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Abstract:

In practice, some differences are usually observed between computer simulation and experimental results
of a chaotic circuit. In this paper, it is tried to obtain computer simulation results having more correlation
with those obtained in practice by using more realistic models for chaotic circuits. This goal is achieved by
considering the fractionality nature of electrical capacitors in the model of a chaotic circuit.
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1.

Introduction

Even though several decades have passed from finding the
first chaotic systems, our knowledge about the existence of
chaos in dynamical systems is still incomplete, and there
are many open problems in this field. For example, there
is no general and analytical tool to decide whether and in
what parameter ranges, chaotic behaviour might exist in a
given dynamical model (without invoking numerical simulations) [1, 2]. Although some theorems such as Shil’nikov
theorem [3] may be useful in special cases, relying on com∗
†
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puter simulation results is still a primary way to recognize chaos in dynamical systems. Using laboratory experiments is another way to confirm the existence of chaotic
behaviours in dynamical systems. To this end, an electrical circuit can be designed to emulate a given dynamical
model, and is experimentally implemented to investigate
the existence of chaos in such a model. In practice, some
differences may exist between computer simulation and experimental results. For example, the parametric range for
the existence of chaos obtained in laboratory experiments
may be different to that obtained via numerical simulations. To justify the reason for such inconsistencies, we
usually use the term model uncertainty which means that
the mathematical model cannot completely describe the
existing reality. Using more realistic models may help
to reduce the gap between model simulation and labo-
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ratory experimental results. One of the steps which has
been taken to approach such models is applying fractional
order models. In recent years, fractional order dynamical models defined based on fractional calculus concepts
[4, 5, 25, 32] have attracted much attention to provide more
realistic models. There are different studies which reveal
that many physical processes and real-world phenomena
can be better modelled by fractional order dynamics [6, 7].
Modelling of heat conduction [8], thermal systems [9], viscoelastic materials [10, 11], finance systems [12], diffusion
[13], and biological tissues [14] are some typical samples
of fractional order modelling.
Based on the above discussions, the following question is
raised: can using fractional order dynamics in modelling of
chaotic circuits help to reduce the gap between model simulation and laboratory experimental results? Motivated
by the importance of finding a reasonable answer for this
question, the present paper tries to find such an answer.
To this end, it is first demonstrated that the experimental
results of a chaotic circuit may be different to the results obtained via numerical simulation of its traditional
model. Then, we use fractional order models for electrical
elements of the circuit in order to reach more predictable
results. The main contribution of this paper, in comparison
with the existing literature in the field of fractional order
chaotic systems [31, 33–36], is in providing an experimental evaluation for the fact that considering the fractional
nature of electrical capacitors in the mathematical model
of a chaotic circuit results in a more realistic model. In
fact, this evidence can be considered as a justification for
using fractional order dynamics in modelling of chaotic
systems which are implemented by electrical circuits.
The paper is organized as follows. Section 2 is devoted
to stating the problem statement by presenting some experimental results obtained from implementation a chaotic
circuit, and comparing them with computer simulation results. In Section 3, a fractional order model as a more
realistic model is presented for an electrical capacitor. In
this section, it is shown that this model can help us to
find modified models for a chaotic circuit. Section 4 deals
with practical measuring the parameters of the modified
models found in Section 3. In Section 5, the experimental results are compared with computer simulation results
obtained from using the traditional model and modified
models. Finally, the paper is closed by drawing conclusions in Section 6.

2.

Problem statement

Up to now, many electrical circuits exhibiting chaotic behaviours have been introduced and studied in literature

[15–19]. In this section, one of these circuits is chosen
and its experimental results are compared with results
obtained via computer simulation of its describing equations. The chosen circuit is shown in Fig. 1. This circuit
has been introduced in [19] as a 3rd order linear system
chaotified with a non-linear feedback.

Figure 1.

