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Abstract:

This paper presents extensions to the classical stochastic Liouville equation of motion that contain the
Riemann-Liouville and Caputo time-fractional derivatives. At first, the dynamic equations with the timefractional derivatives are formally obtained from the classical Liouville equation. A feature of these new
equations is that they have the same common formal solution as the classical Liouville equation and therefore may be used for study of the Hamiltonian system dynamics. Two cases of the time-dependent and
time-independent Hamiltonian are considered separately. Then, the time-fractional Liouville equations are
deduced from the short- and long-time asymptotic expansions of the obtained dynamic equations. The
physical meaning of the resulting equations is discussed. The statements of the Cauchy-type problems
for the derived time-fractional Liouville equations are given, and the formal solutions of these problems are
presented. At last, the projection operator formalism is employed to derive the time-fractional extensions
of the Zwanzig kinetic equations and the corresponding formal statistical operators from the time-fractional
Liouville equations.
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1.

Introduction

Anomalous relaxation and transport phenomena are
widely observed in various complex and disordered media such as amorphous materials, non-Newtonian fluids,
heterogeneous and porous media, turbulent and fusion
plasma, biological tissues and many others [1–5]. Generally, the non-local spatial and/or memory effects are
∗
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inherent to the anomalous phenomena. Therefore, the
classical mathematical models are not applicable for such
phenomena and new models and methods need to be developed.
The fractional calculus [6–9] is one of the powerful and
commonly used tool for studying processes with anomalous kinetics. A wide variety of fractional equations involving the space and/or time derivatives of non-integer
order have been suggested and investigated by many researchers over the past two decades for modelling various anomalous relaxation and transport processes. Examples of such equations are the subdiffusion and su-
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perdiffusion equations [1, 2, 10–12], the diffusion-wave
equations [13–17], the fractional Fokker-Plank equations
[18–20], the fractional advection-dispersion equations [21–
23], the fractional Bloch equation [24, 25], the fractional
Schrödinger equation [26, 27] etc.
Now there are a variety of techniques that can be used
to deduce the fractional kinetic and transport equations.
Most of them are based on the stochastic methods. One of
such widely used technique is the continuous time random
walks, which was introduced by Montroll and Weiss [28]
and developed by many researchers (see, e.g., [1–3, 29]
and references therein). This technique permits to derive the fractional Fokker-Plank equations, the fractional
advection-dispersion equations and many others.
On the other hand, the known classical kinetic and transport equations may be derived by the methods of nonequilibrium statistical mechanics. In classical statistical
mechanics, any system can be considered as a manyparticle system and the corresponding statistical ensemble is investigated. This statistical ensemble may be represented by a distribution function in the phase space
of variables describing the dynamics of the system (see,
e.g., [30, 31]). The equation of motion for the distribution
function is deduced using the Hamiltonian dynamics formalism and is known as the Liouville equation. This equation represents a natural starting point for studying nonequilibrium phenomena and developing the kinetic and
transport equations of different types. However, the relation between the Liouville equation and the fractional
kinetics has not been established.
It is necessary to note that the fractional generalizations
of the Hamiltonian formalism have been actively developed in recent years [32–37]. In particular in [35–37], the
fractional Hamilton’s equations of motion have been obtained from the variational problems for the Lagrangians
depending on different types of fractional derivatives of coordinates. Nevertheless, this approach still has not been
used for modelling the anomalous non-equilibrium transport processes.
In this paper, we use a simple proposition that the fractional kinetic and transport equations may be deduced
from the appropriate fractional generalizations of the Liouville equation. However, there are only a few papers
devoted to such generalizations.
The fractional Liouville equation for macroscopic observables with fractional time derivatives was first proposed
in [38]. Its formal solution in terms of the Fox function is
also given there. This generalized equation was used in
[39] for processes that display scaling properties. A timefractional Liouville equation containing a fractional power
of the Liouville operator was also presented in [40]. Unfortunately, these equations have not been used to derive

