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1.

Introduction

The experimental achievements in laser technology are
outstanding: in the IR/VIS domain intensities up to 1022
W/cm2 have already been reached [1] and up to 1025
W/cm2 are expected for soon to be realized facilities [2].
This progress has led to increased theoretical and experimental interest in the study of fundamental processes
in the presence of an intense laser field. Among these
is non-linear Thomson/Compton scattering, which has a
very important application as a source of X/gamma rays;
also, electron-positron pair creation in non-linear BreitWheeler process has already been observed [3, 4], and
e− −e+ cascades are expected to be detected in the future

[2]. Another important observation is that the actual experimental achievements allow not only very intense laser
fields, but also very short pulses up to the order of tens of
optical cycles. As a consequence, the “standard” methods
to treat laser induced or assisted processes, which rely
on approximating the external field by a monochromatic
plane wave, are currently improved upon by accounting
for the finite pulse duration (for recent reviews see, for
example, [5, 6]).
The subject of this paper is laser assisted Mott scattering.
The Mott process in the absence of the laser field is the
elastic scattering of charged particles in the Coulomb field
of a fixed nucleus [7–10]. In the non-relativistic limit the
Mott scattering cross section reduces to the well known
Rutherford formula. If a laser field is present, an arbitrary number of photons can be absorbed or emitted in
the process, and the scattering is not elastic anymore.
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The formalism for treating Mott scattering in the presence
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of a very intense monochromatic field was introduced by
Szymanowski et al. in 1997 [11]. It is is similar to that
used for other processes such as non-linear Compton scattering, laser assisted Bremsstrahlung, Møller scattering,
or more recently, pair creation in the presence of a very
intense laser field (for details see, for example, the review
papers [5, 6]). In this theoretical framework the charged
particle in the laser field is described by a Volkov state,
and the interaction with the external field (the Coulomb
potential in the case of Mott scattering) is treated via first
order perturbation theory (the so called Born approximation). The concept of a “dressed electron” is introduced,
and the energy conservation rule encountered in the case
of free Mott scattering is replaced by a set of conservation
rules. They express the fact that the difference between
the energies of the incident and scattered dressed electron
can be an arbitrary integer multiple of the laser photon
energy. Mott scattering beyond the Born approximation
was studied by Li et al. [12], using relativistic CoulombVolkov electronic states; they discussed the influence of
the Coulomb distortion of the electron motion for moderate
laser intensity.
In the cited paper, Szymanowski and coworkers present
numerical and analytical results concerning relativistic
and spin effects for a circularly polarized laser field. In [13]
the Mott scattering of a Klein-Gordon particle is studied,
and the appearance is discussed of the so-called “dark
angular windows”: regions in the energy-direction space
of the scattered electron where the probability distribution is negligible. These dark windows are studied, in the
case of a laser pulse, in the present paper. The case of a
Dirac particle was presented in [14–18].
The purpose of this paper is to go beyond the monochromatic approximation for the laser field; we improve the
model by describing the laser field as a plane wave pulse
with arbitrary shape and duration and arbitrary intensity.
In the case of a finite laser pulse the energy spectrum of
the scattered particle is continuous; our main goal is to
study the shape of the “bright” and “dark” windows of the
double differential energy - angular distribution. Since,
as we discuss in Sect. 2 this shape is the same for electrons and spinless particles, we limit to the study of a
Klein-Gordon particle. The method is similar to that used
previously for the study of non-linear Compton scattering
in the presence of an intense laser pulse [19, 20], in which
the states of the particle in the laser field are described
by Volkov solutions; the interaction with the Coulomb potential is treated in the first Born approximation. The
numerical method used in our calculation was described
in [21].
In Sect. 2 we present the expression of the transition amplitude and of the differential cross section of the process;
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we also discuss the origin of the “dark angular widows”
already mentioned by Kamiński and Ehlotzky in [13], considered in our framework. In Sect. 3 we discuss the relation of our results with those obtained in the monochromatic limit and in Sect. 4 we present numerical examples.
Finally, in Sect. 5 we summarize our conclusions.

