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Abstract:

The collision of two elastic or viscoelastic spherical shells is investigated as a model for the dynamic response of a human head impacted by another head or by some spherical object. Determination of the
impact force that is actually being transmitted to bone will require the model for the shock interaction of
the impactor and human head. This model is indended to be used in simulating crash scenarios in frontal
impacts, and provide an effective tool to estimate the severity of effect on the human head and to estimate
brain injury risks. The model developed here suggests that after the moment of impact quasi-longitudinal
and quasi-transverse shock waves are generated, which then propagate along the spherical shells. The
solution behind the wave fronts is constructed with the help of the theory of discontinuities. It is assumed
that the viscoelastic features of the shells are exhibited only in the contact domain, while the remaining parts
retain their elastic properties. In this case, the contact spot is assumed to be a plane disk with constant
radius, and the viscoelastic features of the shells are described by the fractional derivative standard linear
solid model. In the case under consideration, the governing differential equations are solved analytically by
the Laplace transform technique. It is shown that the fractional parameter of the fractional derivative model
plays very important role, since its variation allows one to take into account the age-related changes in the
mechanical properties of bone.
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1.

Introduction

There are many situations in which the human body is
subjected to impact loading, including automobile crashes,
falls, blast effects, gunshots, and high-energy sports. Consider, for example, the head impact response players of
∗
†
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American football or ice hockey are experiencing on the
field. This response is critical for developing a human surrogate headform with an articulating jaw that can be used
to evaluate football head and mouth protection equipment
including mouthguards, facemasks and chin straps with
regard to energy transferred via the jaw to the skull that
may lead to concussion [1]. Another example is a law enforcement officer wearing a bulletproof vest: even with the
vest on, the result of a gunshot to the torso is the propagation of stress waves through various organs, bones and
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interconnecting tissues, and subsequent damage. In the
both examples, minimization of injury or more effective design of the spots helmet or the vest requires a quantitative
model of the response of the human head or torso to impact
loading [2].
Full recovery from these and other injuries initiated by
impact loads is not always possible, resulting in great disruptions in the lives of the victims. They come at a great
cost to society due to temporary and permanent impairment and even disability. Thus, the understanding of the
mechanical behaviour of the different parts of the human
body under injurious situations can enable the delivery of
treatment and rehabilitation services. It can also play a
major role in the prevention of injury [3].
Over the past 30 years, the finite element (FE) method
has evolved into a well-established computational tool in
biomechanics for parametric investigation of stress distribution in biological structures including the response to
impact loads. Thus, Bandak et al. [3] have developed
a three-dimensional (3D) FE model of the human ankle
joint to study the mechanism of impact injury to the major
bones of the foot. Kimpara et al. [4] have analyzed the
impact response of the human chest using a 3D FE model
of the human body. Highly biofidelic 3D FE models of
the human pubic symphysis have been suggested in [5],
while Dakin et al. [6] have reported their experimental
measurements of elastic and viscoelastic properties of the
human pubic symphysis joint subjected to lateral impact
loading.
Many researchers combine the numerical simulation of impact phenomena on different parts of human body with
experimental studies for their validation. Thus, dynamic
verification of a multi-body computational model of human head and neck for frontal, lateral, and rear impacts
has been reported in [7]. Experimental validation of a
3D FE model of pelvic-femur-soft tissue complex under
side impact loading can be found in [8]. Biomechanics of
the human chest, abdomen, and pelvis in lateral impact
has been investigated in [9]. The biomechanical response
of the human mandible to impacts of the chin has been
studied by Craig et al. [1]. Kobayashi et al. [10] have investigated the mechanical behaviour of a trabecular bone
subjected to impact compression load, while Murata et al.
[11] have evaluated bone fracture healing by impact testing, substituting bovine and swine bones for human bone.
Recently Kemper et al. [12] have reported non-censored
pelvic bone fracture data acquired during dynamic side
impact loading.
During the past five decades considerable attention has
been directed to investigation of human head trauma by
collision of the head with other objects [13]–[33]. The review of the first attempts for head injury simulations by

mathematical modeling could be found in [16] and [17].
In the majority of papers, the deformable spherical head
model became the most scientifically acceptable model for
head injury simulation [13]–[30], however an ellipsoidal
model for studying response of head impacts is also under
consideration [33]. Numerous spherical head models with
a wide range of mathematical sophistication have been
proposed and analyzed ([13, 22, 25]). The aim in all this
work has been to explain head injury mechanisms and to
recommend tolerable levels of mechanical impact to the
head [16]. The interested reader can find many other useful references in the papers mentioned above.
As for the methods of mechanical testing of bone, the majority of them are discussed in detail in the collective book
edited by An and Draughn [34]. During numerical simulation, different models are used to describe mechanical
features of bones and soft tissues. An elastic approximation for bone, which had been working well for actual bone
statics, is found to be insufficient in the case of dynamic
and fatigue strength of bone. Sakaki [35] has emphasized
that since almost all biological materials are made of polymers, then this is the reason why many of them manifest
viscoelasticity. Because of the viscoelastic nature of collagen fibers in the bone matrix, bone itself has remarkable
viscoelasticity.
Despite the fact that it has been known for a long time that
bone has viscoelasticity ([35, 37]), detailed experimental
works on the viscoelasticity of bone have been only carried out recently. Thus, the simplest models of linear viscoelasticity used for describing viscoelastic properties of
bone have been discussed in [35]. Zhu et al. [38] have reported that the standard linear solid model gave a good fit
to experimental data for human cranial bone. This model
is the most frequently used in FE approximations [3].
Liu and Xu [39, 40] using experimental data of human cranial bone from [38] have shown that constitutive equations
of viscoelastic materials involving fractional derivatives of
different orders could be used with success for describing
viscoelastic features of bone. Sebaa et al. [41] have suggested the modification of the Biot theory using fractional
calculus to describe interactions between fluid and solid
structure in cancellous bone. Experimental validation of
this model using samples of human cancellous bone produced excellent agreement between theory and experiment
on ultrasonic wave propagation through bone samples.
It should be emphasized that in recent decades fractional
calculus (integral and differential operators of noninteger order) has been the object of ever increasing interest
in many branches of natural science, and of engineering
interest as well. This is clearly seen from a set of review papers [42]–[45] and recent monographs [46, 47] published in the field. Thus, Rossikhin and Shitikova have
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reviewed the application of fractional calculus to dynamic
problems of linear and nonlinear hereditary mechanics of
solids and structures in [42] and [43], respectively. Nonnenmacher and Metzler [44] discussed the employment of
fractional calculus techniques to problems in biophysics,
while Magin [45] has surveyed the examples of its usage
in bioengineering. In his review, Magin [45] has noted that
fractional calculus has attracted limited attention in the
field of biomechanics, and then has underlined that "this
is surprising because the methods of fractional calculus
when defined as a Laplace or Fourier convolution product, are suitable for solving many problems in biomedical
research".
In recent years, this situation has been changed drastically. The linear viscoelastic models based on the operators of the fractional order have found a wide use in
different problems of bioengineering, among them: the
rheological behaviour of cultured airway smooth muscle
cells during forced oscillations from 10−2 − 103 Hz [48],
fractional order viscoelasticity of the aortic valve cusp [49],
the viscoelastic mechanical response of the aorta in-vivo
[50], determination of mechanical properties of human root
dentin [51], the response of the human calcaneal fat pad
loaded in compression [52], ultrasonic wave propagation
in human cancellous bone for early clinical detection of
osteoporosis [41], non-linear finite-deformation theory for
soft biological tissues [53], quantitative characterization of
viscoelastic properties of human prostate correlated with
histology via Kelvin-Voigt fractional derivative model [54],
investigation of changes in arterial stiffness as a risk factor for cardiovascular disease [55], in the analysis of red
blood cell membrane mechanics [56], as well as for describing viscoelastic properties of different soft biological
tissues [57].
Since experimental results by Zhu et al. [58] show that
human skull structure belongs to a weakly damped structure, then the fractional derivative standard linear solid
model has been utilized in [31] to describe the impact response of human frontal bone under high-energy impact
conditions, such as motor vehicle collisions or shock interactions of sportsmen on sports fields, which is important
for the analysis of human brain injury of sportsmen or automobile accident occupants.
In the present paper, the approach suggested in [31] and
[59] is generalized to the case of collision of two elastic or viscoelastic spherical shells to model the dynamic
response of a human head impacted by another head or
by some spherical object. To determine the impact force
that is actually being transmitted to bone will require numerical analysis. Running such an analysis will require
the model for the shock interaction of the impactor and human head. This model is intended to be used in simulating
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crash scenarios in frontal impacts, and provide an effective tool to estimate the severity of effect on the human
head and to estimate brain injury risks. The model developed here suggests that after the moment of impact quasilongitudinal and quasi-transverse shock waves are generated, which then propagate along the spherical shells.
The solution behind the wave fronts is constructed with
the help of the theory of discontinuities [60]. The governing linear differential equations are solved by the Laplace
transform technique.