the fractional kinetic and transport equations.
Another approach to fractional generalization of the Liouville equation has been developed in [32, 41–43] for dynamical systems that can be described by fractional power
of coordinates and momenta. The interpretation of fractional analog of phase space as a space with fractal dimension and as a space with fractional measure was used
to derive this generalized equation. The condition of probability conservation in a fractional volume element has
also been used. The obtained fractional Liouville equation
was used to derive the fractional analogues of the classical kinetic and transport equations [44, 45]. However,
these equations do not involve the fractional derivatives
in time and therefore cannot be used to derive the known
time-fractional kinetic equations.
In this paper, several time-fractional extensions of the Liouville equation are proposed. We start from the classical
Liouville equation that describes the time evolution of the
Hamiltonian system. The formal solution of such equation is well-known. Using this formal solution, we formally derive the time-fractional dynamic equations that
are solution- equivalent to the classical Liouville equation. The cases of time-independent and time-dependent
Hamiltonian are considered separately. It is shown that
the Riemann-Liouville and the Caputo fractional derivatives produce the same time-fractional dynamic equations.
Note that in this approach, the order of fractional differentiation should be considered as a formal parameter. Because the derived fractional equations and the classical
Liouville equation have the same formal solutions, each
may be used for investigation of dynamics of the Hamiltonian system.
Next, we use the obtained time-fractional dynamic equations to derive the time-fractional Liouville equations
(TFLEs). The TFLEs are deduced from these dynamic
equations as its long- and short-time asymptotics. The
physical meaning of the obtained TFLEs is discussed. It
is shown that TFLEs obtained for the large times incorporate the history of the dynamical systems. It is concluded
that these TFLEs may be used to describe the dynamics of
the systems that are nearly Hamiltonian but include small
memory effects which decay with time in accordance with
a power law.
The obtained TFLEs are accompanied by the appropriate
initial conditions, and corresponding Cauchy type problems are solved. In the case of a time-independent Liouville operator, the formal solution of TFLEs are represented via Mittag-Leffler function. If a Lioville operator is
dependent on time then the formal solutions of TFLEs may
be written in terms of the specific "time-ordered" operators
that can be considered as a fractional generalizations of
the "time-ordered" exponential operator. To the best of the
741
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Author’s knowledge, these operators are for the first time
presented in this paper.
Using the projection operator formalism, the timefractional kinetic equations of the Zwanzig type and corresponding formal statistical operators are derived from the
obtained TFLEs. These equations and operators may be
used to derive the time-fractional transport equations for
the non-equilibrium systems with small memory effects.
The paper is organized as follows. In Section 2 the
time-fractional dynamic equations are formally derived
from the classical Liouville equation. In Section 3 the
long- and short-time asymptotics of the time-fractional
dynamic equations are considered and different timefractional analogues of the Liouville equation are deduced.
The peculiarities of the initial condition formulation for the
obtained TFLEs are discussed in Section 4. The formal
solutions to the Cauchy type problems for the TFLEs are
also presented in this section. In Section 5 the Zwanzigtype time-fractional kinetic equations and corresponding
formal statistical operators are obtained using the projection operator formalism. The necessary definitions and
facts from the fractional calculus are collected in the Appendix.

form
ρ = e−itL ρ0 .

system under consideration has the time-scaling property
with exponent α ∈ (0, 1).
We apply a Riemann-Liouville time-fractional differential
operator Dtα of order α ∈ (0, 1) (see (A.2)) to both sides
of the solution (3). Employing the known property [6, 7, 9]
Dtα t β = Γ(1 + β)t β−α /Γ(1 + β − α) (β > −1) of the
Riemann-Liouville fractional derivative, one can easy verify that

Dtα e−itL ρ0 = t −α E1,1−α (−itL)ρ0 ,

where
Eµ,ν (z) =

∂ρ
+ iLρ = 0,
∂t

(1)

where ρ = ρ(q, p, t) is the density function of the system, and L denotes the Liouville operator corresponding
to H: iLρ = [ρ, H]. Eq. (1) is accompanied by the initial
condition
ρ(q, p, 0) = ρ0 (q, p).