2. The transition amplitude and the
differential cross-section
2.1.

The Gordon Volkov functions

We consider the case of a laser pulse of fixed propagation
direction but arbitrary duration and shape; the unit vector
of the propagation direction will be denoted by n and the
reference frame is chosen such that the unit vector of the
z axis, ez , is along n. The following calculations have the
simplest form if we choose the vector potential describing
the laser field to obey simultaneously the Lorentz and
Coulomb gauge conditions
AL (x) = (0; A(ct − n · r)),

A ⊥ n.

(1)

With the four-vector n ≡ (1; n) the argument of the vector
potential can be then expressed in compact form as φ ≡
ct − n · r = n · x. The Gordon Volkov functions [22, 23]
are solutions of the Klein-Gordon (KG) equation for a
charged particle in a plane wave laser field; they can be
defined not only in the monochromatic case but also in the
case of a plane wave pulse. Their explicit expression and
the proof of the orthogonality and completeness properties
are presented in [24]. Here we shall only reproduce the
expression of the positive energy solutions
ψ(p; x) = √

1

e− h̄ [p·x−F (p;φ)] ,
i

2EV
Zφ
1
F (p; φ) =
2(n · p)

(2)


dχ e2 AL2 (χ) − 2eAL (χ) · p ;

−∞

for the case of a pulse with finite duration the integral in the expression of F (p; φ) is finite for any φ, in
the monochromatic limit it must be expressed as an indefinite integral. For a finite pulse, in the limit t →
±∞ the Gordon-Volkov states reduce (up to a phase
factor)
√ to free solutions of the KG equation φ(p; x) =
1/ 2EV exp(− h̄i p · x). This property is important for the
following calculations, as it allows us to calculate the
transition amplitude with the initial and final states chosen as free states, described by free solutions of the KG
equation.
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2.2.

The transition amplitude

The Coulomb potential of the fieldgenerated by
 a fixed
nucleus of charge Z |e| is AC (r) = − 4πεZ0ec|r| , 0 and the
KG Hamiltonian for a particle with charge e < 0 in the
presence of the Coulomb potential and in the laser field
(1) is
H(x) = −c 2 Πµ Πµ + m2 c 4 ,
Πµ = P µ − eALµ (φ) − eACµ (r),

as discussed before, at finite t they evolve continuously
into Volkov states. Although the inner product is defined
differently in the case of the KG and Dirac equations, the
expression of the transition amplitude calculated starting
from the expression of the S operator matrix element is
formally similar for the two [10] (see also the discussion
in [24])

Aif = −

(3)

i
h̄c

Z

d4 xΨ∗f (x)Hint Ψi (x).

(7)

P µ = ih̄∂µ .
In order to apply the first order perturbation theory with
respect to the Coulomb interaction the Hamiltonian is approximated as
H ≈ H0 + Hint ,
H0 = −c 2 (P − eAL )µ (P − eAL )µ + m2 c 4 ,

(4)

and, with our choice for AC , the interaction Hamiltonian
becomes
Z e20 0
∂ ,
|r|

e20 =

e2
.
4πε0

t→−∞



d4 xψ ∗ (p2 ; x)

1 0
∂ ψ(p1 ; x).
(8)
|r|
The next calculation is straightforward: the Coulomb potential is expressed by its Fourier transform

Z
1
1
=
|r|
(2π)3/2

(5)

Because we consider a laser pulse with finite duration, we
will take as the initial and, respectively, the final state
free plane-wave solutions of positive energy of the KG
equation, having momenta p1 and, respectively, p2
Ψi (x) ∼ φ(p1 , t),

Z
Aif = −2Z e20

Hint = 2c 2 eACµ (P − eAL )µ

Hint = −2ih̄c

With our choice of the initial and final states and using the
expression (5) of the interaction Hamiltonian the transition
amplitude becomes

Ψf (x) ∼ φ(p2 , t);

