cosine of experimentally
measured angle β,
cos β =

pp · pπ
.
pp pπ

(3)

The foreground invariant mass distribution, dnf /dM, for
pπ pairs was constructed using just the following criterion:
only the combinations satisfying the inequality
|cos β − cos α| < ε

(4)

were kept, where ε is an arbitrary cutoff parameter theoretically lying in the interval [0,2]. If the momenta of
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protons and pions are measured with high precision, the
upper limit of this interval should be low.
It is important to mention that (73 ± 3)% of all inelastic
p +12 C collision events in experiment are peripheral interactions with the values of impact parameter, b > 2.6
fm, greater than r.m.s. radius of 12 C ≈ 2.46 fm [68]. This
value is quite close to the fraction of peripheral p+12 C
collisions, 66%, calculated within modified FRITIOF model
in [67]. The background spectrum was obtained by using
the same criterion in (4), as for foreground distribution,
and calculating the invariant mass of pπ − pairs by eventmixing technique. It is necessary to mention that for the
foreground distribution at the certain value of ε the corresponding background distribution was obtained using the
same value of the cutoff parameter ε. For the pairs measured in a certain event the corresponding mixed pair was
chosen from events with identical proton and pion multiplicities. It is necessary to note that the condition of equal
multiplicities in the foreground and mixed spectra ensures
that correlations due to the reaction dynamics and pion
rescattering in spectator matter are properly subtracted
from the foreground spectrum [11, 36, 37]. To make the
background distribution as smooth as possible by reducing statistical errors, the number of mixed combinations
for each background spectrum was 5 times greater than
in foreground distribution. Then the background spectrum
was normalized to the total number of pairs in the foreground distribution. In this way, the set of foreground
and background invariant mass distributions of pπ − pairs
was constructed for different values of the cutoff parameter
ε. The distribution of differences between foreground and
background invariant mass distribution, given by
D (M) =

dnf
dnb
−a
dM
dM

(5)

was analyzed for each ε value, where a is a coefficient
varying from 0 to 1. Interpreting the distribution D(M)
as a pure ∆0 signal, it was fitted in region 1092 – 1407
MeV/c2 by a relativistic Breit-Wigner function [38]
b (M) = C

ΓMM∆
,
2
+ Γ2 M∆2

M 2 − M∆2

(6)

where M∆ and Γ are the mass and width of the resonance,
and C is the normalization coefficient. The data set D(M)
was obtained for each ε value, varying the parameter a.
Then the data set D(M) was fitted by the function b(M)
and the value of χ 2 (a) was determined for each fit. During these fitting procedures, the parameter ε was varied
from 0.01 to 1.00 with a step of 0.01, and a varied from
0.00 to 1.00 in steps of 0.01 for each ε value. The best

Khusniddin K. Olimov, Mahnaz Q. Haseeb, Alisher K. Olimov, Imran Khan

value of the parameter a for each ε was found from the
minimum of the function χ 2 (a). Thus for each foreground
distribution (for each ε) the best background distribution
a dnb /dM at the best value of a was obtained. Analyzing
the foreground and background spectra at different values
of ε, we discovered that at ε < 0.10 the distributions D(M)
are too narrow, the width and mass being Γ < 40 MeV/c2
and M∆ ∼ 1232 MeV/c2 , respectively. This is due to relative smallness of statistics for the foreground spectrum in
the vicinity of the ∆0 (1232) peak and to dominance of the
effect of the chosen mass M∆NN in Eq. (2) for ε < 0.10.

related as well as uncorrelated pπ − pairs, as ε grows.
For ε < 0.2, it follows from Fig. 4b and Fig. 4c that the
distributions D(M) are narrow, the width and mass being
Γ < 40 MeV/c2 and M∆ ∼ 1232 MeV/c2 , respectively.

Figure 3.

Figure 4.

Foreground (•) and background (◦) invariant mass distributions of pπ − pairs in p+12 C collisions at 4.2 GeV/c obtained
using the cutoff parameters ε = 0.05 (a) and ε = 0.90 (b).

As an example, the foreground and background invariant
mass distributions of pπ − pairs at ε = 0.05 are shown in
Fig. 3a. At the values of the cutoff parameter ε > 0.85
the spectra dnf /dM become similar to the foreground
spectrum in Fig. 2  in particular a large combinatorial background from uncorrelated pπ − pairs masks the
resonance-like structure. As an example, foreground and
background invariant mass distributions of pπ − pairs obtained for ε = 0.90 are presented in Fig. 3b. With a further
increase of the parameter ε, the peak of foreground spectra shifts towards M < 1200 MeV/c2 becoming wider and
approaching more the shape of the foreground distribution
in Fig. 2 obtained without using criterion in relation (4).
The dependence of obtained best values of parameters a
and the corresponding values of M and Γ on the cutoff
parameter ε is illustrated in Figs. 4a  c. One can see
from Fig. 4a that in region ε < 0.4 the parameter a, which
characterizes the background contribution, overall grows
with an increase of ε. It is important to mention that in
this region the total number of combinations in foreground
spectra increases, with an increase of the number of cor-

Dependence of the obtained values of parameters a (a),
M (b), Γ (c) on ε.

This is, as was mentioned earlier, due to relatively less
statistics for the foreground spectrum in the vicinity of
the ∆0 peak and to a dominance of the effect of the chosen mass M∆NN in Eq. (2), for ε < 0.2. Further, Fig. 4a
shows that, in region ε ≈ 0.4  0.7, there is almost a
”plateau”, the value of a remaining stable within small oscillations, the maximal spread of a in this interval being
|amax − amin | = 0.07. With a further increase of ε, as seen
from Fig. 4a, the value of a on the whole increases showing unstable behavior with large oscillations, and reaching
the value of a ∼ 0.9 at ε = 1.0. As seen from Fig. 4b, the
region ε > 0.7 is characterized by a strong decrease of M∆
and unstable behavior of Γ as ε increases. Fig. 4b and
Fig. 4c show that the fitting errors of the parameters M∆
and Γ become large in region ε > 0.7. These observations
can be explained by a significant increase of contribution of combinatorial background from uncorrelated pπ −
pairs whereas there are almost no further contributions
from correlated pπ − pairs to the foreground spectra with
an increase of ε in region ε > 0.7. Therefore at the values of the cutoff parameter ε > 0.85 the spectra dnf /dM
become similar to the foreground spectrum in Fig. 2 with
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a large combinatorial background from uncorrelated pπ −
pairs practically masking the resonance-like structure.
The mass distribution of ∆0 (1232)-resonance was obtained
choosing the best value of the parameter ε and the corresponding best value of a. These best values of the parameters were determined from an analysis of the behavior
of the function χ 2 (ε,a). The minimum of χ 2 (ε,a) func
tion gave the following values: ε ∆0 = 0.61 ± 0.18 and