(2)

Derivation of so-called solution-equivalent (s-equivalent)
time-fractional differential equation for Eq. (1) is the starting point of the proposed approach. Two differential equations are said to be s-equivalent if they have the same
common solution. At first, we derive such an equation under assumption that a Hamiltonian of the system is timeindependent. Next, a more general case will be considered.
When H is independent of time then L is also timeindependent, and the formal solution of Eq. (1) subject to
the initial condition (2) may be written in the well-known
742
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(µ, ν ∈ C, <(µ) > 0, <(ν) > 0, z ∈ C) is the MittagLeffler function [46], and Γ(z) is the Gamma function.
The initial density function can be expressed from (3) as
ρ0 = exp(itL)ρ. Then we find the following time-fractional
dynamic equation:

2. Time-fractional dynamic equations for Hamiltonian systems
Let us consider a system with a Hamiltonian H ≡
H(q, p, t). Its time evolution is governed by the classical Liouville equation

(3)

Dtα ρ − t −α eitL E1,1−α (−itL)ρ = 0.

(4)

By the construction of (4), this equation has the same formal solution (3) as the classical Liouville equation (1) for
any (not fixed!) ρ0 . Thus, (1) and (4) are s-equivalent
equations, and (4) can be used instead of (1) to describe
the time evolution of the Hamiltonian system under consideration.
classical Liouville equation (1) for any (not fixed!) ρ0 .
Hence, (4) can be used instead of (1) to describe the time
evolution of the system.
Because E1,0 (−itL) = (−itL) exp(−itL) and Dt1 ≡ d/dt,
Eq. (4) for α = 1 coincides with Eq. (1). Therefore, classical Liouville equation (1) may be considered as a special case of the time-fractional dynamic equation (4). For
α = 0 the left-hand side of Eq. (4) is identically zero
because Dt0 ρ ≡ ρ and E1,1 (−itL) = exp(−itL).
If the Caputo fractional derivative (A.3) is used instead of
the Riemann-Liuouville one, then
C


Dtα e−itL ρ0 = t −α [E1,1−α (−itL) − 1/Γ(1 − α)] ρ0 ,

and the time-fractional dynamic equation has the form
C

Dtα ρ +

t −α
ρ0 − t −α eitL E1,1−α (−itL)ρ = 0.
Γ(1 − α)

(5)

Stanislav Yu. Lukashchuk

In view of the relation (A.4), this equation coincides with
Eq. (4). Thus, both frequently used fractional differential
operators give the same time-fractional dynamic equation.
In general case, a Hamiltonian of the system depends on
time. Then the corresponding Liouville operator is also
explicitly time-dependent (L = L(t)), and the formal solution to the problem (1), (2) is
ρ = U(t, 0)ρ0 ,

(6)

where U(t, t 0 ) is the time evolution operator which is defined in the form of a "time-ordered" exponential as
 Z t

U(t, t 0 ) = T exp −i
L(τ)dτ .

3. Time-fractional Liouville equations
3.1.

Long-time dynamics

Here we investigate the long-time behavior of the equations (4) and (9), and as a result we get the corresponding
TFLEs. This case is especially important for the kinetic
theory.
We start from the consideration of Eq. (4).
It is well-known that the Liouville operator L is Hermitian and therefore all its eigenvalues λk are real and corresponding eigenfunctions φk are orthogonal (see, e.g.,
[31]). Assuming that the set {φk } spans the Hilbert space
containing the initial density ρ0 , we can write
ρ0 =

t0

X

ρk φk ,

(10)

k

Here T is the Dyson time-ordering operator arranging the
product of operators in increasing order of time variables
from right to left (see, e.g., [30, 47]).
Because density function ρ is differentiable by time t,
we can rewrite the Riemann-Liouville fractional derivative
of this function in the form of the Marchaud fractional
derivative [6]:

Dtα ρ

1
ρ(t)t −α
−
=
Γ(1 − α) Γ(−α)

Z
0

t

ρ(t) − ρ(τ)
dτ.
(t − τ)1+α

(7)

Using known properties of the evolution operator U(t, τ) =
U(t, t 0 )U(t 0 , τ) (τ ≤ t 0 ≤ t) and U −1 (t, t 0 ) = U † (t, t 0 ), from
the solution (6) we have
ρ(τ) = U(τ, 0)ρ0 = U † (t, τ)U(t, 0)ρ0 = U † (t, τ)ρ(t). (8)

Substituting this relation into the integral in the righthand side of (7) and changing the integration variable to
s = t − τ, we get