The chaotic circuit introduced in [19]

Using KVL and KCL laws, the differential equations describing the behaviour of the circuit are obtained in terms
of resistors and capacitors as follows:



Rf4 y
Rf3 R1


z
Rf2
C2 ẏ =
Rf1 R2




y
Rf6 x
x|x|
z
+
−
+
C3 ż = −
R3
R4
Rf5 R5
R6
C1 ẋ =

(1)

In order to simulate these equations and see a typical
chaotic behaviour, it is necessary to choose proper values
for capacitors and resistors. Table 1 describes such values.
In fact, practical elements are chosen for implementation
of the circuit and the exact values of these elements are
reported in this table. Also, resistor R4 is realized by a
potentiometer such that its value can be arbitrarily tuned.
Using LM358 Operational Amplifier, LN4148 diodes and
AD633 Analog multiplier, the implementation of the circuit
would be completed. Fig. 2 shows a picture of the circuit
implemented in this experiment.
Since the goal is to compare results obtained from a computer simulation and an experiment, a distinct measurable
criterion should be introduced at first for these comparisons. To achieve a proper criterion, it is desirable to focus
on the region of the bifurcation diagram in which the circuit shows its complex behaviour. Based on computer simulation, the bifurcation diagram of the output y has been
837
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Table 1.

Exact values of elements.

R1 = 0.562kΩ Rf3 = 0.993 kΩ Ra4 = 10.08 kΩ
R2 = 0.150 kΩ Rf4 = 1.000 kΩ Ra5 = 4.98 kΩ
R3 = 0.221 kΩ Rf5 = 0.997 kΩ Ra6 = 3.55 kΩ
R5 = 2.034 kΩ Rf6 = 0.996 kΩ Ra7 = 10.03 kΩ
R6 = 1.021 kΩ Ra1 = 9.97 kΩ C1 = 1.027 µF
Rf1 = 0.994 kΩ Ra2 = 4.96 kΩ C2 = 98.6 nF
Rf2 = 0.996 kΩ Ra3 = 9.90 kΩ C3 = 4.703 µF

Due to the model uncertainty problem, the existence of
such a difference is somehow predictable. But now, this
question is raised: are the differences justified only with
unknown phenomena as usual or there are some reasons
that clarify at least, a portion of this unfamiliar miracle?
To see if there is any persuasive answer, some preliminary
experiments should be done. For example, changing the
elements yields in some noteworthy results. As a matter
of fact,
1. changing the type of capacitors,
2. measuring the exact capacitances by an accurate
multi-meter again,
3. running the computer simulations with these new
values and finally,
4. comparing the results with experimental results

Figure 2.

Implementation of the circuit.

drawn in terms of resistor R4 on Fig. 3-a. Fig. 3-b shows
the details of diagram inside a rectangle shown in Fig. 3a. The chaotic attractors observed for corresponding resistor values of this rectangle is a typical single scroll
attractor. For low values of resistor R4 in this rectangle, a
large intermediate gap would be seen (This intermediate
gap has been shown by an arrow in the chaotic attractor
presented in Fig. 3-c). Raising R4 more and more, this
gap will blur until a semi-compact attractor appears (see
Fig. 3-d). In Fig. 3-c and Fig. 3-d, the attractor made by
x and y outputs is shown for R4 = 2.25 kΩ and 2.27 kΩ
respectively. It is seen that the mentioned gap in Fig. 3-c
blurs in Fig. 3-d by increasing R4 . To quantize the problem, all comparisons are made on the basis of the first
value of R4 at which the internal gap of attractor blurs
entirely. Such a point (referred as the gap blurring point
in the rest) is shown in Fig. 3-b by an arrow. Although
there are more possible choices for comparison, the key
idea is that the comparison point should be selected in
such a way that it would be easy to find using both oscilloscopes and simulation tools in order to reduce measurement errors. As shown in Fig. 3-b, based on computer
simulation results R4 should be nearly 2.263 kΩ at gap
blurring point. But in practice, by gradually changing
the potentiometer related to R4 , the blurring point was
found to have an approximate value of R4 = 2.234 kΩ.
838

say that one of the factors that could potentially affect the
amount of error is the type of capacitors. Table 2 contains
more results of simulations and experiments obtained by
using different choices of capacitors. Note the arrangement of the three capacitors in this table. In the first row
of this table, 3 capacitors are used as a base. Then, in
each of three other rows, one of the capacitors is changed
to see the difference that occurs. From this table, it is
revealed that if one of the capacitors is replaced with another of a different type and almost the same capacitance,
the variations in the experimental results are more than
the variations in the computer simulation results. Hence,
it seems the type of capacitor plays a significant role in
the magnitude of error between experimental and computer simulation results. Consequently, finding more realistic models for electrical capacitors may lead to obtain
computer simulation results having more correlation with
those obtained in practice. It the next section, the aim is
introducing fractional order models for electrical capacitors, and using these models to find more realistic equations for describing the behaviour of the chaotic circuit
shown in Fig. 1.