2.

Problem formulation

In order to model the dynamic response of a human head
impacted by another head or by some spherical object
under high-energy impact conditions, such as motor vehicle collisions or shock interactions of sportsmen on sports
fields, let us consider two spherical shells moving one after
another along the line intersecting their centers of gravity with the velocities V01 and V02 [61], in so doing the
velocity of the second shell V02 is larger than that of the
first one V01 (Fig. 1). The shells’ radii R1 and R2 , their
densities ρ1 and ρ2 , and elastic constants E1 and E2 of the
materials they are made of are different. At the moment
of impact t = 0, at the point of tangency (or of contact)
of the two spheres, two shock waves (surfaces of strong
discontinuity) are generated which then propagate along
spherical surfaces with the velocities of elastic waves. Behind the waves fronts, the solution could be constructed in
terms of one-term ray expansions obtained via the theory
of discontinuities.
The form of the solution within the contact domain, the dimension of which in the general case is a function of time,
depends on the type of the material the colliding bodies
are made of. In our approach we will consider the viscoelastic features of the shells, which could be exhibited
only in the contact domain, while the remaining parts retain their elastic properties. In this case, the contact spot
is assumed to be a plane disk with the constant radius
of r0 , and the viscoelastic features of the shells are described by the fractional derivative standard linear solid
model [42] (Fig. 1).

3. Analysis of the wave surface
propagation
Since at the moment of impact, two shock waves (surfaces of strong discontinuity) are generated at the point
of tangency (or the point of contact) of the two colliding spheres, which then propagate along spherical sur-
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Figure 1.

Schematic of the viscoelastic central impact of two spherical shells.

Figure 2.

Schematic of the propagating wave-strip along the spherical shell surface.

faces with the velocities of elastic waves, then behind the
waves fronts the solution could be constructed in terms of
one-term ray expansions [62] obtained via the theory of
discontinuities [63].

Writing the Hooke’s law for a 3D medium in terms of discontinuities and using the condition of compatibility (3),
we have

3.1. The main kinematic and dynamic characteristics of the wave surface


[σij ] = − G −1 λ[vλ ]δij − G −1 µ [vi ]λj + [vj ]λi + λ[uξ,ξ ]δij


d(ui ξj ) d(uj ξi )
,
(4)
+µ
+
dξ
dξ

To construct the ray expansions, we shall use two conditions of compatibility for the values to be found: the
geometric condition of compatibility




 
d(ui ξj )
dui
λj +
ui,j =
dn
dξ

where [σij ] are jumps of the stress tensor components, λ
and µ are Lamé constants, δij is the Kronecker’s symbol,
and


(1)
[vλ ] = [vi ]λi ,

[uξ,ξ ] =

 

duξ
d(ui ξi )
=
.
dξ
dξ

and the kinematic condition of compatibility

[vi ] = −


dui
G
dn

Multiplying relationship (4) from the right and from the
left by ξi ξj and considering equation
(2)
[σξξ ] = [σij ]ξi ξj = 0,

in so doing the geometric condition of compatibility is
written with due account for the fact that the wave surface
represents itself a ‘wave-strip’ (Fig. 2).
Here ui are the displacement vector components, vi =
∂ui /∂t, G is the normal velocity of the wave surface, xi
are the spatial rectangular coordinates, t is the time, d/dn
is the derivative with respect to the normal to the wave
surface, ξ is the coordinate directed along the normal to
the spherical shell, λi and ξi are the components of the
~ and ξ~ directed along the normal to the
unit vectors λ
wave and spherical surfaces, respectively, [Z ] = Z + − Z −
is the discontinuity in the desired field Z , where “+" and
“–" denote that the given value is calculated “ahead of"
and “behind" the surface of strong discontinuity, and Latin
indices take on the values 1,2,3.
Eliminating the value [dui /dn] from (1) and (2), we find
[ui,j ] = −G −1 [vi ]λj +




d(ui ξj )
.
dξ

(3)

which corresponds to the assumption that the normal
stresses on the cross-sections parallel to the middle surface of the spherical shell could be neglected with respect
to other stresses, we find
[uξ,ξ ] =

λ
[vλ ].
G(λ + 2µ)

(5)

Multiplying (4) from the right and from the left by λi λj ,
we are led to the equation
[σλλ ] = [σij ]λi λj = −G −1 (λ + 2µ)[vλ ] + λ[uξ,ξ ].

(6)

Substituting (5) in (6) yields
[σλλ ] = −

4µ(λ + µ) −1
G [vλ ],
λ + 2µ
763
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3.2.

or
E
[σλλ ] = −
G −1 [vλ ],
1 − σ2

(7)

where σ is the Poisson’s ratio.
Alternatively, multiplying the three-dimensional equation
of motion written in terms of discontinuities
[σij ]λj = −ρG[vi ]

Construction of one-term ray expansions

Behind the front of each of two transient waves (surfaces
of strong discontinuity) upto the boundary of the contact
domain (Fig. 1) relationships (11) and (15) are valid, which
are the first terms of the ray expansions for the values σλλ ,
σλξ , vλ , and vξ (Fig. 3). Thus, within the entire disturbed
domain it could be approximately considered that

(8)

by λi , we obtain

−
σλλ
= −ρG1 vλ− ,

(16)

−
σλξ
= −ρG2 vξ− .