−α

t

†


I − U (t, t − s)
t
1
α
−
ds ρ(t)
Dt ρ =
Γ(1 − α) Γ(−α) 0
s1+α
(9)
(here I denotes the identity operator). Thus, we construct the time-fractional dynamic equation which is sequivalent to the classical Liouville equation (1) with the
time-dependent Liouville operator. It is readily shown that
Eq. (9) is reduced to Eq. (4) when L is independent of time.
find the approximation to Eq. (4) as with a timeindependent L.
Z

where ρk = (φk , ρ0 ). Using (10), from the formal solution
P
(3) we find ρ(t) = k ρk exp(−itλk )φk . Substituting this
representation into the second term of Eq. (4), we get the
equality
eitL E1,1−α (−itL)ρ =

X

ρk E1,1−α (−itλk )φk .

(11)

k

Next, we use the exponential asymptotic of the MittagLeffler function. If µ < 2, ν ∈ C, z ∈ C, |arg z| ≤ θ with
any πµ/2 < θ < min{πµ, π}, then for any integer p ≥ 1
and |z| → ∞ the following asymptotic expansion is valid
(see [48, 49]):
p
X

z −n
+ O(|z|−1−p ).
Γ(ν
−
µn)
n=1
(12)
Because all λk are real, |arg(−itλk )| = π/2 and for the
Mittag-Leffler function in Eq. (11) all the above conditions for the asymptotic expansion (12) are met. Therefore, E1,1−α (−itλk ) = (−itλk )α exp(−itλk ) + O(1/t) and we
have
Eµ,ν (z) = z (1−ν)/µ exp(z 1/µ )/µ −

t −α
X

X

ρk E1,1−α (−itλk )φk =

k

ρk e−itλk (−iλk )α φk + O(t −1−α ).

(13)

k

The Liouville operator L can be treated as the infinitesimal generator of the semigroup Gt = etL . Employing
the Balakrishnan formula [50] for the fractional power of
operator
(−L)α ρ =

∞

Z
1
Γ(−α)

τ −1−α (Gτ − I)ρdτ,

(14)

0
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one can prove the equality
(−iλk )α φk = (−iL)α φk .

Substituting (20) into (9) and taking into account the relation (8), we obtain
(15)

Dtα ρ + iLα (t)ρ = (Mα ρ)(t),

(21)

Hence, from (11), (13), and (15) we obtain
t −α eitL E1,1−α (−itL)ρ = (−iL)α ρ + O(t −1−α ).

where we have introduced the notation
(16)
Lα (t)ρ =

Substituting (16) into (4) and neglecting terms of order
O(t −1−α ), we find the TFLE with the Riemann-Liouville
fractional derivative as
Dtα ρ − (−iL)α ρ = 0.

(17)

It is easy to see that for α = 1 Eq. (17) coincides with
the classical Liouville equation (1), and for α = 0 the lefthand side of this equation is identically zero. Nevertheless, contrary to (4), Eq. (17) is not s-equivalent to Eq. (1)
because (3) is not its formal solution. Moreover, the solution of Eq. (17) now depends on α. This is because we
neglect the terms of order O(t −1−α ). Thus, Eq. (17) does
not describe the full dynamic of the system, but extracts
its α-fractional part, which for large t may be considered
as approximation to exact dynamic picture. Eq. (17) takes
into account the memory of the system for t < 0 and this is
its main difference from Eq. (1), as it will be shown below.
Note that Eq. (17) is reversible in time because under
transformation q0 = q, p0 = −p, t 0 = −t the fractional
derivative and Liouville operator are multiplied by a common factor (−1)−α .
In the same manner, we can derive the TFLE with the
Caputo fractional derivative. Substituting (16) into (5) we
get
C

Dtα ρ − (−iL)α ρ = −t −α ρ0 /Γ(1 − α) + O(t −1−α ). (18)

The right-hand side terms of this equation become small
for very large values of t and may be neglected. Then we
find the desired equation as
C

Dtα ρ − (−iL)α ρ = 0.