a ∆0 = 0.78+0.03
−0.05 . It is worth mentioning that the selected
best value of ε lies inside the ”plateau” region, ε ∼ 0.4
 0.7, with relatively stable values of a. The uncertainty
on ε, ∆ε/ε ≈ 30%, was estimated from an average experimental error on momentum measurement, h∆p/pi ≈ 11%,
in p+12 C collisions at 4.2 GeV/c. In what follows, all
the systematic errors in determination of parameters and
kinematical characteristics of ∆0 (1232)-resonances were
estimated based on the above obtained ε uncertainty.

Table 1.

Parameters of approximation of obtained mass distribution
of ∆0 (1232) resonances (obtained at the best value of ε)
produced in p+12 C collisions at 4.2 GeV/c by the relativistic
Breit-Wigner function.

C

M (MeV/c2 ) Γ (MeV/c2 ) χ 2 /n.d.f.

+32
25575 ± 2695 1222 ± 5+10
−14 89 ± 14−43

tion dnf /dM and the best background distribution of pπ −
pairs at the best values of ε and a are shown in Fig. 5a.
The difference distributions D(M) for pπ − pairs, using the
above chosen best values of ε and a, along with the corresponding Breit-Wigner fits are presented in Fig. 5b, from
where the mass and width of the ∆0 (1232), produced in
p+12 C collisions, were obtained. As seen from Fig. 5a, the
foreground invariant mass distribution of pπ − pairs has a
statistically significant resonance-like structure, expected
for ∆0 (1232)-resonance, at the best value of ε.
To estimate the fraction of π − -mesons coming from
∆0 (1232) decay relative to the total number of π − -mesons,
produced in p+12 C collisions, the following relation was
applied to the above obtained best foreground and background spectra:
R Mx
R ∆0 /π

Figure 5.

(a) Foreground (•) and the best background invariantmass distribution (◦) for pπ − pairs in p+12 C collisions at
4.2 GeV/c obtained using the best values of parameters ε
and a. (b) The corresponding difference (•) between the
foreground and the best background distribution for pπ −
pairs obtained at the best values of parameters ε and a
along with the corresponding Breit-Wigner fit (solid line).

The uncertainty of a was determined as the maximal posi
tive and negative deviation from a ∆0 = 0.78 of the values
of a obtained for ε in the interval from 0.43 (0.61−∆ε) to
0.79 (0.61+∆ε). The foreground invariant mass distribu-
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0.21

Mp +Mπ


−
=



dnf
dM

pC
Nin

−a·
·

dnb
dM

n(π − )



dM
(7)

with Mp + Mπ , the sum of proton and pion masses, and
Mx ≈ 1400 MeV/c2 as the lower and upper limits of integration, n(π − ) = 0.36 ± 0.01 the mean multiplicity per
pC
event of π − -mesons in p+12 C collisions, Nin = 6736 the
12
total number of inelastic p+ C collision events. The
value of numerator in Eq. (7) is simply the total excess of the foreground spectrum over the background, i.e.
N∆0 →pπ − = 939 ± 31(stat.)+237
−159 (syst.) . The systematic error
on this N∆0 →pπ − was determined as the maximal positive
and negative deviation from N∆0 →pπ − = 939 of the values of N∆0 →pπ − obtained for ε in the interval 0.43 – 0.79,
determined by ε uncertainty.
The parameters of approximation of the mass distribution of ∆0 (1232) by the relativistic Breit-Wigner function are presented in Tab. 1. As seen from the value of
χ 2 /n.d.f. in Tab. 1, a good approximation of mass distribution of ∆0 (1232)-resonances by the relativistic BreitWigner function was obtained. The systematic uncertainties in M and Γ were estimated as the maximal positive and negative deviations of these parameters obtained
for ε in the interval 0.43 – 0.79 from the corresponding
values presented in Tab. 1. It is logical to compare the
obtained parameters of ∆0 (1232)-resonances, produced in
p+12 C collisions with those of ∆0 (1232)-resonances produced in relativistic hadron-nucleus collisions, where a
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Table 2.

The masses, widths, and fractions of π − -mesons, coming from ∆0 (1232) decay, for ∆0 (1232) resonances, produced on carbon nuclei in p+12 C collisions at 4.2 GeV/c and
π − +12 C interactions at 40 GeV/c, and produced on oxygen
nuclei in 16 O+p interactions at 3.25 A GeV/c.

Reaction, p0
p+12 C, 4.2 GeV/c
π − +12 C, 40 GeV/c
16 O+p,

3.25 AGeV/c


M (MeV/c2 ) Γ (MeV/c2 ) R ∆0 /π − , %
+32
1222 ± 5+10
−14 89 ± 14−43

39 ± 3+10
−7

1226 ± 3

87 ± 7

6±1

1224 ± 4

96 ± 10

41 ± 4

similar procedure of reconstruction of mass distribution of
∆0 (1232) was used. The masses, widths, and fractions of
π − -mesons, coming from ∆0 (1232) decay, for ∆0 (1232)resonances, produced on carbon nuclei in p+12 C collisions at 4.2 GeV/c and π − +12 C interactions [40] at 40
GeV/c, and produced on oxygen nuclei in 16 O+p interactions [41] at 3.25 A GeV/c are presented in Tab. 2. As
seen from this table, the masses as well as the widths
of ∆0 (1232)-resonances for the reactions considered coincided with each other, within error limits. In spite of
the relatively large errors, the absolute values of the obtained widths of ∆0 (1232)-resonances, presented in Tab. 2,
proved to be close to each other and agree with the average width ∼ 90 ± 10 MeV/c2 of ∆(1232)-resonances obtained [41] in relativistic 16 O+p, 4 He+C, C+C, C+181 Ta,
and π − +12 C collisions. On the whole, the average mass
shifts of ∆(1232)-resonances, produced on carbon and oxygen nuclei, are in good agreement with theoretical result
of W. Weinhold et al. [35], mentioned in [11], in which
the mass of the ∆0 (1232)-resonance was calculated to be
shifted by ∆m∆ ≈ −10 MeV/c2 when corrections due to the
nucleon interaction in the πN loop of the ∆ self energy
are taken into account.
The situation with respect to relativistic nucleus-nucleus
collisions, especially for heavy ion collisions, is different
and more complex. This is because of the dense nuclear
matter created in nucleus-nucleus collisions in which the
properties of ∆(1232) can modify significantly [11, 24, 25].
As was pointed out in [11], the nuclear environment causes,
in general, a mass shift which can be either positive or
negative and depends on the hadronic density. For example, in near-central Ni+Ni and Au+Au collisions [11, 24]
at energies between 1 and 2 A GeV the average mass
shift of ∆(1232) was −60 and −80 MeV/c2 , respectively,
the obtained widths being of the order of 50 MeV/c2 . The
mass shift of ∆(1232) in nucleus-nucleus collisions was
found to be roughly proportional to the number of participants that became smaller with increasing impact parameter b [11, 23, 25]. In our case, we deal with light carbon
nuclei and the results are averaged over all impact param-