(6)

t→+∞


E1
p1
mc
b
+
a
·
+
b
,
0
2
mc 2
n · p1
2n · p1

dqeiq·r V (q),

V (q) =

2
1
, (9)
(2π)1/2 |q|2

then we perform a change of variable {r, t} −→ {r⊥ , φ =
e = ct + n · r}, where the index ⊥ indicates the
ct − n · r, φ
components orthogonal to the unit vector n of the laser
propagation direction. A direct calculation leads to

iZ e2 1 mc 2
4πh̄2
√
,
2
ch̄ V E1 E2 [(p1⊥ − p2⊥ ) + (n · p1 − n · p2 )2 ]
(10)
where a, b0 , b2 are the integrals also encountered in the case of Mott scattering of spin 1/2 particles [21] in the presence
of a laser pulse
Aif = C(p1 , p2 )

Z∞
a =

dφ
−∞
Z∞

b0 =
−∞

i
−eAL (φ)
exp[− G(φ)],
mc
h̄

i
dφ exp[− G(φ)],
h̄

C(p1 , p2 ) =

a ≡ (0, a),
Z∞

b2 = −
−∞

dφ

G(φ) = φ(p01 − p02 ) − F (p1 ; φ) + F (p2 ; φ)

e2 AL2 (φ)
i
exp[− G(φ)].
(mc)2
h̄

(11)

(12)

Similar integrals also appear in the transition amplitude of non-linear Compton scattering [19]. Note that because of
the particular gauge we use, in which the vector potential A(φ) is orthogonal to n, only two components of the integral
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a are non-zero. Also, one can prove [21] that b0 can be expressed as
h i
i
i
b0 = πh̄δ(p01 − p02 ) e h̄ (F (p2 ;∞)−F (p1 ;∞)) + e h̄ (F (p2 ;−∞)−F (p1 ;−∞))





1
p2
(mc)2
1
1
p1
+ P 0
−
−
b
−
−(mc)a
·
2
n · p1
n · p2
2
n · p1
n · p2
p1 − p02

(13)

with P indicating the principal part, so for E1 6= E2 the transition amplitude is finally expressed in term of the convergent
integrals a and b2 ; for E1 = E2 the integral b0 is singular. In the limit of zero field intensity the integrals a and b2 are
zero, and b0 reduces to 2πh̄δ(p01 − p02 ); then one again obtains the well known form of the transition amplitude for the
scattering of a free particle in the Coulomb potential (see [10], §9.5).
The interaction Hamiltonian used in the calculation of the transition amplitude for the case of free particle scattering
[10] is not the one given in Eq. (5) but the symmetrized expression
Hint = −ih̄c
(S)

Z e20 ↔
∂0 ,
|r|

↔

a∂0 b = a∂0 b − b∂0 a;

(14)

a symmetrized expression of the Hamiltonian is used also, sometimes, without proof, in calculation of other laser assisted
processes [25]. While the equivalence of the two forms (5) and (14) is trivial in the case when the laser is not present,
in the presence of the laser it is not obvious; for example, in our case starting from (14) we obtain
Aif = C(p1 , p2 )
(S)






1 E1 + E2
p1
p2
1
1
b
+
a
·
+
+
(mc)b
+
.
0
2
2
mc 2
n · p1
n · p2
2n · p1
2n · p2

However, the equality of the two results (10) and (15)
can be proven if the relation (13) between the integrals a,
b0 , b2 is used, i.e. we have shown that for the laser assisted Mott scattering the symmetrized Hamiltonian (14)
is equivalent to the non-symmetric one (5), as in the field
free case.

2.3.

The differential cross-section

In the numerical examples presented in the next section
we will take the vector potential as


A(φ) = A0 f(φ) ex ζx cos(kφ) + ey ζy sin(kφ) ,
k=

ω
c

=

where ω is the central frequency of the laser (the corresponding period is T ), ζx , ζy are real numbers in the unit
interval which fix the polarization, and f(φ) is the envelope. For the latter, in our calculation, we shall take two
shapes: the first is sin2
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2

 sin
f(φ) = 1,

 sin2

kφ
,
2



φ ∈ 0, cT2
 cT

φ ∈ 2 , NcT + cT2


k(φ−NcT )
, φ ∈ NcT + cT2 , (N + 1)cT
2
(18)
which we shall name quasimonochromatic has a rectangular shape, of length equal to an integer N multiple of the
period T , and sin2 wings whose length is half of the cycle. The role of the wings is to ensure a continuous vector
potential. In order to characterize the field intensity we
use the dimensionless parameter
(19)