(19)

Note that this equation was first presented in [40].
Now let us consider the long-time asymptotic to Eq. (9).
The integral term in the right-hand side of this equation
may be rewritten as

0

Z

U † (t, t − s) − I
ρ(t)ds, (22)
s1+α
0

−∞

ρ(τ)
dτ.
(t − τ)1+α

(23)

Here we assume that ρ(τ) for τ < 0 is defined by (8).
Note that Eq. (21) is s-equivalent to Eq. (9) because they
have the same formal solution (6).
The term Mα ρ in the right-hand side of Eq. (21) includes
ρ(t) for t < 0, i.e. it depends on the history of the system
before initial time t = 0. Because Mα ρ depends on α,
it may be entitled as a α−fractional memory term. In
the long-time limit we can neglect this term for a finite
function ρ(t), t < 0. Then we get TFLE as
Dtα ρ + iLα (t)ρ = 0.

(24)

Using (14) and (22), for the time-independent L we have
−iLα = (−iL)α and Eq. (24) coincides with Eq. (17).
Note that for reversibility of Eq. (24) in time, a Hamiltonian must obey the same conditions that lead to reversibility of the classical Liouville equation.
Eq. (24) differ from Eq. (9) by the term Mα ρ under assumption that the prolongation ρ(t) on t < 0 is defined by
the formal solution of Eq. (1) for t < 0. Because this term
is small enough in the long-time limit, we can consider
TFLE (24) as the result of small perturbation of Eq. (9)
by the α-fractional memory term (23).
Thus, the physical meaning of TFLE (24) (and also
Eq. (17) as its special case) is as follows: it describes
the long-time dynamics of the system which is Hamiltonian in the main (zero order) approximation but in the
first order approximation has a small memory which decays with time as t −α . In other words, this equation may
be used for the systems that are nearly Hamiltonian but
include small power-law decaying memory effects.
Eq. (21) may be rewritten in terms of the Caputo fractional
derivative. Because Mα ρ0 = t −α ρ0 /Γ(1 − α), using the
relation (A.4) we find
Dtα ρ + iLα (t)ρ = (Mα (ρ − ρ0 )) (t).

(25)

t

I − U † (t, t − s)
ds =
s1+α
Z0 ∞
Z 0
I − U † (t, t − s)
U † (t, τ)
t −α
ds
+
dτ −
.
1+α
1+α
s
(t
−
τ)
α
0
−∞
(20)
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∞

Z

1
(Mα ρ)(t) = −
Γ(−α)

C

Z

i
Γ(−α)

Neglecting the right-hand side term in the long-time limit,
we get TFLE with the Caputo fractional derivative as
C

Dtα ρ + iLα (t)ρ = 0.

(26)
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This equation coincides with Eq. (19) for the timeindependent Liouville operator.
Eq. (26), as well as Eq. (24), describes the dynamics of the
system with a small memory. Nevertheless, in Eq. (26) the
memory is determined by the difference ρ(t) − ρ0 unlike
ρ(t) in Eq. (24), as can be seen from the comparison of
Eqs. (25) and (21).

3.2.

Short-time dynamics

Now let t be small enough. Using Taylor expansions of
exp(itL) and E1,1−α (−itL), from Eq. (4) and its formal solution (3) we get the equation
Dtα ρ +

t −α ρ0
t 1−α
iLρ =
+ O(t 2−α ).
Γ(2 − α)
Γ(1 − α)

Taking into account the relation (A.4) and neglecting terms
of order O(t 2−α ), from this equation we find the TFLE as
C

Dtα ρ +

t 1−α
iLρ = 0.
Γ(2 − α)

(27)

This equation is reversible in time and for α = 1 coincides
with the classical Liouville equation (1).
In the case of time-dependent Liouville operator, using the
estimation
(It1−α f)(t) = t 1−α f(t)/Γ(2 − α) + O(t 2−α ),
valid for small values of t, from Eq. (9) we find the TFLE
as
t 1−α
C α
Dt ρ +
iL(t)ρ = 0.
(28)
Γ(2 − α)

equations [7], the initial condition for Eqs. (17) and (24)
should has the form
lim It1−α ρ(q, p, t) = C (q, p),

t→0+

(29)