eter b values. If we relate the significant decrease of the
mass and width of ∆(1232) as due to the high values of
the hadronic densities created in near-central relativistic
heavy ion collisions, then the smaller modification of the
mass and width of ∆(1232)-resonance in the present work
can be explained by the predominantly peripheral character of collisions, and hence by the smaller hadronic densities roughly equaling the normal nuclear densities [41].
−
Table 2 shows that (39±3+10
−7 )% of π -mesons, produced in
12
p+ C collisions at 4.2 GeV/c, are estimated to come from
the decay of ∆0 (1232). A significant part of π − -mesons
(41 ± 4%), as seen from this table, was estimated to come
from decay of ∆0 (1232)-resonances, produced on oxygen
nuclei in 16 O+p collisions [41] at 3.25 A GeV/c. On the
other hand, as seen from Tab. 2, only (6 ± 1)% of π − mesons come from ∆(1232) decay in π − +12 C interactions
at 40 GeV/c [40]. This result was expected [40], since at
projectile energies as high as 40 GeV, as compared to energies of the order of a few GeV/nucleon, more channels
open up for the favorable production of other higher mass
resonances as well as ρ0 -, ω0 -, and f 0 -mesons [69, 70]. In
an early work [70] it was shown that approximately 30%
of charged pions produced in π − +12 C interactions at 40
GeV/c come from ρ0 -, ω0 -, and f 0 -meson decay. A comparison of the above mentioned fractions of π − -mesons coming
from ∆0 (1232) decays with the other published data, including central heavy ion collisions, is illustrated in Fig. 6.
As seen from this figure, the fraction of π − coming from
∆0 (1232) decays generally decreases with an increase of

incident energy. Our result for R ∆0 /π − in p+12 C collisions at 4.2 GeV/c, as illustrated in Fig. 6, agrees within

error limits with R ∆0 /π − in 4 He+C and C+C collisions
at the same incident energy per nucleon, and is in line
with the results of other experiments with different colliding nuclei at various incident energies.
We can estimate from the results presented above the
relative number of nucleons excited to ∆0 at freeze-out,
n(∆) /n (nucleon+∆). The abundance of ∆0 can be evaluated using the relation [24]:

π−
n(∆) = n π − fisobar −∆ ,
πall

(8)

where n(π − ) is the average number of π − per event,
−
π∆− /πall
is the fraction of π − coming from ∆0 (1232) decays,
and fisobar is the prediction of the isobar model [71]:
fisobar



n π− + π0 + π+
6 Z 2 + N 2 + NZ
=
=
n(π − )
5N 2 + NZ

(9)

with N and Z being the number of neutrons and protons
respectively. The mean multiplicity of π − in p+12 C col-
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Figure 6.

Dependence of fraction of π − mesons coming from ∆0
decay on beam kinetic energy per nucleon: (?)  obtained in the present work for p+12 C collisions at 4.2 GeV/c
(Tbeam ≈ 3.4 A GeV); (◦)  obtained in 16 O+p collisions at
3.25 A GeV/c (Tp ≈ 2.5 GeV in oxygen nucleus rest frame);
()  obtained in central Ni+Ni collisions at 1.06, 1.45, and
1.93 A GeV; ()  obtained in central 28 Si+Pb collisions at
plab = 14.6 A GeV (Tbeam ≈ 13.7 A GeV); (N) and (M) 
obtained in 4 He+C and C+C collisions respectively at 4.2
A GeV/c (Tbeam ≈ 3.4 A GeV); ()  obtained in π − +12 C
collisions at 40 GeV/c (Tbeam ≈ 39.9 GeV).

lisions at 4.2 GeV/c is n(π − ) = 0.36 ± 0.01. For (p+12 C)
system fisobar ≈ 3.43.
Assuming
D
E
part
np
hn(π + )ipC
hn(π + )ipN
D
E =
=
= 1.7
pC
part
hn(π − )i
hn(π − )ipN
nn
D
from p-nucleon interactions, where

nn

part

E
is the mean

12

multiplicity of participant neutrons in p+ C collisions at
4.2 GeV/c, we can evaluate
n(nucleon + ∆) = npart
+ npart
+ hn∆ i ,
p
n

(10)

D
E
part
with np
= 1.83 ± 0.04 and hn∆ i = 0.14 ± 0.01+0.04
−0.03 being the mean multiplicities of participant protons and ∆0
respectively in p+12 C collisions at 4.2 GeV/c. Using the
above results, the relative number of nucleons excited to
∆0 at freeze-out was found to be n(∆) /n(nucleon + ∆) =

16 ± 3+4
−3 %. A comparison of this result with those obtained in earlier works for different sets of colliding nuclei
at various incident energies is shown in Fig. 7. As seen
from this figure, the relative number of nucleons excited
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Figure 7.