(16)

ζx2 + ζy2 = 1,

f(φ) = sin2

of length equal to N optical cycles. The second one

η = |e|A0 /(mc);

2π
,
cT

(15)

kφ
,
2N

φ ∈ [0, NcT ]

(17)

it gives a rough estimate of the regime we are working
in: if η is at least of the order of unity then the electron in the laser field acquires relativistic velocity even
if at the beginning of the pulse it was non-relativistic.
In Fig. 1 we present a graphic of the vector potential,
for the two choices of the
√ envelope, and circular polarization (ζx = ζy = 1/ 2). In both cases the pulse
length is N = 10 cycles and the parameter η = 0.1
(i.e. A0 ≈ 9.7 au). The differential cross section is
straightforwardly evaluated starting from the expression
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(10) for the transition amplitude. The transition probability pif = |Aif |2 multiplied by the final density of states
dG2 = V dp2 /(2πh̄)3 and divided by the duration T = NT

d2 σ = Z 2 r02

with

1
(mc)4
RdE2 dΩ2
c 2 T πh̄ [(p1⊥ − p2⊥ )2 + (n · p1 − n · p2 )2 ]2

E1
p1
mc 2
R=
b0 + a ·
+ b2
2
mc
mc
2n · p1

(21)

and r0 the classical electron radius defined as r0 =
mc 2 /e20 ; obviously, an equivalent expression is obtained
starting from the symmetrized form of the transition amplitude (15). The differential cross section is singular for
p1 = p2 due to the factor in front of R and also, if the
laser pulse is finite, for E1 = E2 at any direction of the
scattered particle, due to the singularity of b0 .

Figure 1.

The components Ax and Ay of the vector potential A for
a sin2 pulse (a) and a rectangular pulse (b). The other
parameters are given in text.

Now we discuss briefly the zero field limit of the differential cross section. As mentioned before, if the laser field
vanishes then a, b2 are zero and b0 → 2πh̄cδ(E1 − E2 );
then using the well known procedure of taking the square
of the δ function δ 2 (E1 − E2 ) = T /(2πh̄)δ(E1 − E2 ) one
obtains directly
d2 σ (0) = Z 2 r02

(mc)2
|p1
sin4
|2 β 2

θ
2

of the laser pulse gives the elementary rate dΓ. With the
incident flux |J| = v1 /|V | we obtain the differential cross
section

δ(E1 − E2 )dE2 dΩ2 .

(22)

(20)

While in the limit of zero field intensity one again obtains
the energy conservation rule E2 = E1 , if the laser pulse is
present, the differential cross section can be non-zero for
any energy and direction of the final particle. However,
in fact, for given initial conditions (initial energy and direction and laser field intensity) there is a well defined
region in the space (E2 , Ω2 ) where the cross section is nonnegligible, while outside of this region it takes values by
orders of magnitude smaller. This leads to the “dark regions” already discussed by Kamiński and Ehlotzky [13]
in the monochromatic case. Here we shall discuss this
subject for the case of a laser pulse, and the relation with
the monochromatic results will be presented in the next
section. Numerical examples are discussed in Sect. 4.
If we consider the expressions (11), (12) of the integrals
a, b0 and b2 in the expression of the probability amplitude, we can see that they are integrals with very fast
oscillating integrands, due to the complex exponential
exp[−iG(φ)/h̄]. Such an integral usually has negligible
values, except for the case when the phase G(φ) has at
least a stationary point (i.e. a point where the derivative
G 0 (φ) vanishes) in the integration domain. The domains
in the space (E2 , Ω2 ) of the energy-direction of the scattered particle where G 0 (φ) does not vanish for any value of
φ ∈ [0, NcT ] are the “dark windows”; inversely, a “bright
window” is a domain in the space (E2 , Ω2 ) for which the
function G 0 (φ) has at least a zero. An important observation here is that, because the transition amplitude for a
spin 1/2 particle is expressed using the same integrals a,
b0 , b2 , it follows that the shape of the bright domains is
the same in the Dirac and KG cases, although the numerical values of the differential cross section are obviously
different. For an arbitrary shape of the laser pulse the
condition G 0 (φ) = 0 reads


p2
p1
G 0 (φ) ≡ p01 − p02 − eA(φ) ·
−
n · p1 n · p2

e2 A2 (φ)
1
1
−
= 0.
+
2
n · p1
n · p2

(23)