where It1−α is the Riemann-Liouville fractional integral
(defined by (A.1) with a = 0), and C (q, p) is a given nonnegative function. However, the density function ρ(t) has
a singularity of order 1−α at t = 0, if the condition (29) is
used. At first sight, this seems to be physically incorrect.
But it is necessary to remember that Eqs. (17) and (24)
have been derived under the assumption that t is large
enough. Therefore, these equations are not applicable in
the neighbourhood of the point t = 0. Nevertheless, we
can use (29) as an initial condition for Eqs. (17) and (24) if
it provides an accurate description of the system dynamics
in the time domain where these equations are applicable.
Thus, we can consider the condition (29) as a "dummy"
initial condition for Eqs. (17) and (24).
The formal solution to the Cauchy type problem (17), (29)
is
ρ = t α−1 Eα,α ((−itL)α ) C .
(30)
A useful representation of function C may be derived. In
the limit t → ∞ we have Mα ρ(t) → 0, i.e. memory effects vanish and we have the system with Hamiltonian
dynamics. Therefore, the long-time asymptotic of the formal solution (30) should coincides with the formal solution
(3) of the classical Liouville equation that describes a dynamics of the system for very large t. Using (12), we find
a long-time asymptotic to (30) as
ρ ≈ α −1 e−itL (−iL)1−α C .

(31)

It is easy to see that if
Thus, for small times the TFLEs in both cases of timedependent and time-independent Liouville operators are
identical.

4. Initial conditions and formal solutions of the time-fractional Liouville
equations
4.1.

Long-time dynamics case

Now let us discuss the peculiarities of the initial conditions setting for the obtained TFLEs and corresponding
its formal solutions.
Condition (2) is inconsistent with Eqs. (17) and (24), and
cannot be used as initial condition for them. As it follows
from the general theory of ordinary fractional differential

C = α(−iL)α−1 ρ0 ,

(32)

then the solutions (31) and (3) coincide. Therefore, for
Eq. (17) we may use the initial condition (29) with C
defined by (32). In this case the long-time dynamics produced by the fractional and classical Liouville equations
are identical.
Of course, the limiting state of the system usually unknown. Then (32) may be inverted: ρ0 = α −1 (−iL)1−α C .
Substituting this ρ0 into (3), we can find a long-time
asymptotic of the density function of the system with a
small memory discussed above.
In the case of time-dependent Liouville operator, the solution to the Cauchy type problem (24), (29) may be written
as
ρ = Eα (t, 0; −iLα )C .
(33)
745
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4.2.

Here we have introduced the operator
∞
X

0

Z

t

1
Γn+1 (α)n!

Eα (t, t ; X) =
dtn · · ·
t0
n=0
Z t
α−1
dt1 × Pn+1
(t, T [t1 , . . . , tn ], t 0 )T [X(t1 ) . . . X(tn )],

Short-time dynamics case

The initial condition (2) may be used for Eqs. (27) and
(28). Then the formal solution to Eq. (27) has the form
ρ=

t0

∞
X

ak (−itL)k ρ0 ,

(38)

k=0

(34)
where
Pn (tn , tn−1 , . . . , t0 ) =

n
Y

(tk − tk−1 ).

where
(35)

k=1

By virtue of the time-ordering operator T , the sequence of
variables (t1 , t2 , . . . , tn ) in (34) is arranged in increasing
order from right to left.
It may be proved that for time-independent Lα one has
Eα (t, 0; −iLα ) = t α−1 Eα,α (−iLα t α ), and (33) coincides with
(30) because −iLα = (−iL)α .
Instead of the condition (29), a known value of the density
function ρ(q, p, t1 ) = C1 (q, p) at any inner point t1 > 0
also may be used as an initial condition for Eqs. (17) and
(24) (see [7]). The function C1 (q, p) is physically meaningful, if these equations are applicable for t ≥ t1 . The
formal solutions of Eqs. (17) and (24) with this new initial condition can be easy obtained from (30) and (33),
respectively.
The classical initial condition ρ(q, p, 0) = C (q, p) may be
used for the TFLEs with the Caputo fractional derivative.
Correspondingly a formal solution to Eq. (19) has the form
ρ = Eα,1 ((−itL)α ) C ,

a0 = 1, ak =

For small values of t, from the solution (38) we have
ρ ≈ (1 − itL)ρ0 ≈ e−itL ρ0 ,
that coincides with the formal solution (3) of the classical
Liouville equation.
The formal solution to the Cauchy type problem (28), (2)
is
ρ = Eα,2 (t, 0; −iLα )ρ0 ,
(39)
where we have introduced the operator

n Z t
Z t
∞
X
sin(πα)
1
dtn · · ·
t1
n! π(1 − α)
t0
t0
n=0
"
#
α−1
n
Y
T [X(t1 ) . . . X(tn )].
× Pn (T [t1 , . . . , tn ], t)
tk−1
Eα,2 (t, t 0 ; X) =

(36)

k=1

and to Eq. (26) is
ρ = Eα,1 (t, 0; −iLα )C .