(17)

−
−
Knowing vλ− , vξ− , σλλ
, and σλξ
, it is possible to calculate
vz− , vr− , and σrz− according to the following formulas:

[σλλ ] = −ρG[vλ ],

(9)
r

vz−
where ρ is the density of the shell’s material.
Eliminating the value [σλλ ] from (7) and (9), we find the
velocity of the quasi-longitudinal wave propagating in the
spherical shell
s
G1 =

E
.
ρ(1 − σ 2 )

(10)

vr−
σrz−

a2
a
− vλ− ,
(18)
R2
R
r
a
a2
= vξ−
+ vλ− 1 − 2 ,
(19)
R
R
r


a2
a2
− a
−
= −σλλ
1 − 2 + σλξ
1 − 2 2 , (20)
R
R
R
=

vξ−

1−

where a is the radius of the contact spot.
Considering the cone angles of the contact spot 2γ1 and
2γ2 as small values, and putting cos γα ≈ 1, sin γα ≈ γα =
aRα−1 , we obtain from (18)–(20)

Relationship (7) with due account for (10) takes the form
vez = veξ − veλ
[σλλ ] = −ρG1 [vλ ].

(11)

Multiplying (4) by λi ξj and (8) by ξi , we have
[σλξ ] = [σij ]λi ξj = −µG −1 [vξ ],

(12)

[σλξ ] = −ρG[vξ ],

(13)

where [vξ ] = [vi ]ξi .
Eliminating the value [σλξ ] from (12) and (13), we find the
velocity of the quasi-transverse wave
r
G2 =

µ
.
ρ

(14)

Considering (14), relationship (12) takes the form
[σλξ ] = −ρG2 [vξ ].
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(15)

a
,
R

a
+ veλ ,
R


a
− G2 veξ ,
σf
rz = ρ G1 veλ
R
ver = veξ

(21)
(22)
(23)

where a tilde over a value labels that the corresponding
value is calculated on the boundary of the contact domain,
i.e. at r = a, and r, θ, z = x3 is the cylindrical set of
coordinates with a center at the initial point of contact of
two spherical shells (Fig. 3).

4. Central impact of two viscoelastic shells
Let us consider the case when viscoelastic features of the
colliding shells are exhibited only in the contact domain,
while the remaining parts retain their elastic properties.
In this case, the contact spot is assumed to be a plane disk
with the constant radius of r0 , and the viscoelastic features
of the shells are described by the fractional derivative
standard linear solid model [42] (Fig. 1).
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or

γ

1 + τσ D γ
∆u(t),
γ
1 + τε D γ

Fcont (t) = E0

(32)

where τε and τσ are the relaxation and retardation time,
respectively, γ (0 < γ < 1) is the fractional parameter,
γ −γ
−1
τ ε τ σ = E0 E∞
, E0 and E∞ are the relaxed and nonrelaxed elastic moduli of the model of impact interaction,
∆u = uz2 − uz1 ,
D γ Fcont =

t

Z
d
dt

0

F (t − t 0 )
dt 0
Γ(1 − γ)t 0 γ

is the Riemann-Liouville fractional derivative, and Γ(1−γ)
is the Gamma-function.

4.2.
Figure 3.

4.1.

Schematic of velocities and stresses in the shell’s element
on the boundary of the contact domain

Applying the Laplace transformation to Eqs. (28) and (29)
with due account for formulas (27), (30) and (32), we find

Governing equations

Since in this problem the radius of the contact spot remains intact, then
ver = 0,
(24)
and from (22) and (24) it follows
veλ = −veξ

r0
.
R

(25)

With due account for (25), formulas (21) and (23) take the
form

vez =

1+


σf
rz = −ρ

r02
R2
r02
R2


veξ ≈ veξ ,

p(p + B1 )ūz1 = Ω201

1 + (pτσ )γ
∆ū + V01 ,
1 + (pτε )γ

(33)

p(p + B2 )ūz2 = −Ω202

1 + (pτσ )γ
∆ū + V02 ,
1 + (pτε )γ

(34)

where p is the Laplace transform parameter, an over
bar denotes the Laplace
 transform of the
 correspond(α)
−1
2 −2 (α)
ing value, Bα = 2r0 r0 Rα G1 + G2 , and Ω20α =
−1
(α = 1, 2).
E0 ρα πr02 hα
Dividing the right and left parts of Eqs. (33) and (34) by
p + B1 and p + B2 , respectively, and then subtracting the
first equation from the second one, we have

(26)
∆ū =


G1 + G2 vez .

Method of solution

[V02 (p + B1 ) − V01 (p + B2 )] [1 + (pτε )γ ]
,
γ
fγ (p)τε

(35)

(27)

Now we write the equations of motion of the contact domains for the both spherical shells

fγ (p) = p3+γ + τε−γ p3 + (B1 + B2 )p2+γ + (B1 + B2 )τε−γ p2
+ (Ω2∞1 + Ω2∞2 )p1+γ + (B1 B2 + Ω201 + Ω202 )τε−γ p

˙z1
ρ1 πr02 h1 vf

= 2πr0 h1 σg
rz1 + Fcont ,

(28)

˙z2
ρ2 πr02 h2 vf

= 2πr0 h2 σg
rz2 − Fcont .

(29)

+ (Ω2∞1 B2 + Ω2∞2 B1 )pγ + (Ω201 B2 + Ω202 B1 )τε−γ ,(36)

or
Equations (28) and (29) are subjected to the initial conditions
˙z1 |t=0 = V01 , vf
˙z2 |t=0 = V02 .
vf
(30)
The contact force is defined by the following equation:
Fcont + τεγ D γ Fcont = E0 (∆u + τσγ D γ ∆u) ,

(31)

f̂γ (p) ≡ fγ (p) = p(p + B1 )(p + B2 ) [1 + (pτε )γ ]


+ [1 + (pτσ )γ ] Ω202 (p + B1 ) + Ω201 (p + B2 ) ,
where Ω2∞α = E∞ ρα πr02 hα

(37)

−1
(α = 1, 2)
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or its equivalent equation
f̂γ (p) = 0.

4.2.1.

(42)

Particular case B = B1 = B2

Let us consider a particular case when B = B1 = B2 , i.e.,
the case when the spherical shells are made of the same
material and have equal radii, i.e., R = R1 = R2 . Then
Eq. (42) takes the form

Figure 4.