For an arbitrary pulse, the shape of the bright domains can
be obtained numerically by imposing the condition that
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the above equation in φ has at least a solution. Assuming
that the laser vector potential has the expression (16), we

eA0
ζx
h̄k



δx = −

eA0
ζy
h̄k



δy = −

δ = arctan

∆=

e2 A02
8h̄k

introduce the notations

p1x
p2x
−
n · p1
n · p2



p1y
p2y
−
n · p1
n · p2



,

,

(24)

δy
,
δx




1
1
−
n · p1
n · p2

(ζx2 − ζy2 ),

∆0 =

δx
.
cos δ

(25)

With these notations the derivative of G becomes


 

dG
e2 A02 2
e2 A02 2
= p01 +
f (φ) − p02 +
f (φ) + 2h̄k∆f 2 (φ) cos(2kφ) + h̄k∆0 f(φ) cos(kφ − δ).
dφ
4n · p1
4n · p2

For a given expression of the envelope f(φ) the shape of
the bright domains can be obtained by numerical analysis
of the zeros of the function (26). If the envelope can be
approximated as constant f(φ) ≈ 1 (for example, this is
the case of a rectangular pulse) then a rough estimation
of the conditions determining the boundary of the bright
domain is
|q01 − q02 |
≤ 2|∆| + |∆0 |,
h̄k

q0i = p0i +

e2 A02
,
4n · pi

i = 1, 2.

(27)
For fixed initial conditions and direction of the scattered
particle the above equation gives the allowed domain of
energy; however, we want to emphasize that Eq. (27)
is a transcendental equation which can be solved only
numerically, since p02 appears also in the RHS. In the
particular case of circular polarization ∆ defined by Eq.
(25) is zero and we again obtain the simplified condition
|q01 − q02 | ≤ ∆0 , discussed in [21].
Finally, it is worth noting that in the bright domain the
numerical value of each of the integrals a, b0 , b2 is practically the sum of contributions of very small intervals centered around the stationary points of G(φ). As a consequence, if G(φ) has more than one stationary points,
then an interference effect between different contributions
1128

(26)

is present. This interference was studied for a Dirac particle in [21] and an example will be mentioned also in the
next section.

3.

The monochromatic limit

In the beginning of this section we show that in the
monochromatic limit the condition (27) which expresses
the boundary of the bright domain can be obtained again
in the monochromatic case; the results presented here are
a generalization to the case of arbitrary polarization of the
simpler ones, written for circular polarization in [21]. The
expression of the transition amplitude in the monochromatic case is obtained by replacing in the integrals a, b0
and b2 (11,12) the vector potential of the laser field by Eq.
(16) with f(φ) = 1. In this case each of the four integrals
is written as an infinite series of δ functions, the coefficients being generalized Bessel functions, and we again
obtain the monochromatic results already published in the
literature (see, for example, [11, 13, 14]). We reproduce
them here in order to discuss the monochromatic limit of
the relation (13):
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b0 = 2πh̄

∞
X

eJQ (i, f)δ(q0 − q0 + Qh̄k),
1
2

(28)

Q=−∞

b2 =

∞
X
η2
η2
b0 + 2πh̄ (ζx2 − ζy2 )
(eJQ−2 (i, f) + eJQ+2 (i, f))δ(q01 − q02 + Qh̄k),
2
4
Q=−∞

(29)

∞
X
η
ax = 2πh̄ ζx
(eJQ−1 (i, f) + eJQ+1 (i, f))δ(q01 − q02 + Qh̄k),
2 Q=−∞

ay = 2πh̄

∞
X
η
ζx
(eJQ−1 (i, f) − eJQ+1 (i, f))δ(q01 − q02 + Qh̄k).
2i Q=−∞

In the previous equation η is the dimensionless parameter
defined in (19), q01 and q02 are the temporal components of
the momentum four-vector of the dressed initial and final
electrons
qj = pj +