The relative number of nucleons excited to ∆0 at freeze-out
as a function of beam energy: (?)  obtained in the present
work for p+12 C collisions at 4.2 GeV/c; (◦)  obtained in
16
O+p collisions at 3.25 A GeV/c; ()  obtained by FOPI
collaboration for central Ni+Ni collisions; ()  obtained
in E814 experiment for central 28 Si+Pb collisions at plab =
14.6 A GeV/c; (N) and (4)  obtained for 4 He+C and C+C
collisions respectively at 4.2 A GeV/c.

to ∆0 at freeze-out in p+12 C collisions at 4.2 GeV/c is
compatible with those obtained in Refs [22, 24, 39, 43].
In [67] the dependences of the multiplicities of charged
particles on Q value in p+12 C collisions at 4.2 GeV/c
evap
were investigated, where Q = n+ − n− − np with n+
and n− being the numbers of positively and negatively
(singly) charged particles in an event, respectively, and
evap
np  the number of protons with plab < 300 MeV/c classified as the evaporated ones. It was found that FRITIOF
model underestimates the multiplicity dependence of negative pions. Therefore an attempt was made to account for
non-nucleon degrees of freedom in nuclei in the modified
FRITIOF model. It was assumed in the modified FRITIOF
model [59, 67] that 20% of participant nucleons are excited
to ∆0 (∆+ ). This modified version of FRITIOF with allowance for ∆ isobars could describe well the multiplicity
dependence of negative pions as well as the other experimental features of the secondary particles. The relative
number of nucleons excited to ∆0 at freeze-out in p+12 C
collisions at 4.2 GeV/c, estimated in the present work, is
consistent with this model assumption.

4. The kinematical
∆0 (1232)

spectra

of

To extract the mean kinematical characteristics of
∆0 (1232)-resonances, produced on carbon nuclei in p+12 C
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collisions, we reconstructed the momentum, transverse momentum, kinetic energy, and rapidity distributions in the
laboratory frame, i.e. in the carbon nucleus rest frame. To
do this, we used all pπ − pairs contributing to the foreground invariant mass distribution in Fig. 5a, obtained
using the best value of cutoff parameter ε. The momentum, transverse momentum, kinetic energy, and rapidity
distributions of ∆0 (1232) were calculated using the relations
p∆ = pp + pπ ,
(11)
pt = ppt + pπt ,
T∆ = p2∆ + M∆2

Y =

1
ln
2

 21

(12)

− M∆ ,

E∆ + pL∆
E∆ + pL∆

(13)


,

(14)

respectively, where pp and pπ are the proton and pion momenta, ppt and pπt are the proton and pion transverse momenta, M∆ represents the invariant mass of pπ − pair, and
E∆ and pL∆ is the total energy and longitudinal momentum
of ∆0 (1232), respectively. To account for the background
contribution into the foreground invariant mass distribution of pairs in Fig. 5a, the calculated kinematical characteristics of ∆0 (1232) for each pπ − pair were taken with
a weight
!
b
dnf
− a · dn
dM
dM
w=
,
(15)
dnf
dM

M=Mpπ

determined atM = Mpπ using the experimental and background invariant mass distributions of pπ − pairs obtained
at the best values of ε and a. To estimate the systematic
uncertainties in the obtained kinematical characteristics
of ∆0 (1232) at the best value of cutoff parameter ε, we
did the following: we reconstructed the kinematical distributions of ∆0 (1232) for such ε values within the interval
ε = 0.43 – 0.79, determined by ε uncertainty, for which we
obtained the extreme values of N∆0 (1232)→pπ − . We obtained
the minimal value of N∆0 (1232)→pπ − = 780 ± 28 at ε = 0.43
and the maximal value of N∆0 (1232)→pπ − = 1176 ± 34 at
ε = 0.68. The so-obtained (for ε = 0.61, ε = 0.43, and
ε = 0.68) momentum, transverse momentum, kinetic energy, and rapidity distributions of ∆0 (1232), normalized to
the total number of ∆0 (1232), are presented in Figs. 8a –
d. As seen from Fig. 8, all the kinematical distributions
obtained practically coincided with each other for three
different cutoff parameter values.
As seen from Fig. 8d, the peak of reconstructed rapidity distributions of ∆0 (1232) produced in p+12 C collisions
at 4.2 A GeV/c appears between the center-of-mass rapidity (y ∼ 0.28) of the collision (p+12 C) system and the
nucleon-nucleon center-of-mass-rapidity (yc.m. = 1.1 for

Figure 8.

Reconstructed momentum (a), transverse momentum (b),
kinetic energy (c), and rapidity (d) distributions of ∆0 (1232)
resonances produced in p+12 C collisions at 4.2 GeV/c in
the laboratory frame (normalized to the total number of
∆0 (1232)) obtained for the values of ε = 0.43 (), ε =
0.61 (•), ε = 0.68 (◦). Rapidity distribution of protons (N)
in p+12 C collisions at 4.2 GeV/c (normalized to the total
number of protons) is also presented for a comparison in
(d).

4.2 GeV/c). In a simplistic picture the rapidity distribution
of ∆0 (1232)-resonances would have a peak at the nucleonnucleon center-of-mass-rapidity yc.m. = 1.1 if ∆0 (1232) had
been produced in first chance nucleon-nucleon collisions.
However, the location of the peak of the rapidity distribution of ∆0 (1232) close to the target fragmentation region
indicates that most of ∆0 (1232) are produced in secondary
collisions in carbon nuclei as well as in peripheral p+12 C
interactions. Indeed,
D theEaverage number of participant
part
protons per event, np
= 1.83 ± 0.04, in p+12 C collisions at 4.2 A GeV/c proved to be significantly larger
than the average of the mean multiplicities of participant
protons for p+p and p+n collisions,
D
npart
p

pN

np

part

E
pp

D
E
part
+ np

pn

=
2

[72], which is the average number of participant protons
per event in proton-nucleon collisions. This shows a significant contribution of secondary collisions even for such
light nucleus as carbon [56]. Obviously in case of absence
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Table 3.

The mean values of momentum, kinetic energy, transverse
momentum, and rapidity of ∆0 (1232) resonances, produced
in p+12 C collisions at 4.2 GeV/c, in the laboratory frame obtained for the values of ε = 0.61, ε = 0.43, and ε = 0.68 (the
corresponding statistics of N∆0 (1232)→pπ − is also presented).

ε

0.61

0.43

0.68

hpi, MeV/c

1103 ± 27+33
−15

1136 ± 30

1088 ± 24

The mean values of momentum, transverse momentum,
and rapidity of participant protons in p+12 C collisions at
4.2 GeV/c [59] compared to those calculated in [59, 67]
and in [60] using the FRITIOF model with and without allowance for delta isobars respectively. The calculations
within DCM [56] are also included.