Contour of integration

Considering (35), the value of the contact force in the
Laplace domain
F̄cont = E0

(p+B)τεγ [p2+γ +p2 τε−γ +p1+γ B+pBτε−γ +pγ Ω2∞ +Ω20 τε−γ ] = 0,
(43)
where Ω20 = Ω201 + Ω202 , and Ω2∞ = Ω2∞1 + Ω2∞2 .
For this case, from Eq. (38) it is evident that the multiplier
(p+B) appears both in the numerator and the denominator
of (38), therefore it could be canceled, and thus it is not
a root of the characteristic Eq. (43).
γ
−γ
If τε is small (τε is large), then Eq. (43) is reduced to
the following equation:
p2 + Bp + Ω20 = 0,

1 + (pτσ )γ
∆ū
1 + (pτε )γ

(44)

which possesses the roots
could be represented in the form
F̄cont

In order to convert from the Laplace domain in (38) to the
time domain according to the Mellin-Fourier formula
Z
Z (t) =

1
2πi

Z (t) =

1
2πi

Z∞ h

c−i∞

Z̄ (p)ept dp,

X

γ

1 2
B − Ω20 .
4

(45)

−γ

If τε is large (τε is small), then Eq. (43) is reduced to
the following equation:

i
Z̄ (se−iπ ) − Z̄ (seiπ ) e−st ds

h
i
res Z̄ (pk )epk t ,

(40)

k

where the sum of residues is expanded for all roots pk of
the characteristic equation
fγ (p) = 0,

p2+γ + Bp1+γ + Ω2∞ pγ = 0,

(39)

0

+

p1,2

1
=− B±
2

c+i∞

it is necessary to use the contour of integration presented
in Fig. 4.
Since the function Z̄ (p) is a multi-valued function possessing the branch points at p = 0 and p → ∞, then the
contour integral of the function Z̄ (p)ept at R → ∞ and
ρ → 0 with due account for Jordan lemma and formula
(39) takes the following form:
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r


−γ
[V02 (p + B1 ) − V01 (p + B2 )] τσ + pγ
. (38)
= E∞
fγ (p)

(41)

(46)

or
pγ (p2 + Bp + Ω2∞ ) = 0
possessing the roots
r
p1,2 = −

1
B±
2

1 2
B − Ω2∞ .
4

(47)

Reference to formulas (45) and (47) shows that the limiting
magnitudes of the roots at τε → 0 and τε → ∞ have the
same real parts equal to −1/2 B when Ω0 > 1/2 B at
Ω∞ = const. When Ω0 = 1/2 B, the limiting magnitudes
of the roots at τε → 0 merge and take on the real negative
magnitude equal to −1/2 B. With further decrease in Ω0
these two roots, according to (45), remain real negative
ones, and at Ω0 → 0 one root tends to −B, while the
other approaches to 0.
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4.3. Asymptotic behavior of the roots of the
characteristic equation
The characteristic Eq. (41) or (42) possesses two pairs
of complex conjugate roots located in different places of
the complex plane p. Two complex conjugate roots (the
first pair) are located in the vicinity of the negative real
semi-axis not far from the origin, while two other roots
(the second pair) could be removed considerably from the
imaginary axis. Such an alignment of the roots allows us
to investigate them separately.

4.3.1.

The first pair of roots

p1+γ + τε−γ p + Ω∞ pγ + τε−γ Ω0 = 0,

(48)

p∞ = −Ω∞ (τε,σ → ∞).

(54)

Knowing the limiting magnitudes (53) or (54) of two complex conjugate roots of the characteristic equation, it is
possible to investigate the asymptotic behavior of these
roots in the vicinity of the limiting points. For this pur−γ
pose, first we suppose that τε is large (τε = ε is small)
and rewrite Eq. (48) in the form

p [1 + (pτε ) ] [1 + (pτσ ) ]

+ Ω0 = 0,

pas = −Ω∞ + εl,

where

(56)

where l is yet unknown coefficient.
Substituting (56) in (55) yields

(49)

where Ω0 = Ω201 ε1 + Ω202 ε2 , Ω∞ = Ω2∞1 ε1 + Ω2∞2 ε2 , and
ε1 = B1−1 and ε2 = B2−1 are small.
Let us put p = reiψ and substitute it in (49). As a result
we obtain
rRε Rσ−1 ei(ψ+Φε −Φσ ) = −Ω0 ,
(50)

(55)

The assumed asymptotic solution of (55) has the form

l = e−iπγ

γ −1

γ

p0 = −Ω0 (τε,σ → 0)

p1+γ + pε + Ω∞ pγ + εΩ0 = 0.

Assume that |p|  min{B1 , B2 }, i.e. the value p is placed
in the vicinity of the first pair of the complex conjugate
roots of the characteristic Eq. (41). In this case, Eqs. (41)
and (42) take the form

or

or

Ω∞ − Ω0
.
γ
Ω∞

(57)
−γ

Then we assume that τε = ε is small (τε
rewrite (48) in the form

is large) and

εp1+γ + p + Ω∞ εpγ + Ω0 = 0.

The proposed asymptotic solution of (58) has the form
pas = −Ω0 + εm,

Rε,σ =

q

1 + 2(rτε,σ )γ cos γψ + (rτε,σ )2γ ,

tan Φε,σ =

(59)

where m is yet unknown coefficient.
Substituting (59) in (58) yields

(rτε,σ )γ sin γψ
.
1 + (rτε,σ )γ cos γψ

γ

m = −eiπγ Ω0 (Ω∞ − Ω0 ).

Separating the real and imaginary parts in Eq. (50), we
find
rRε Rσ−1 cos (ψ + Φε − Φσ ) = −Ω0 ,

(58)

0
The final expressions for p∞
as and pas with due account for
formulas (56), (57) and (59), (60) could be written in the
form

(51)
pas = −Ω∞ + τε−γ

sin (ψ + Φε − Φσ ) = 0.

(60)

Ω∞ − Ω0
(cos πγ − i sin πγ) ,
γ
Ω∞

(61)

From the set of Eqs. (51), we obtain
γ

ψ + Φε − Φσ = π,
rRε Rσ−1

pas = −Ω0 − τεγ Ω0 (Ω∞ − Ω0 ) (cos πγ + i sin πγ) . (62)
(52)

= Ω0 .

If we tend τε,σ → 0 and ∞ in the set of Eqs. (52), then
as a result we obtain
ψ0 = π,
ψ∞ = π,

r0 = Ω0 (τε,σ → 0)
r∞ = Ω∞ (τε,σ → ∞),

(53)

As it is seen from asymptotic formulas (61) and (62), the
both roots of the characteristic Eq. (41) or (42) at 0 < γ <
1 and 0 < τε < ∞ go under the cut of the complex plane p
and are located in the second sheet of Riemannian surface,
and therefore they should be not taken into account in the
general solution (40), i.e. the sum in the second term of
(40) is extended only over the second pair of the complex
conjugate roots.
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4.3.2.