3. Modified models for chaotic circuits based on fractional model of capacitors
It has been claimed that the ordinary derivative cannot
exactly model the behaviour of electrical capacitors [20].
There has been some research on electrical capacitors and
dielectrics that says that the more realistic model should
contain fractional derivative [6, 20]. This more general
model, which can quantize the differences between various
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Figure 3.

Table 2.

Bifurcation diagram for the set of equations Eq. 1 by changing R4 (a and b), and chaotic attractors when R4 = 2.25 kΩ (c) and 2.27 kΩ (d).

The value of resistor R4 corresponding to the gap blurring point for different choices of capacitors.

C1 (µF)

C2 (nF)

C3 (µF)

Exp. R4 (kΩ) Sim. R4 (kΩ) Error (Ω)

1 1.017 (Polypropylene) 98.6 (Polycarbonate)

4.703 (Polyester)

2.193

2.246

53

2

98.6 (Polycarbonate)

4.703 (Polyester)

2.234

2.263

29

102 (Ceramic)

4.703 (Polyester)

2.408

2.236

-172

2.056

1.810

-246

1.027 (Polyester)

3 1.017 (Polypropylene)

4 1.017 (Polypropylene) 98.6 (Polycarbonate) 6.710 (Bi-polar Aluminum)

types of capacitors, has been introduced by Westerlund
[6, 20] based on the Curie empirical law [21]. According to
the Curie empirical law, when a step signal of amplitude
V0 is applied to a capacitor at time t = 0, the current
would be:
i(t) =

V0
,
h1 t α

0 < α < 1, t > 0

(2)

Here, h1 is a constant related to the capacitance of the capacitor and its dielectric. Using Laplace transform results
in
I(s) =

Γ(1 − α)V0
,
h1 s1−α

0<α<1

(3)

By defining Cφ in the form
Cφ =

Γ(1 − α)
h1

(4)

the impedance of a capacitor would be:

H(s) =

V (s)
1
=
I(s)
Cφ sα

(5)

By replacing s with jω, it yields:
π

H(jω) =

V (jω)
1
e−j 2 α
=
=
,
I(jω)
Cφ (jω)α
Cφ ω α

0 < α < 1 (6)

When α is near 1, this expression says that there is a
phase lag of approximately 90◦ in the voltage of a capacitor. The next section will declare how to zoom on this
phase lag in order to obtain the parameter α for a typical
capacitor. Using fractional model for capacitors, the differential equations describing the behaviour of the circuit
839
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shown in Fig. 1 are obtained as:


Rf4 y
Cφ1 D α1 x =
,
0 < α1 < 1
(7)
Rf3 R1


Rf2
z
Cφ2 D α2 y =
,
0 < α2 < 1
Rf1 R2




z
y
Rf6 x
x|x|
Cφ3 D α3 z = −
+
−
+
,
R3
R4
Rf5 R5
R6
0 < α3 < 1
In the rest, this set of equations is called modified model 1.
It is worth mentioning that [24] has also derived the Fractional Lagrangian and Hamiltonian for an RLC loop based
on a similar concept. Sometimes, it may be desirable to
approximate the model of a fractional order capacitor with
the model of a parallel or series pair of an ideal capacitor and a resistor. Clearly, for these cases the values of
these elements are functions of ω. In the parallel case, the
values of the ideal capacitor and the resistor are given by

Cφ sin απ
2
(8)
Cp (jω) =
ω1−α
1

Rp (jω) =
Cφ cos απ
ωα
2
Note that it is possible to find similar expressions for the
series case. But the parallel form is more sensitive, because there is a leakage current through the capacitor
when some charges are placed on its two plates (For more
details about these parallel and series modified models,
see [20]). Considering a fixed ω and replacing each capacitor with its two parallel elements yields a new set
of differential equations which is called modified model 2
hereafter:


Rf4 y
x
Cp1 ẋ =
−
(9)
Rf3 R1
Rp1


z
y
Rf2
Cp2 ẏ =
−
Rf1 R2
Rp2




z
y
Rf6 x
x|x|
z
Cp3 ż = −
+
−
+
−
R3
R4
Rf5 R5
R6
Rp3
In Eq. 9, Cpi and Rpi are parallel elements related to capacitor Ci for i = 1, 2 and 3. Note that in deriving Eq. 9
these elements are considered fixed. The next section will
discuss how to find a proper value for the frequency to fix
these elements.