Kinematical Experiment FRITIOF

Modified

DCM

hT i, MeV

523 ± 20+14
−9

537 ± 22

514 ± 18

characteristics
hpi, MeV/c

1368 ± 7

1170 ± 3

1362 ± 2

1294 ± 6

hpt i, MeV/c

422 ± 9+11
−3

433 ± 9

419 ± 8

hpt i, MeV

437 ± 2

420 ± 1

452 ± 1

459 ± 3

*

0.75 ± 0.01

hY i
N∆0 (1232)→pπ −

0.59 ± 0.02+0.02
−0.01 0.61 ± 0.02 0.58 ± 0.01
939 ± 31+237
−159

780 ± 28

hY i

FRITIOF

0.78 ± 0.01 0.72 ± 0.01

1176 ± 34

of secondary collisions in carbon nuclei the mean multiplicities of participant protons would coincide for p+12 C
and proton-nucleon collisions.
For the sake of comparison, we also plotted in Fig. 8d
the rapidity distribution of protons in p+12 C collisions at
4.2 GeV/c, which is characterized by a prominent peak at
y ≈ 0.2 and is due to slow target protons with plab < 300
MeV/c, as was shown in Ref. [56]. Another enhancement,
but of a significantly lesser magnitude, can be seen in
region y ≈ 1.8 – 2.1, which is due to initial protons scattered quasi-elastically on the nucleons from carbon [56],
and is also visible in momentum distribution of protons
in Fig 1a. The shape of rapidity distribution of protons
in Fig. 8d confirms that a significant part of protons in
p+12 C collisions is produced in secondary collisions in
carbon nuclei as well as in peripheral interactions, as
in the case of ∆0 (1232)-resonances. It should be mentioned that the rapidity distribution of protons in p+12 C
collisions at 4.2 GeV/c was described quite satisfactorily
by the Dubna Cascade and modified FRITIOF models in
Refs. [56, 59, 67]
The mean values of momentum, kinetic energy, transverse
momentum, and rapidity of ∆0 (1232)-resonances, produced
in p+12 C collisions at 4.2 GeV/c, in the laboratory frame
obtained for the values of ε = 0.61, ε = 0.43, and ε = 0.68
along with the corresponding statistics of N∆0 (1232)→pπ − are
presented in Tab. 3.
For a comparison, the mean values of momentum, transverse momentum, and rapidity of participant protons in
p+12 C collisions are presented in Tab. 4 along with calculations by using FRITIOF model with and without allowance for delta isobars, as well as DCM. As seen from
Tab. 3 and Tab. 4, ∆0 (1232)-resonances are characterized
by the smaller values of mean momentum and rapidity as
compared to those for participant protons, whereas their
mean transverse momenta are almost the same within the
errors.
We reconstructed in a similar way the spectrum of invari-
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Table 4.

ant cross-sections, Ed3 σ /d3 p , of ∆0 (1232)-resonances,
produced in p+12 C collisions as a function of the kinetic
energy in the laboratory frame for the values of ε = 0.61,
ε = 0.43, and ε = 0.68. The reconstructed spectrum for the
best value, ε = 0.61, is presented in Fig. 9a. In this figure

Figure 9.

Reconstructed invariant cross sections of ∆0 (1232) resonances produced in p+12 C collisions at 4.2 GeV/c versus
their kinetic energy T in the laboratory frame for ε = 0.61,
solid line  fit by the function in Eq. (16). (b)  Reconstructed invariant cross sections of ∆0 (1232) resonances
for the values of ε = 0.43 (), ε = 0.61 (•), and ε = 0.68 (◦).

we accounted only for ∆0 (1232)-resonances decaying via
∆0 → p + π − channel. To account for ∆0 → n + π 0 decay
channel, one can simply multiply the spectrum in Fig. 9a
by a factor of three, since we have, using the respective
Clebsh-Gordan coefficients [44], the following probabilities of ∆0 (1232) decay into different isospin channels:
∆0 →

 1

2
· n + π0 + · p + π− .
3
3

As seen from Fig. 9a, the spectrum of invariant crosssections of ∆0 (1232) can be characterized by three regions
with different slopes:
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1. T < 0 – 50 MeV,
2. T ∼ 50 – 400 MeV, and
3. T > 400 MeV.
As seen from Fig. 9b, the spectra of invariant cross sections obtained for ε = 0.43 and ε = 0.68 show a behavior
similar to the spectrum obtained for ε = 0.61. It is interesting to mention an appearance of a separate steep
slope in region T ∼ 0 – 50 MeV. Such a trend was also
visible in region T ∼ 0 – 30 MeV of reconstructed invariant cross sections of ∆0 (1232)-resonances produced in
16
O+p interactions at 3.25 A GeV/c [41]. The first point
obtained for this region in 16 O+p interactions was visibly
above the fitting curve [41]. Such a behavior was showing
up again in invariant cross sections of ∆0 (1232) in p+12 C
collisions. Since statistics allowed us, we determined here
the invariant cross sections for five points subdividing the
region of T = 0 – 50 MeV into five bins, and appearance
of a steep slope for T ∼ 0 – 50 MeV became evident (see
Fig. 9a and 9b). Therefore we fitted the spectrum of invariant cross-sections of ∆0 (1232)-resonances versus their
kinetic energy in region T = 0 – 3 GeV by the function






T
T
T
f(T ) = A1 exp −
+ A2 exp −
+ A3 exp −
T1
T2
T3
(16)
with three slopes T1 , T2 = T0 , and T3 . In [41] we estimated the temperature T0 of ∆0 (1232)-resonances produced on oxygen nuclei in 16 O+p interactions at 3.25 A
by fitting their spectrum of invariant cross-sections by an
exponential with a single slope T0 in region of relatively
small kinetic energies T = 30 – 400 MeV in the oxygen nucleus rest frame. Naturally only the particles with
relatively small kinetic energies in the fragmenting nucleus rest frame could originate from some equilibrium
state of nuclear matter, and hence contain information
about the state of excited nuclear matter. The particles
with relatively high kinetic energies (momenta) are most
likely produced in processes of hard scattering (collisions
with relatively large momentum transfers) and hence do
not carry information about the freeze-out temperature
of nuclear matter. The value of T0 = 103 ± 4 MeV obtained for ∆0 (1232) in 16 O+pinteractions at 3.25 A GeV/c
(Tbeam = Tp ≈ 2.5 GeV in the oxygen nucleus rest frame)
was consistent [41] with freeze-out temperatures obtained
using different methods for ∆(1232) produced in other experiments with different colliding nuclei and at various
energies.
As seen from Fig. 9a and the value of χ 2 /n.d.f. in Tab. 5,
the spectrum of invariant cross-sections of ∆0 (1232)resonances, produced in p+12 C collisions, is fitted well by
the function in Eq. (16) with the values of T1 = (13 ± 5+1
−4 )