The second pair of roots

Substituting (69) in the first equation in (68) yields

Assume that |p| is much greater than one from B1 and
B2 and much smaller than the other. For example, B2 
|p|  B1 . In this case, Eqs. (41) and (42) take the form

(70)

We choose the solution of (70) in the form

p2+γ + τε−γ p2 + Ω2∞1 ε1 p1+γ + Ω201 τε−γ ε1 p
+ Ω2∞2 pγ + Ω202 τε−γ = 0,

2ψ0 − Ω201 Ω−1
02 ε1 sin ψ0 = π.

ψ0 =

(63)

or
−1
p2 [1 + (pτε )γ ] [1 + (pτσ )γ ]−1 (1 + Ω201 Ω−2
+ Ω202 = 0.
02 ε1 p)
(64)
For investigating the asymptotic behavior of the roots of
the characteristic Eq. (41) or (42) as the function of the
parameter τε , let us first utilize Eq. (64).
For this purpose, we put p = reiψ and substitute it in (64).
As a result we obtain

π
+ ε1 a,
2

(71)

where a is yet unknown coefficient.
Substituting (71) in (70) and considering that
π


ε 2 a2
+ ε1 a = 1 − 1 ,
2
2

sin
we find

a=

1 2 −1
Ω Ω .
2 01 02

(72)

Substituting (72) in (71), we finally obtain
r

2

Rε Rσ−1 ρ1−1 ei(2ψ+Φε −Φσ −ψ1 )

=

−Ω202 ,

(65)
ψ0 =

where
ρ1 =

q

π
1 Ω201
+
ε1 .
2
2 Ω02

(73)

If we now substitute ψ0 in (69) and consider that

−4 2 2
4
1 + 2Ω201 Ω−2
02 ε1 r cos ψ + Ω01 Ω02 ε1 r

≈ 1 + Ω201 Ω−2
02 ε1 r cos ψ,

π
cos


+ ε1 a = −ε1 a,

2
Ω201 Ω−2
02 ε1 r sin ψ
tan ψ1 =
≈ Ω201 Ω−2
02 ε1 r sin ψ,
1 + Ω201 Ω−2
02 ε1 r cos ψ

2
−2
ψ1 = arctan Ω201 Ω−2
02 ε1 r sin ψ ≈ Ω01 Ω02 ε1 r sin ψ.
Separating the real and imaginary parts in Eq. (65), we
find
r 2 Rε Rσ−1 ρ1−1 cos (2ψ + Φε − Φσ − ψ1 ) = −Ω202 ,

(66)

sin (2ψ + Φε − Φσ − ψ1 ) = 0.

then we finally obtain
r0 = Ω02 .

(74)

If τσ ,ε → ∞ in (67), then utilizing the procedure described
above for the case of τσ ,ε → 0, we could obtain the following relationships:
ψ∞ =

1 Ω201
π
+
Ω∞2 ε1 ,
2
2 Ω202

r∞ = Ω∞2 .

(75)

From the set of Eqs. (66), we obtain
2ψ + Φε − Φσ − ψ1 = π,

(67)

r 2 Rε Rσ−1 ρ1−1 = Ω202 .




1 2 −1
Ω01 Ω02 ε1
2


1 2 −1
+ iΩ02 cos
Ω01 Ω02 ε1 ,
2

p0 = r0 eiψ0 = − Ω02 sin

If τσ ,ε → 0 in (67), then as a result we obtain
2ψ0 − Ω201 Ω−2
02 ε1 r0 sin ψ0 = π,

With due account for (73)–(75), the limiting points have
the form

(68)

(76)

r02 − Ω201 ε1 r0 cos ψ0 − Ω202 = 0.


From the second equation in (68) we find
r0 = Ω02 +
768

1 2
Ω ε1 cos ψ0 .
2 01


1 2 −2
Ω01 Ω02 Ω∞2 ε1
2


1 2 −2
Ω01 Ω02 Ω∞2 ε1 .
+ iΩ∞2 cos
2

p∞ = r∞ eiψ∞ = − Ω∞2 sin

(69)

(77)
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If the limiting magnitudes of the roots of the characteristic
Eq. (63) are determined immediately from this equation,
γ
then as a result we obtain at τε → 0
p +
2

Ω201 ε1 p

+

Ω202

where n is yet unknown coefficient.
Substituting (84) in (83) yields
n=−

= 0,

(78)

(p2∞ + Ω202 )p1−γ
∞
,
γΩ2∞2

γ

and at τε → ∞

or with due account for (77)

pγ (p2 + Ω2∞1 ε1 p + Ω2∞2 ) = 0.

(79)

1−γ 
r∞
r 2 cos(3 − γ)ψ∞ + Ω202 cos(1 − γ)ψ∞
γΩ2∞2 ∞
 2

+i r∞
sin(3 − γ)ψ∞ + Ω202 sin(1 − γ)ψ∞ . (85)

n=−

Solving Eqs. (78) and (79) yields
q
1
1 2
Ω01 ε1 ±
Ω401 ε12 − 4Ω202 ,
2
2
q
1
1
Ω4∞1 ε12 − 4Ω2∞2 .
= − Ω2∞1 ε1 ±
2
2

p1,2
0 = −
p1,2
∞

γ

(80)
(81)

Further we will fix the magnitudes of the values Ω∞1 and
Ω∞2 , and vary only the magnitudes of the values Ω01 and
Ω02 .
Equating to zero the radicand in (80), we have
Ω02
1
ε1 = 2 .
2
Ω01

(82)

−γ

Now we assume that τε = ε is small (τε
rewrite Eq. (63) in the form

is large) and

εp2+γ + p2 + Ω201 ε1 p + Ω2∞2 εpγ + Ω202 = 0.

(86)

The proposed asymptotic solution of (86) has the form
pas = p0 + εk,

(87)

where k is yet unknown coefficient.
Substituting (87) in (86) yields

Reference to formula (82) shows that at some small mag1
nitude of the value Ω02 Ω−2
01 two limiting magnitudes p0
2
and p0 become equal to each other, i.e.,

k =−


1  1+γ
γ−1
,
p0 + Ω2∞2 p0
2

or with due account for (76)
p10 = p20 = −

1 2
Ω ε1 = −Ω02 ,
2 01

and the curves characterizing the locus of two complex
conjugate roots of the characteristic equation approach
each other and link on the real negative semi-axis.
If we substitute sin by its argument and put cos equal to
unit due to the smallness of ε1 in Eqs. (76) and (77), while
neglect ε12 in Eqs. (80) and (81), then these formulas will
coincide.
Knowing the limiting magnitudes (76) and (77) of two complex conjugate roots of the characteristic equation, it is
possible to investigate the asymptotic behavior of these
roots in the vicinity of the limiting points. For this pur−γ
pose we first assume that τε is large (τε = ε) and rewrite
Eq. (63) in the form
p2+γ + εp2 + Ω2∞1 ε1 p1+γ + Ω2∞2 pγ + εΩ202 = 0.

4.4.