(37)

Here operator
Z t
∞
X
1
dtn · · ·
Eα,1 (t, t 0 ; X) =
Γn+1 (α)n! t 0
n=0
Z t
dt1 × Pnα−1 (t, T [t1 , . . . , tn ])T [X(t1 ) . . . X(tn )],
t0

where Pn is determined by (35). For time-independent Lα
one has Eα,1 (t, 0, −iLα ) = t α−1 Eα,1 ((−iL)t α ), and (37) coincides with (36). The inner initial condition ρ(q, p, t1 ) =
C1 (q, p) (t1 > 0) is also suitable for these equations.
By asymptotic expansion (12), from the solution (36) we
obtain ρ ≈ α −1 exp(−itL)C . Comparing this result with
the formal solution (3) to the classical Liouville equation, we find the relation between functions C and ρ0 as
C = αρ0 . Thus, TFLE (19) subject to the initial condition
ρ(0) = αρ0 has the same long-time asymptotic behavior
as the classical Liouville equation (1) subject to the initial
condition (2).
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k
X
Γ(n + 1 − α)
1
(k ≥ 1).
Γk (2 − α) n=1
n!

By known approximation Itα f(t) ≈ Γ(1 − α)t α f(t), valid for
small t, it can be checked that the solutions (39) and (8)
coincides up to the terms of order O(t 2 L2 (t)).
Hence, Eqs. (27) and (28) do not describe a new dynamics.
These equations may be considered only as the models
of another (fractional) type for approximate description a
classical dynamics of the Hamiltonian systems at small
times.

5.

Fractional kinetic equations

In this section, we use the projection operators formalism
to derive the time-fractional kinetic equations.
Let P be a linear time-independent projection operator
so that P 2 = P. Following the Zwanzig approach, we
define a ’relevant part’ ρ1 = Pρ and ’irrelevant part’ ρ2 =
(1−P)ρ of the density function: ρ = ρ1 +ρ2 . Assume that
operator P commutates with a time- fractional derivative
operator Dtα , i.e. Dtα P = PDtα .

Stanislav Yu. Lukashchuk

The respective application of P and (1 − P) to Eq. (24)
gives
Dtα ρ1 + P(iLα (t))(ρ1 + ρ2 ) = 0,

(40a)

Dtα ρ2

(40b)

+ (1 − P)(iLα (t))(ρ1 + ρ2 ) = 0.

We consider Eq. (40b) with zero initial condition ρ2 (0) =
0, which means the lack of correlations in the system
at the initial time. This condition leads to the equality
limt→0+ It1−α ρ2 = 0, which is a natural initial condition
for the fractional differential equations with the RiemannLiouville fractional derivatives.
Since the operators P and Lα are linear, we can rewrite
Eq. (40b) as
Dtα ρ2 − Qα (t)ρ2 = Qα (t)ρ1 ,

6.

t

Z

Eα (t, τ; Qα )Qα (τ)ρ1 (τ)dτ,

(42)

0

where operator Eα is defined by (34). For the timeindependent operator −iLα = (−iL)α the solution (42)
becomes
Z
ρ2 =

t

(t − τ)α−1 Eα,α ((t − τ)α Qα ) Qα ρ1 (τ)dτ.

(43)

0

Substituting (42) into Eq. (40a), for ρ1 we find the timefractional kinetic equation of the Zwanzig type as
Dtα ρ1 + P(iLα (t))ρ1 =
Z t
−i
PLα (t)Eα (t, τ; Qα )Qα (τ)ρ1 (τ)dτ.