+30
MeV, T2 = T0 = (116 ± 20+10
−3 ) MeV, and T3 = (485 ± 48−12 )
MeV. Here T1 corresponds obviously to region T ∼ 0 –
50 MeV, T0 corresponds to T ∼ 50 – 400 MeV and can be
taken as an estimate of the freeze-out temperature, and T3
corresponds to the region T > 400 MeV, where ∆0 (1232)resonances are most likely produced in processes of hard
p+12 C scattering. It is interesting to note that the spectrum of invariant cross sections of ∆0 (1232) in region T ∼ 0
– 50 MeV has a slope, T1 = (13 ± 5+1
−4 ) MeV, which is of the
order of temperatures, ∼ 5 – 8 MeV, typical for nucleons
coming from evaporation.
However the freeze-out temperature T0 = (116 ± 20+10
−3 )
MeV, estimated above using fitting by function in Eq. (16),
for ∆0 (1232) produced in mainly peripheral p+12 C collisions at 4.2 GeV/c, could have been overestimated due to
the influence of the region of relatively high kinetic energies with quite large values of parameter T and longitudinal momentum transferred to the system by impinging
protons. The large fitting errors obtained for T0 could be
one of the possible indications of this. To check this and
obtain a better estimate for T0 , free of possible ”longitudinal” effects, we reconstructed the invariant cross sections
f(mt ) = d2 σ / (2πmt dydmt ) of ∆0 (1232) depending
p on their
reduced transverse mass mt −m∆ , where mt = m2∆ +p2t is
the transverse mass of ∆0 (1232).
In Figs. 10a and 10b invariant cross sections f(mt ) of
∆0 (1232) versus their reduced transverse mass obtained
for the best value of ε = 0.61 and the corresponding fits
by the functions


A1 exp

− (mt − m∆ )
T1




+ A2 exp

− (mt − m∆ )
T2


(17)

and

A1 exp

− (mt − m∆ )
T1






− (mt − m∆ )
+
T2


− (mt − m∆ )
A3 exp
(18)
T3

+ A2 exp

with two and three slopes respectively are shown for rapidity intervals −0.4 < y < 1.1 and −0.4 < y < 2.2.
The corresponding parameters of approximation of f(mt )
by functions in expressions (17) and (18) are presented
in Tab. 6. As can be seen from Tab. 6, the values of T2
and T3 obtained from fitting by sum of three exponentials
are significantly lower than the corresponding values in

Tab. 5. This indicates that T2 = T0 = 116 ± 20+10
−3 , obtained from fitting by function in (16), was an overestimation. For an even better estimate of T0 , we searched
for region of a single slope in different intervals within
the range mt − m∆ = 50 – 400 MeV. Spectra of f(mt ) of
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Table 5.

Parameters of approximation of reconstructed invariant cross sections of ∆0 (1232) resonances produced in p+12 C collisions at 4.2 GeV/c
by the function in Eq. (16), where T is the kinetic energy of ∆0 (1232) in the laboratory frame, for the values of ε = 0.61, ε = 0.43, and
ε = 0.68.

ε

0.61

A1 ,

88.78 ± 30.82+20.90
−14.99

0.43

0.68

73.88 ± 36.45 109.68 ± 33.22

mb GeV−2 c3 sr−1
T1 , GeV

0.013 ± 0.005+0.001
−0.004 0.009 ± 0.004 0.014 ± 0.005

A2 ,
mb

GeV−2

20.93 ± 4.69+5.69
−4.42
c3

T2 = T0 , GeV

mb

2.81 ± 0.75+0.83
−0.74
c3

T3 , GeV

2.07 ± 0.63

3.66 ± 0.91

sr−1
0.485 ± 0.048+0.030
−0.012 0.515 ± 0.059 0.473 ± 0.043

χ 2 /n.d.f.

Table 6.

26.62 ± 6.17

0.116 ± 0.020+0.010
−0.003 0.126 ± 0.020 0.113 ± 0.019

A3 ,
GeV−2

16.51 ± 3.05

sr−1

0.25

0.28

0.31

Comparison of parameters of approximation of invariant cross sections f(mt ) = d2 σ / (2πmt dydmt ) versus their reduced transverse mass
mt − m∆ by the sum of two and three exponentials with two and three slopes respectively for rapidity intervals −0.4 < y < 1.1 and
−0.4 < y < 2.2.

Fitting function

Parameters

−0.4 < y < 1.1 −0.4 < y < 2.2

A1 , mb GeV−2 30.88 ± 3.94
Sum of two exponentials
(expression (17))

T1 , GeV
A2 , mb

19.53 ± 2.73

0.062 ± 0.009 0.062 ± 0.011

GeV−2

T2 , GeV

4.49 ± 2.81

3.77 ± 2.30

0.141 ± 0.016 0.134 ± 0.014

χ 2 /n.d.f.

0.405

0.423

A1 , mb GeV−2 17.35 ± 14.97 12.12 ± 11.16
T1 , GeV
Sum of two exponentials A2 , mb
(expression (18))

0.028 ± 0.031 0.036 ± 0.034

GeV−2

A3 , mb GeV−2
T3 , GeV
χ 2 /n.d.f.