The case when |p|  max{B1 , B2 }

If we suppose that |p|  max{B1 , B2 }, then Eq. (41) or
(42) takes the form
p2+γ + τε−γ p2 + Ω2∞ pγ + τε−γ Ω20 = 0,

(89)

where Ω20 = Ω201 + Ω202 , and Ω2∞ = Ω2∞1 + Ω2∞2 .
Since the limiting points of Eq. (89)
p0 = ±iΩ0

(τε → 0),

p∞ = ±iΩ∞

(83)

The proposed asymptotic solution of (83) has the form
pas = p∞ + εn,

1 γ−1  2
r
r0 cos(1 + γ)ψ0 + Ω2∞2 cos(1 − γ)ψ0
2 0


+i r02 sin(1 + γ)ψ0 − Ω2∞2 sin(1 − γ)ψ0 .
(88)

k =−

(84)

locate on the imaginary axis, while the roots with such
limiting points do not exist, whence it follows that at the
given magnitudes of p the characteristic Eq. (41) or (42)
lacks the roots.
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4.5. Calculation of the roots of approximate
characteristic equations
4.5.1.

Characteristic equation (48)

To calculate the roots of the characteristic Eq. (48) at
median magnitudes of τε , we will use the following procedure. Let us substitute p = reiψ in (48), divide the real
and imaginary parts, and introduce the dimensionless pa−γ
rameter x = τε r −γ . As a result, we obtain
r[cos(1 + γ)ψ + x cos ψ] = −Ω∞ cos γψ − xΩ0 , (90)

Comparison of the numerical results for the first pair of the
complex conjugate roots obtained on the basis of Eq. (41)
or (42) and the approximate Eqs. (90) and (91) allows us
to make the conclusion about the good matching of these
results with each other.

r[sin(1 + γ)ψ + x sin ψ] = −Ω∞ sin γψ.

4.5.2.

Dividing term by term the first equation of (90) by its
second equation, we are led to the following equation:
x 2 Ω0 sin ψ + x[Ω∞ sin(1 − γ)ψ + Ω0 sin(1 + γ)ψ]
+ Ω∞ sin ψ = 0,

r=

Characteristic equation (63)

To calculate the roots of the characteristic Eq. (63) at
moderate magnitudes of the value τε , we put p = reiψ in
this equation, separate the real and imaginary parts, and
−γ
introduce the dimensionless parameter x = τε r −γ . As a
result we obtain

(91)

whence it is followed that we could find the parameter x at every fixed magnitude of ψ within the segment
. Then substituting the found magnitudes of x
π < ψ < 3π
2
in any equation from (90), we determine the value r, and
knowing the corresponding pairs of r and x we find the
1
relaxation time τε = x − γ r −1 . Three values, ψ, r and τε ,
completely determine the root of the characteristic equation. Changing ψ by −ψ under the same magnitudes of r
and τε , we obtain the second complex conjugate root.


r 2 [cos(2 + γ)ψ + x cos 2ψ] + ε1 r Ω2∞1 cos(1 + γ)ψ

+xΩ201 cos ψ + Ω2∞2 cos γψ + xΩ202 = 0,
(92)
 2
2
r [sin(2 + γ)ψ + x sin 2ψ] + ε1 r Ω∞1 sin(1 + γ)ψ

+xΩ201 sin ψ + Ω2∞2 sin γψ = 0.
(93)

Solving quadratic Eqs. (92) and (93), we have, respectively,


 q

−ε1 Ω2∞1 cos(1 + γ)ψ + xΩ201 cos ψ − −4 Ω2∞2 cos γψ + xΩ202 [cos(2 + γ)ψ + x cos 2ψ]
2 [cos(2 + γ)ψ + x cos 2ψ]
 2
 p
−ε1 Ω∞1 sin(1 + γ)ψ + xΩ201 sin ψ − −4Ω2∞2 sin γψ [sin(2 + γ)ψ + x sin 2ψ]
r=
.
2 [sin(2 + γ)ψ + x sin 2ψ]

Equating the right-hand sides of (94) and (95), we are
led to the equation from which we find the magnitude of
the parameter x at each fixed ψ from the domain π2 <
ψ < π. Substituting further the found magnitude of x
either in (94) or in (95), we determine the value r, and
knowing the corresponding pair of r and x, we determine
1
the relaxation time τε = x − γ r −1 . The three values, ψ, r
and τε , completely define the root of the corresponding
equation; changing ψ with −ψ at the same magnitudes of
r and τε , we obtain the second complex conjugate root.
Comparison of the numerical results for the second pair
of the complex conjugate roots obtained on the basis of
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As the analysis of the behavior of the characteristic equation (41) root locus shows (see also the asymptotic formulas (61) and (62)), the both roots for 0 < γ < 1 occur
to be under the cut of the complex plane p and locate in
the second sheet of Riemannian surface, and thus, they
should be excluded from the solution (40).

,

(94)

(95)

Eq. (41) or (42) and the approximate Eqs. (92)–(95) allows
us to make the conclusion about the close agreement of
these results with each other.

4.6.

Construction of the general solution

In order to find the contact force according to formula (40),
let us first consider a simple procedure for calculating
the roots of the characteristic Eq. (41) or (42). For this

Yury A. Rossikhin, Marina V. Shitikova

purpose we rewrite Eq. (41) in the form

where

p3+γ + τε−γ p3 + Bp2+γ + Bτε−γ p2 + Ω2∞ p1+γ
+(Ω20 + B1 B2 )τε−γ p + C∞ pγ + C0 τε−γ = 0,

Z
1
A0 (t) =
π
(96)

where B = B1 + B2 , C∞ = Ω2∞1 B2 + Ω2∞2 B1 , and
C0 = Ω201 B2 + Ω202 B1 , carry out the substitution p = reiψ ,
introduce the parameter x = (rτε )γ , and separate in the
resulting relationship the real and imaginary parts. As a
result, we obtain
r 3 a1 + r 2 a2 + ra3 + a4 = 0,

(97)

r 3 b1 + r 2 b2 + rb3 + b4 = 0,

(98)

0

∞



V (s)e−st Y Refγ (seiπ )−X Imfγ (seiπ )
[Refγ (seiπ )]2 + [Imfγ (seiπ )]2

ds,

q
2 [N1 ]2 + [N2 ]2
A = 
2 ,
2 
Refγ0 (p) + Imfγ0 (p)
tan φ =

Refγ0 (p)Re gγ (p) + Imfγ0 (p)Im gγ (p)
,
Imfγ0 (p)Re gγ (p) − Refγ0 (p)Im gγ (p)

fγ0 (p) denotes the derivative of the function fγ (p) with respect to p,
V (s) = V02 (s − B1 ) − V01 (s − B2 ),

Refγ (seiπ ) = τε−γ s3 [cos 3π + (sτε )γ cos(3 + γ)π]

where

+ s2 B [cos 2π + (sτε )γ cos(2 + γ)π]


+ s (Ω20 + B1 B2 ) cos π + Ω2∞ (sτε )γ cos(1 + γ)π

a1 = cos 3ψ + x cos(3 + γ)ψ,
b1 = sin 3ψ + x sin(3 + γ)ψ,

+ [C0 + C∞ (sτε )γ cos γπ]} = Refγ (se−iπ ),

Imfγ (seiπ ) = τε−γ s3 [sin 3π + (sτε )γ sin(3 + γ)π]

a2 = B[cos 2ψ + x cos(2 + γ)ψ],
b2 = B[sin 2ψ + x sin(2 + γ)ψ],
a3 = (Ω20 + B1 B2 ) cos ψ + xΩ2∞ cos(1 + γ)ψ,
a4 = C0 + xC∞ cos γψ,

+ s2 B [sin 2π + (sτε )γ sin(2 + γ)π]


+ s (Ω20 + B1 B2 ) sin π + Ω2∞ (sτε )γ sin(1 + γ)π

b4 = xC∞ sin γψ.