Summary

(41)

where Qα (t) = −(1 − P)(iLα (t)).
The solution to Eq. (41) subject to the mentioned above
zero initial condition is
ρ2 =

In the similar manner, one can find the time-fractional
kinetic equations of the Zwanzig type corresponding to
Eqs. (19) and (26). Because (A.4), initial condition ρ2 (0) =
0 leads to the equality C Dtα ρ2 = Dtα ρ2 . Hence, Eq. (40b)
also corresponds to Eq. (26), and (42) is valid. Therefore,
the desired time-fractional kinetic equations is of the form
(44) and (45) in which the Caputo fractional derivative
should be used instead of the Riemann-Liouville one. The
statistical operators are given by Eqs. (46) and (47).
The obtained time-fractional kinetic equations, as well as
the formal statistical operators, may be used to derive
time-fractional transport equations for the nearly Hamiltonian systems with small memory effects.

Fractional kinetic and transport equations are widely used
to describe anomalous transport phenomena in complex
systems. Nevertheless, many of them have not yet been
justified by the methods of non-equilibrium statistical mechanics. Similarly to classical statistical physics, the Liouville equations of fractional order may be considered as
a starting point for such justification.
The approach proposed in this paper permits to derive the
time-fractional Liouville equations from the classical Liouville equation. It is shown that these equations can be
used for modelling the dynamical systems with a small
memory. The obtained equations are reversible in time
under the same conditions as a classical Liouville equation. Employing the projection operators formalism, the
time-fractional kinetic equations of the Zwanzig type have
been derived from the obtained time-fractional Liouville
equations. A new problem is to determine the relationship between these kinetic equations and the known timefractional transport equations.

(44)

0

For the case of time-independent Liouville operator it becomes
Dtα ρ1 − P(−iL)α ρ1 =
Z t
P(−iL)α Eα,α ((t − τ)α Qα ) Qα ρ1 (τ)
dτ.
(t − τ)1−α
0

(45)

Employing (42) and (43), we also get the corresponding
formal statistical operators in the form
Z

t

ρ = Pρ +

Eα (t, τ; Qα )Qα (τ)Pρ(τ)dτ,
0

Z
ρ = Pρ +
0

t

(46)

Eα,α ((t − τ)α Qα ) Qα Pρ(τ)
dτ. (47)
(t − τ)α−1

Appendix: BASIC DEFINITIONS OF
FRACTIONAL CALCULUS
A few necessary definitions of the fractional derivatives
are presented here. For more detailed information about
fractional calculus see, e.g., [6, 7, 9].
The left-sided Riemann-Liouville fractional integral a Itα f
of order α ∈ C (<(α) > 0) is defined by

(a Itα f) (t) ≡

Z
1
Γ(α)

a

t

f(τ)dτ
(t > a),
(t − τ)1−α

(A.1)

where Γ(α) is the Gamma function.
747

Time-fractional extensions of the Liouville and Zwanzig equations

The left-sided Riemann-Liouville fractional derivative
α
a Dt f of order α ∈ C (<(α) ≥ 0) is defined by
n
d
(a Itn−α f) (t)
 dt n Z t
1
d
f(τ)dτ
=
α−n+1
Γ(n − α) dt
a (t − τ)
(a Dtα f) (t) ≡



(n = [<(α)] + 1, t > a). In particular, for α ∈ (0, 1) and
a = 0 we have
(Dtα f) (t) =

1
d
Γ(1 − α) dt

t

Z
0

f(τ)dτ
.
(t − τ)α

(A.2)

An alternative definition of the fractional derivative was
introduced by Caputo. The left-sided Caputo fractional
derivative is defined by
C α
a Dt f



(t) ≡

n−α (n)
f
a It

t

Z


(t) =

1
Γ(n − α)

a

f (n) (τ)dτ
.
(t − τ)α−n+1

For α ∈ (0, 1) and a = 0 it becomes
C


Dtα f (t) =

t

Z
1
Γ(1 − α)

0

f 0 (τ)dτ
.
(t − τ)α

(A.3)

If f(0) = f0 < ∞ then the Caputo fractional derivative
(A.3) exists together with the Riemann-Liouville fractional
derivative (A.2) and they are connected with each other
by the relation
Dtα f = C Dtα f + f0 t −α /Γ(1 − α).

(A.4)
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