∆0 (1232) versus their reduced transverse mass obtained
for the values of ε = 0.43, ε = 0.61, and ε = 0.68 and the
corresponding fits with a single slope Boltzmann distribution, A0 exp (− (mt −m∆ ) /T0 ), in region mt −m∆ = 50 –
300 MeV are presented in Figs. 10c and 10d. The corresponding parameters of approximation by an exponential
with a single slope T0 for fitting ranges mt − m∆ = 50 –
300, 50 – 400, 50 – 250, and 100 – 300 MeV and rapidity intervals −0.4 < y < 1.1 and −0.4 < y < 2.2 are
presented in Tab. 7 and Tab. 8. As seen from these two
tables, we obtained the minimal values of χ 2 /n.d.f. for
the fitting range mt −m∆ = 50 – 300 and rapidity interval
−0.4 < y < 1.1. The corresponding value of T0 proved
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21.55 ± 13.80 12.54 ± 10.04

T2 = T0 , GeV 0.082 ± 0.032 0.090 ± 0.041
1.78 ± 3.77

0.97 ± 3.27

0.161 ± 0.048 0.160 ± 0.071
0.384

0.415

to be (79 ± 8 ± 1) MeV, which was stable within ±1 MeV
for all the three ε values. As observed from Fig. 10d, the
spectra at mt−m∆ > 300 MeV start to deviate from a single
slope behavior of f(mt ), which is due to onset of contribution from hard scattering, as was discussed earlier. This
is also supported by χ 2 /n.d.f. values given in Tab. 7, which
decrease more than tenfold as the fitting range is changed
from mt − m∆ = 50 – 400 to 50 – 300 MeV. The so estimated freeze-out temperature, T0 = (79 ± 8 ± 1) MeV, as
seen from Tab. 7, has chi2 /n.d.f. values which are at least
four times smaller than that obtained for T0 in Tab. 5. We
also fitted the spectra of f(mt ) in region mt −m∆ = 0 – 300
MeV by the sum of two exponentials with two slopes for all
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Table 7.

Comparison of parameters of approximation of invariant cross sections f(mt ) versus mt −m∆ with a single slope Boltzmann distribution
for fitting ranges mt −m∆ = 50 – 300 and 50 – 400 MeV and rapidity intervals −0.4 < y < 1.1 and −0.4 < y < 2.2.

−0.4 < y < 1.1
ε

Parameter

A0 ,

−0.4 < y < 2.2

mt −m∆ =

mt −m∆ =

mt −m∆ =

mt −m∆ =

= 50 – 300

= 50 – 400

= 50 – 300

= 50 – 400

MeV

MeV

MeV

MeV

29.37 ± 6.27

24.19 ± 4.51

19.93 ± 4.12

16.29 ± 2.93

0.61 mb GeV−2
T0 ,

0.079 ± 0.008 ± 0.001 0.089 ± 0.008 0.079 ± 0.008 0.090 ± 0.008

GeV
χ 2 /n.d.f.

0.0515

0.5508

0.0661

0.5299

A0 ,

25.17 ± 5.44

21.03 ± 4.00

17.15 ± 3.59

14.25 ± 2.61

0.079 ± 0.009

0.089 ± 0.008 0.080 ± 0.008 0.090 ± 0.008

0.43 mb

GeV−2
T0 ,
GeV

χ 2 /n.d.f.

0.0644

0.4569

0.0884

0.4560

A0 ,

37.36 ± 7.69

30.60 ± 5.49

25.18 ± 5.04

20.48 ± 3.56

0.078 ± 0.008

0.088 ± 0.007 0.079 ± 0.008 0.089 ± 0.007

0.68 mb

GeV−2
T0 ,
GeV

χ 2 /n.d.f.

0.0331

the three ε values for rapidity interval −0.4 < y < 1.1. The
corresponding spectra and fits are shown in Fig. 11 and
the parameters of approximation of invariant cross sections
f(mt ) presented in Tab. 9.
As seen from Tab. 9, the values of T2 = T0 are in very good
agreement with the above obtained estimate of freezeout temperature of ∆0 (1232). The data of Tab. 9 confirm
the existence of a steep slope in region of mt −m∆ < 30
– 40 MeV. However, in this case, this region of small
mt − m∆ could be partly influenced by contribution from
∆0 (1232) moving in longitudinal direction with kinetic energies T > 50 MeV possessing very small transverse momentum. Therefore the values of T1 in Tab. 9 have large
uncertainties, agreeing nevertheless within errors with the

value T1 = 13 ± 5+1
−4 MeV in Tab. 5 obtained for region
of kinetic energies T < 50 MeV.
In central heavy ion-collisions at energies between 1 and
2 A GeV [11] it was deduced that apparent temperature
of reconstructed ∆(1232)-resonances, T∆ ≈ 40 – 60 MeV,
was smaller than that of protons. This was attributed to
the fact that the reconstructed ∆(1232) are stemming from
rather late ”colder” phase of the collisions. The ∆(1232)
produced earlier are more difficult to reconstruct, because
the decay pions may scatter before leaving the collision
zone. However in the present work the estimated apparent temperature of ∆0 (1232)-resonances, T0 = (79 ± 8 ± 1)

0.6162

0.0485

0.5809

MeV, proved to be larger than that of protons, Tp = (62 ± 2)
MeV, estimated in [73], in p+12 C collisions at 4.2 GeV/c.
This fact and that the minimal kinetic energy of ∆0 (1232)
reconstructed in the present analysis proved to be sufficiently small, (T∆ )min , indicates that, in the present work,
practically all the ∆0 (1232) → pπ − could be reconstructed
correctly within the given uncertainties.
In [24] the freeze-out temperatures of ∆(1232), produced in
Ni+Ni collisions at beam kinetic energies between 1 and
2 A GeV, were estimated within the context of hadrochemical equilibrium model [74, 75] using the obtained fractions,
n(∆) /n(nucleon+∆), of nucleons excited to ∆(1232). The
freeze-out temperatures of ∆(1232), produced in Ni+Ni
collisions at 1 – 2 A GeV and Au+Au collisions at 1.06 A
GeV, were extracted in [32, 33] from the radial flow analysis. Further in [22] the pion enhancement at low transverse
momentum was used to determine ∆(1232) abundance in
central 28 Si+Al, Pb collisions at plab = 14.6 GeV/c per
nucleon (Tbeam ≈ 13.7 A GeV), and the freeze-out temperature of the system was extracted using the measured
∆(1232) abundance. It was concluded [22] that in central
28
Si+Pb collisions at 14.6 A GeV/c a fireball is formed
with substantial excitation of ∆ baryons which freezes out
at T0 = 138+23
−18 MeV. All the above mentioned freeze-out
temperatures along with the values of T0 for ∆++ (1232)
and ∆0 (1232)-resonances, produced on oxygen nuclei in

1405

Analysis of ∆0 (1232) production in collisions of protons with carbon nuclei at 4.2 GeV/c

Table 8.

The parameters of approximation as in Tab. 7 for fitting ranges mt −m∆ = 50 – 250 and 100 – 300 MeV at the best value of ε = 0.61.