+ C∞ (sτε )γ sin γπ} = −Imfγ (se−iπ ),

b3 = (Ω20 + B1 B2 ) sin ψ + xΩ2∞ sin(1 + γ)ψ,

π
2

First we fix the angle ≤ ψ ≤ π in Eqs. (97) and (98),
and then eliminate r 3 . Solving the obtained quadratic
equation in r, we find
r1,2

√
−(a3 b1 − a1 b3 ) ± D
=
,
2(a2 b1 − a1 b2 )

+ (2 + γ)Br 1+γ cos(1 + γ)ψ +(1 + γ)Ω2∞ r γ cos γψ
+ 2Brτε−γ cos ψ + C∞ r γ−1 γ cos(γ − 1)ψ + (Ω20
+ B1 B2 )τε−γ ,

(99)

where D = (a3 b1 − a1 b3 )2 − 4(a2 b1 − a1 b2 )(a4 b1 − a1 b4 ).
Substituting (99) in Eq. (97), we are led to the equation
possessing only one unknown real positive value x at the
fixed angle ψ. Then we substitute the found magnitude of
x once again in (99), which allows us to find the module r.
Knowing the values of x and r, it is possible to determine
γ
τε = xr −γ . The fixed magnitude of the angle ψ together
γ
with the found values of r and τε define uniquely the roots
of the characteristic Eq. (41)
p1,2 = re±iψ = −α ± iω.

Refγ0 (p) = (3 + γ)r 2+γ cos(2 + γ)ψ + 3r 2 τε−γ cos 2ψ

(100)

Imfγ0 (p) = (3 + γ)r 2+γ sin(2 + γ)ψ + 3r 2 τε−γ sin 2ψ
+ (2 + γ)Br 1+γ sin(1 + γ)ψ + 2Brτε−γ sin ψ
+ (1 + γ)Ω2∞ r γ sin γψ + C∞ r γ−1 γ sin(γ − 1)ψ,
X = E0 τε−γ + E∞ sγ cos πγ,

Y = E∞ sγ sin πγ,

N1 = Refγ0 (p)Re gγ (p) + Imfγ0 (p)Im gγ (p),
N2 = Imfγ0 (p)Re gγ (p) − Refγ0 (p)Im gγ (p),

Re gγ (p) = V02 [E∞ r 1+γ cos(1 + γ)ψ + E0 τε−γ r cos ψ
+ B1 E∞ r γ cos γψ + B1 E0 τε−γ ]
− V01 [E∞ r 1+γ cos(1 + γ)ψ + E0 τε−γ r cos ψ

Considering (38) and (100), Eq. (40) takes the form
Fcont (t) = A0 (t) + A exp (−αt) sin(ωt + φ),

+ B2 E∞ r γ cos γψ + B2 E0 τε−γ ],
(101)

(102)
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Im gγ (p) = V02 [E∞ r 1+γ sin(1 + γ)ψ + E0 τε−γ r sin ψ
+ B1 E∞ r γ sin γψ]
− V01 [E∞ r 1+γ sin(1 + γ)ψ + E0 τε−γ r sin ψ
+ B2 E∞ r γ sin γψ].

5.

Numerical example

The τε -dependence of the roots of any characteristic equation considered above could be shown graphically changing the relaxation time τε from 0 to ∞.
As a numerical example, let us consider the case when the
spherical shells are made of the same material and have
equal radii. To investigate the behavior of the roots of the
characteristic equation (43) as function of the parameter
τε , let us rewrite it in the dimensionless form introducing
the following dimensionless parameters:

have the same real parts equal to −1/2 B∗ = −0.447
when ξ > 1/4 B∗ 2 = 0.2 (see Figs. 5f-l). When
ξ = 1/4 B∗ 2 = 0.2 (Fig. 5e), the limiting magnitudes
of the roots at τε → 0 merge and take on the real negative magnitude equal to −1/2 B∗ = −0.447. With further
decrease in ξ, i.e., in Ω0 , these two roots, according to
(104), remain real negative ones (see Figs. 5b-d), and for
the Maxwell model at ξ = 0 one root tends to −B∗ , while
the other one approaches to 0 which is seen in Fig. 5a.
As it follows from (105), the terminal points at τε → ∞
of all curves in Figs. 5a-l for the chosen value B∗ 2 = 0.8
have one and the same coordinate p∗1,2 = − 12 B∗ ± iB∗ =
−0.447±0.894i. The topology of the root locus presented
in Figs. 6a-l shows that with the increase in the parameter
ξ the τε -dependence of the two complex conjugate roots
p∗ = −α ± iω of the characteristicqEq. (103) at γ 6= 1