4. Measuring the parameters of
modified models
Having a fractional order impedance in the form Eq. 5, it
is required to find an appropriate tool for measuring the
840

parameters of this model, i.e. α and Cφ , with an admissible error. A typical way to estimate parameters α and
Cφ of a given capacitor is constructing an RC branch with
this capacitor and applying a sinusoidal voltage at the
ends of the constructed RC branch. The circuit required
for parameters of impendence Eq. 5 is shown in Fig. 4.
By measuring the source voltage (vs (t)) and the capacitor voltage (vc (t)) by a digital oscilloscope, the capacitor
current is found by using the following equation
ic (t) =

vs (t) − vc (t)
vR (t)
=
R
R

(10)

Figure 5 shows a typical form of circuit voltage signals.
Having the voltage and current as sinusoidal digitalsampled signals, it is possible to fit a sinusoidal curve
of proper amplitude, frequency and phase on each set of
samples. Assume that after the transient time the voltage
and current the capacitor are described by
vc (t) = Vp sin(ωt + φv )

(11)

ic (t) = Ip sin(ωt + φi )

Figure 4.

Circuit used for obtaining α and Cφ .

In this case, parameters α and Cφ are calculated by:

2
(φi − φv )
π
Ip
=
.
Vp ω α

α =
Cφ

(12)

In our experiments, the capacitors C1 , C2 and C3 used
in the under study chaotic circuit have nominal values of
1 µF, 100 nF, and 4.7 µF respectively. For some commercial capacitors with these nominal values, the parameters
α and Cφ are measured and the results are brought in
Table 3. In the rest, cap − A − No.B refers to the capacitor having nominal value A and being located in row B of
the Table 3. For example, cap − 100n − No.4 is of type
"tantalum". In Table 3, for each capacitor, Rp and Cp are
calculated at the operating frequency of the circuit shown
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Figure 5.

Typical curves for voltages in the circuit.

in "Op freq" column. The operating frequency is chosen as
the peak frequency of Fourier transform of chaotic signals
(See Fig. 6). Also in Table 3, the last column ("Multimeter" column) contains the value of capacitors measured
by an accurate multi-meter. In each range of capacitor
nominal values, capacitors are sorted in an ascending order in terms of α. Another hint is that in each range,
the most ideal capacitor (i.e. the capacitor having closest
order α to one) is distinguished by an @ mark.

5. Effect of fractionality of capacitors on differences between experimental and computer simulation results
Considering all preliminary tools introduced in previous
sections, it is the time to deal with the problem of the
existence of differences between computer simulation and
experimental results of a chaotic circuit in the viewpoint
of fractionality effects. To achieve this goal, an experiment should be designed to investigate the error between
computer simulation and experimental results when the
fractional order of used capacitors (α) recedes from 1,
i.e. when the fractionality increases. The chaotic circuit
shown in Figure 1 can be implemented with different sets
of 3 capacitors. To investigate the fractionality effect of
a capacitor selected among those brought in Table 3 in
experiments, this capacitor is used with the two order capacitors which are the best (having the least fractionality)
in their range, i.e. those marked by @. For example, to
investigate the fractionality effect of cap − 100n − No.5
when it is used as capacitor C2 in circuit implementation,

Figure 6.

Fourier transform of chatoic signal x and Rp and Cp for
cap − 100n − 2 vs frequency.

cap − 1µ − No.5 and cap − 4.7µ − No.4 are respectively used as capacitors C1 and C3 . The resistors used
in practical implementation of the circuit have the values
given in Table 1. Also, resistor R4 is realized by a potentiometer such that its value can be arbitrarily tuned.
Moreover, in computer simulations, 3 different models are
used: traditional model (given by the set of ordinary differential equations Eq. 1), modified model 1 (given by the
set of fractional order differential equations Eq. 7), and
modified model 2 (given by the set of ordinary differential equations Eq. 9). For numerically solving the set of
fractional order differential equations Eq. 7, the predictorcorrector method [22] is used. This method is known as a
reliable method for simulation of fractional order chaotic
systems [23]. Now for each capacitor brought in Table 3,
the following procedure is done:
1. Using the X-Y mode of the oscilloscope, for the
point of bifurcation diagram specified before (gap
blurring point), relevant value of R4 is found.
2. Running the computer simulations, the intended R4
related to the gap blurring point is found.
841
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Table 3.