−0.4 < y < 1.1
ε

Parameter

A0 ,

−0.4 < y < 2.2

mt −m∆ =

mt −m∆ =

mt −m∆ =

mt −m∆ =

= 50 – 250

= 100 – 300

= 50 – 250

= 100 – 300

MeV

MeV

MeV

28.88 ± 6.94 30.26 ± 13.87 19.38 ± 4.53

MeV
20.92 ± 9.16

0.61 mb GeV−2
T0 ,

0.080 ± 0.011 0.078 ± 0.014 0.081 ± 0.010 0.078 ± 0.014

GeV
χ 2 /n.d.f.

0.0587

0.0582

0.0666

Figure 11.

Figure 10.

Reconstructed invariant cross sections f(mt ) of ∆0 (1232)
versus their reduced transverse mass obtained for the
best value of ε = 0.61 and fits by the sum of two (dotted
line) and three (solid line) exponentials with two (three)
slopes (both fit curves are very close to each other) for
rapidity intervals −0.4 < y < 1.1 (a) and −0.4 < y < 2.2 (b);
Reconstructed invariant cross sections f(mt ) of ∆0 (1232)
versus their reduced transverse mass obtained for the
values of ε = 0.43 (), ε = 0.61 (•), and ε = 0.68 (◦) in
region mt −mDelta = 50 – 400 (d) and the corresponding
fits with a single slope Boltzmann distribution in region
mt −mDelta = 50 – 300 MeV (c) for rapidity interval −0.4 <
y < 1.1.

O+p interactions (Tbeam = Tp ≈ 2.5 GeV) and for ∆0 (1232)
produced in p+12 C collisions (Tbeam = Tp ≈ 3.4 GeV) are
presented in Fig. 12. As seen from Fig. 12, the freeze-out
temperatures for ∆(1232) produced in central heavy ion
16

1406

0.0808

Reconstructed invariant cross sections f(mt ) of ∆0 (1232)
versus their reduced transverse mass obtained for the
values of ε = 0.43 (), ε = 0.61 (•), and ε = 0.68 (◦) and
the corresponding fits by the sum of two exponentials
with two slopes in region mt −m∆ = 0 – 300 MeV.

collisions increase with an increase of beam energy. However the freeze-out temperature, T0 = (79 ± 8 ± 1) MeV,
estimated in the present work does not follow such an increasing behavior with an increase of beam energy. This
is most likely due to mainly peripheral character of p+12 C
collisions and relative smallness of the interacting p+12 C
system. The relatively higher value of T0 estimated in
16
O+p interactions was most probably due to an overestimation of this parameter caused by fitting the kinetic
energy spectra of ∆(1232) with an exponential with a single slope [41].
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Table 9.

Parameters of approximation of invariant cross sections
f(mt ) of ∆0 (1232)-resonances versus mt −m∆ by the sum of
two exponentials with two slopes for fitting range mt −m∆ = 0
– 300 MeV and rapidity interval −0.4 < y < 1.1.

Parameters
A1 ,
mb

ε = 0.61

ε = 0.43

ε = 0.68

14.44 ± 11.65 11.22 ± 48.72 19.51 ± 14.58

GeV−2
T1 ,

0.017 ± 0.024 0.005 ± 0.022 0.016 ± 0.021

GeV
A2 ,

28.30 ± 8.50

25.25 ± 3.61

35.80 ± 9.81

mb GeV−2
T2 ,

0.080 ± 0.011 0.079 ± 0.007 0.079 ± 0.010

GeV
chi2 /n.d.f.

Figure 12.

5.

0.0426

0.0504

0.0440

Dependence of T0 on beam kinetic energy per nucleon:
(?)  T0 obtained in the present work for ∆0 resonances
produced in p+12 C collisions at 4.2 GeV/c; (•) and (◦)
 T0 obtained for ∆++ and ∆0 resonances, respectively,
produced on oxygen nuclei in 16 O+p collisions at 3.25 A
GeV/c; T0 obtained from the radial flow analysis () and
using the hadrochemical equilibrium model () for ∆ resonances produced in Ni+Ni collisions; (N)  T0 obtained
from the radial flow analysis for ∆0 resonances produced
in Au+Au collisions at 1.06 A GeV; ()  T0 obtained for
∆ resonances produced in central 28 Si+Pb collisions at
plab = 14.6 A GeV/c.

Conclusions

We reconstructed the mass distribution of ∆0 (1232) produced in p+12 C collisions at 4.2 GeV/c using the angular
criterion. The mass and width of ∆0 (1232) came out to be


+32
2
2
1222 ± 5+10
−14 MeV/c and 89 ± 14−43 MeV/c , respec−
tively. The fraction of π -mesons (relative to their total
number) coming from ∆0 (1232) decay in p+12 C collisions


was estimated to be 39 ± 3+10
−7 % and agreed within uncertainties with those in 4 He+C and C+C at the same
incident energy per nucleon. Comparing this fraction
with the corresponding results for heavy-ion collisions and
other results for different sets of colliding nuclei and incident energy range Tbeam /A ≈ 1 – 40 GeV, we observed
an overall decreasing behavior of the fraction of π − from
∆0 (1232) decay with an increase of incident energy. The
relative number of nucleons excited to ∆0 at freeze-out in

p+12 C collisions was estimated to be 16 ± 3+4
−3 %.
The momentum, kinetic energy, transverse momentum, and
rapidity distributions of ∆0 (1232)-resonances, produced
in p+12 C collisions at 4.2 GeV/c, were reconstructed
and their mean values determined. We found that the
mean momentum and rapidity of ∆0 (1232) were noticeably smaller than those of participant protons, whereas
the mean transverse momenta of ∆0 (1232) and participant
protons coincided within errors. The invariant cross sections of ∆0 (1232) as a function of the kinetic energy as
well as their invariant transverse mass spectra were reconstructed in the laboratory frame. The freeze-out temperature of ∆0 (1232) deduced in the present analysis,
T0 = (79 ± 8 ± 1) MeV, proved to be larger than that of
protons, Tp = (62 ± 2) MeV, estimated in [73] for p+12 C
collisions at 4.2 GeV/c. However this temperature was
lower than expected from increasing trend of T0 with an
increase in beam energy observed for central heavy ion
collisions. This was interpreted as due to mainly peripheral character of p+12 C interactions and relative smallness
of the colliding p+12 C system. We also found that the
spectrum of invariant cross sections of ∆0 (1232) in region

T ∼ 0 – 50 MeV has a slope, T1 = 13 ± 5+1
−4 MeV, of the
order of temperatures, ∼ 5 – 8 MeV, typical for evaporated
nucleons.
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