leaves the point p∗1,2 = − 12 B∗ + 14 B∗ 2 − ξ which at
first is the negative real one, when 0 ≤ ξ ≤ 0.2, and
then it is the complex one, when ξ > 0.2, in so doing the
system’s damping coefficient α, which represents the real
Ω2
E0
B
p
, ζ = (τε Ω∞ )−γ , ξ = 20 =
, B∗ =
. parts of the points p∗ , decreases tending to 1/2 B∗ with
p∗ =
1,2
Ω∞
Ω∞
E∞
Ω∞
the increase in ξ.
In other words, the curves characterizing the root locus
As a result, we obtain
behavior as function of τε at different magnitudes of the
parameter γ start from (at τε = 0) and terminate at (at
fγ (p∗ ) = p∗ 2+γ + ζp∗ 2 + B∗ p∗ 1+γ + B∗ ζp∗ + p∗ γ + ξζ = 0.
τε = ∞) the points which are not aligned with the imagi(103)
nary axis, i.e., damping takes place though the relaxationThe root locus according to Eq. (103) calculated at ζ = 1
retardation processes are practically absent (τε → 0 or
and B∗ 2 = 0.8 is shown in Figs. 5a-5l for the following
τε → ∞). The similar phenomenon has been noted in [59]
magnitudes of the parameter ξ: 0, 0.02, 0.1, 0.17, 0.2,
during the analysis of the impact response of a thin plate
0.217, 0.25, 0.33, 0.46, 0.47, 0.5, and 0.67 when the fracvia fractional derivative standard linear solid model.
tional parameter γ takes on the values 0.25, 0.5, 0.8, and
Thus, it is interesting to emphasize that the fact of de1, which are indicated by figures near the corresponding
tachment of the roots from the imaginary axis in the case
curves. The value γ = 1 corresponds to the conventional
under consideration results in damping which is associstandard linear solid model.
ated not with the presence of viscosity in the system but
The parameter ξ indicates the difference in the relaxed Ω0
with the difference in the frequencies of vibrations of the
and nonrelaxed Ω∞ elastic moduli of the fractional derivaleft and right end points of the spring-dashpot element
tive standard linear solid model of impact interaction. The
(Fig. 1). The discrepancy between vibrations of the ends
case of ξ = 0, i.e., Ω0 = 0, corresponds to the Maxwell
of the spring-dashpot element results in its quenching.
fractional derivative model.
The behavior of the roots at γ = 1 essentially depends
For each magnitude of ξ, we could easily calculate the
on the magnitude of the value ξ. Thus, at the values ξ
limiting roots at τε → 0 and τε → ∞, i.e., the initial
taken from the interval [0, 0.2] the two complex conjugate
and terminal points of the curves, using Eqs. (45) and (47)
roots first become real as τε changes from 0 to a certain
rewritten in the dimensionless form
value (see Figs. 5a-e). But then during further increase
r
in τε , they again become complex conjugate roots, i.e., the
1 ∗2
1
domain of aperiodicity (the values of τε wherein ω = 0)
(104)
B − ξ at τε → 0,
p∗1,2 = − B∗ ±
2
4
has a finite dimensions contracting with the increase in ξ.
At
the values ξ taken from the interval (0.2, 0.46) (Figs. 5fr
1 ∗
1 ∗2
h)
the two complex conjugate
roots first leave from the
∗
q
p1,2 = − B ±
B − 1 at τε → ∞. (105)
2
4
1
1
∗
∗
points p = − B ± i ξ − B∗ 2 , then as τ changes
1,2

Reference to formulas (104) and (105) shows that the limiting magnitudes of the roots at τε → 0 and τε → ∞
772

ε

2

4

from 0 to a certain value τε∗ they remain to be complex
conjugate, in so doing the damping coefficient α increases

Yury A. Rossikhin, Marina V. Shitikova

Figure 5.

(a)

(b)

(c)

(d)

Root locus behavior of Eq. (103): (a) ξ = 0, (b) ξ = 0.02, (c) ξ = 0.1, (d) ξ = 0.17

773

Analysis of two colliding fractionally damped spherical shells in modelling blunt human head impacts

Figure 5.
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(e)

(f)

(g)

(h)

(Continued) Root locus behavior of Eq. (103): (e) ξ = 0.2, (f) ξ = 0.217, (g) ξ = 0.223, (h) ξ = 0.25.
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Figure 5.

(i)

(j)

(k)

(l)

(Continued) Root locus behavior of Eq. (103): (i) ξ = 0.466, (j) ξ = 0.47, (k) ξ = 0.5, (l) ξ = 0.67.
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dimensions of the aperiodicity domain, but the existence
of this domain as well.
Reference to Figs. 5a-e shows that under the chosen parameters of the system under consideration the root locus
curves touch the real negative semi-axis
at 0 ≤ ξ ≤ 0.2
q
at the point p∗ = −α1 = − 21 B∗ − 14 B∗ 2 − ξ and possess the second real negative
root (marked by a cross)
q

Figure 6.

Root locus behavior of Eq. (103) at γ = 0.8.

Figure 7.

The time dependence of the contact force.

from 1/2 B∗ till a certain value α ∗ , while the frequency ω
decreases till zero. With the further increase in the relation time from τε∗ to τε∗∗ , the domain of aperiodicity exists
wherein damping coefficient increases from α ∗ up to α ∗∗ .
But then during further increase in the relaxation time
from τε∗∗ to ∞, the roots again become complex conjugate,
wherein the frequency increases from 0 till B∗ with the
decrease in the damping coefficient from α ∗∗ till 1/2 B∗ .
However, at ξ = 0.46 (Fig. 5i), the domain of aperiodicity
degenerates into a point p∗ = −B∗ . When ξ > 0.46, the
domain of aperiodicity completely disappears (Figs. 5j-l).
Thus, the structural parameter ξ influences not only the
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p∗ = −α2 = − 21 B∗ + 14 B∗ 2 − ξ at 0 ≤ ξ < 0.2, i.e.,
the aperiodic regimes could exist also at 0 < γ < 1 when
ξ is small (0 ≤ ξ ≤ 0.2) and τε → 0. In other words, the
model could behave like the Maxwell model, for which the
occurrence of aperiodic motions at certain magnitudes of
its parameters is the well known fact [42, 43].
The topology of the root locus is clearly seen from Fig. 6,
where the curves calculated at the fixed fractional parameter γ = 0.8 are presented for different values of the
parameter ξ indicated by figures near the corresponding
curves.
The time-dependence of the contact force calculated by
Eq. (101) is presented in Fig. 7, where the magnitudes of
the fractional parameter γ are indicated by figures near
the corresponding curves. The following magnitudes of the
parameters are used in our calculations: ρ = 103 kg/m3 ,
τε = 2022 s, E0 = 5.025 GPa, E∞ = 5.69 GPa, V0 = 1
m/s, and r0 = 5 cm.
Numerical analysis shows that maximum of the contact
force increases tending to the maximal contact force at
the fractional parameter equal to unity. The duration of
contact of colliding bodies also increases with the increase
in the fractional parameter. From the curves presented in
Fig. 7 it is seen that with the decrease in the fractional
parameter γ the maximum of the contact force and the
duration of contact decrease. This is connected with the
fact that the smaller γ, the smaller the viscosity of the
system, i.e., it becomes to be more rigid.

6.

Conclusions

In the present paper, the collision of two elastic or viscoelastic spherical shells is investigated as a model for
the dynamic response of a human head impacted by another head or by some spherical object. The human head
impact is accompanied by the generation and propagation
of quasi-longitudinal and quasi-transverse shock waves,
amplitudes of which are proportional to sin−1/2 φ [60]. If
the contact zone is located at φ = 0, then at φ = π, i.e.,
on the other end of the diameter, there occurs the focusing
of these waves, resulting in huge brain injury in the zone
diametrically opposed to the zone of impact interaction.
The solution behind the wave fronts has been constructed
with the help of the theory of discontinuities considering
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that the viscoelastic features of the shells could be exhibited only in the contact domain, while the remaining
parts retain their elastic properties. In this case, the viscoelastic features of the shells have been described by
the fractional derivative standard linear solid model. The
governing differential equations have been solved analytically by the Laplace transform technique.
It has been shown that the fractional parameter of the fractional derivative model plays a very important role, since
its variation, for example, allows one to take into account
the age-related changes in the mechanical properties of
bone [64].
This study represents an important and necessary step in
the eventual development of the shock interaction model
to investigate human head response under high-energy
impact conditions, such as motor vehicle collisions or collisions sportsmen can experience on the sports field.
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