Experimental capacitors specifications.

The obtained results are given in Table 4. In this table,
δ=1-α is defined as the fractionality of the capacitors.
Also, the differences between computer simulation and experimental results versus the fractionality of capacitors are
plotted in Fig. 7.
Form Fig. 7, it is demonstrated that there is a bias point
of about 80 − 100 Ω in differences between experimental
results and computer simulation results obtained by using
modified models. That is because there are some factors
that are not considered in models yet. For example, each
Op-Amp has an output stage which supplies current to
the load. There are always two resistors before the load
which restrict short circuit current. Although there is a
negative feedback reducing this impedance, it could affect
the experimental value obtained for R4 . This impedance
and finite gain of all Op-Amps and moreover, the error
of analog multiplier can easily lead to this bias of error.
There is some proof that this bias error does not entirely
842

have a probabilistic nature. As an example, for capacitors
having nearly the same fractional order α and different
capacitance Cφ close errors are seen. Such capacitors
are available in 1 µF and 100 nF series.
Fig. 7 states that as δ increases, the traditional model
cannot exactly predict the behavior of the circuit in practice. This phenomenon is observed for each capacitor in
the circuit. Ignoring the bias point from curves drawn
and small measurement inaccuracies, the error’s nature is
found to be monotone in terms of δ near zero. This can
be expressed with respect to nonsolid curves showing the
results of modified models. It can be confidently said that
the absolute value of error is increasing with δ neglecting the amount of bias existing in each curve. In point
of fact, there is always a difference between simulation
results and genuine phenomena which could be justified
with model uncertainties at the first glance. But Fig. 7
states that it is possible to justify a portion of this dif-
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Table 4.

Experimental and simulation data for value R4 related to the gap blurring point.

Computer Simulation R4 [kΩ]

Fractionality δ [%] Experiment R4 [kΩ]

Traditional model Modified model 2 Modified model 1
Capacitors with nominal value 1 µ to be used as capacitor C1 in experiments.
1

0.81

2.287

2.310

2.396

2.330

2

0.31

2.234

2.263

2.329

2.335

3

0.31

2.260

2.292

2.361

2.307

4

0.29

2.197

2.227

2.287

2.270

5

0.05

2.193

2.246

2.277

2.287

Capacitors with nominal value 4.7 µ to be used as capacitor C3 in experiments.
1

5.83

2.056

1.810

2.162

2.169

2

1.59

2.422

2.335

2.517

2.522

3

0.99

2.175

2.182

2.253

2.250

4

0.34

2.193

2.245

2.277

2.289

Capacitors with nominal value 100 n to be used as capacitor C2 in experiments.
1

2.19

2.408

2.236

2.462

2.448

2

1.17

2.310

2.277

2.382

2.377

3

0.91

2.188

2.182

2.296

2.290

4

0.75

2.201

2.226

2.308

2.302

5

0.34

2.183

2.228

2.286

2.280

6

0.34

2.188

2.235

2.291

2.286

7

0.31

2.206

2.252

2.306

2.301

8

0.29

2.203

2.247

2.302

2.295

9

0.13

2.190

2.247

2.277

2.285

ference with the effect of fractional behavior of capacitors
especially for capacitors having more fractionality (Note
that the selected 4.7 µF and 100 nF capacitors averagely
have more fractionality in comparison with 1 µF capacitors).

6.

Figure 7.

Error between experimental and computer simulation results.

Conclusion

In this paper, the differences observed between computer
simulation and experimental results of a chaotic circuit
were investigated. It was demonstrated that a portion
of these differences can be eliminated by considering the
fractionality of electrical capacitors in mathematical model
of the circuit. Therefore, the conclusion of the paper can
be summarized as follows: The effects of model uncertainty in practical applications (model reality mismatch)
cannot be completely eliminated, but may be adjusted by
using more realistic models. As investigated in this paper, considering the fractional nature of capacitors in the
mathematical model of a chaotic circuit results in a more
realistic model. Using such a model in computer simulations causes the obtained results to have more correlation
with those obtained in practice. Although as a preliminary
step in the experimental study of the fractionality nature,
this paper investigated a simple chaotic circuit, it could
843
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be more interesting as future research works to investigate the effect of fractional order modelling in more complex systems such as multi-scroll chaotic circuits [28, 29]
and complex dynamical networks [26, 27, 30] which may
be more sensitive to ignoring the fractionality nature.
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