(mc)2 η2
,
4n · pj

j = 1, 2,

(32)

eJQ (i, f) are the generalized Bessel functions

eJQ (i, f) =

∞
X

JN (∆)JQ−2N (∆0 )e−i(Q−2N)δ

(33)

N=−∞

with JN (x) the ordinary Bessel functions, and δ, ∆ and ∆0
are defined in (24) and (25). The general expression for
the differential cross section in the monochromatic case is
dσM =

∞
X

(30)

σQ (i, f)δ(q01 − q02 + Qh̄k)dq2 ;

(34)

Q=−∞

we do not reproduce here the expression of σQ (i, f), which
can be found in any of the papers cited before. The series
of δ functions in the previous equation expresses the fact
that the energies of the initial and final dressed electrons
can differ by an integer (positive or negative) multiple of
photon energy. We emphasize that the simple relation
between the energies is valid only for the dressed particles. When it is written in terms of the asymptotic free
momenta p1 and p2 it becomes a fourth degree equation
which can be solved numerically; an example is discussed
in Sect 4. Although the series (34) contains all Qs from
−∞ to +∞, in fact, for given initial conditions only a
finite (possibly zero) number of terms contribute to the
transition amplitude. If at least one term contributes to
the series then the corresponding energy and direction

(31)

of the electron are in a bright domain; the dark domains
are the energy-direction regions where all the terms are
negligible. From the behavior of the Bessel functions for
large index [26]
JN (z) ∼ √

1

 ez N

2πN

,

N1

(35)

2N

which means that for large N a Bessel function is negligible if |z| < |N|, it follows that the term of order Q
contributes to the transition amplitude if there is at least
an integer N such that |∆| < |N| and, simultaneously,
|∆0 | < |Q − 2N|. If we replace in these Q by (q02 − q01 )/h̄
from the energy conservation rules one again obtains the
condition (27).
Next we will analyze the relation (13) between the integrals a, b0 and b2 in the monochromatic limit. Because
in the monochromatic case and at non-zero laser intensity
the four integrals vanish for p01 = p02 , Eq. (13) becomes



p1
p2
−
n · p1
n · p2


1
1
(mc)2
b2
−
= 0. (36)
+
2
n · p1
n · p2

(p01 − p02 )b0 + (mc)a ·

Using the definitions (28) - (31) of a, b0 , b2 , the relations
between the dressed and free momenta (32) and also the
energy conservation rule contained in (34), the previous
identity is equivalent to
QeJQ (i, f) = ∆(eJQ+2 (i, f) + eJQ−2 (i, f))
1
+ eJQ+1 (i, f)(δx + iδy )
2
1
+ eJQ−1 (i, f)(δx − iδy ).
2

(37)

This type of recurrence relation between the generalized Bessel functions is also encountered in the derivation
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of the differential cross-section for the non-linear Compton scattering [27, 28]. The identity can be proven after some lengthy but straightforward algebraic manipulations, using the definitions (33), (24), (25) and the recurrence relation of the ordinary Bessel functions [26]
NJN (z) = 2z (JN+1 (z) + JN−1 (z)), so we have checked that
the relation (13) holds also in the monochromatic limit.

4.

Numerical results

In all the examples presented in this section we shall consider orthogonal geometry (the electron incident along the
x direction), the scattered electron detected in the plane
Oxz; for the laser pulse (propagating along the z direction) we shall take the central frequency ω = 0.05 au
(∼ 1.37 eV) and circular polarization.
In the beginning of this section we shall study the effect of
the laser pulse shape and the relation with the monochromatic limit of the differential cross section. The incident
particle has the Lorentz factor γ1 = 1.001 (E1 ≈ 0.5 keV)
and the laser pulse has the intensity parameter η = 0.1
(I ≈ 1.6 × 1016 W/cm2 ). The propagation direction of the
scattered particle is chosen in the plane Oxz, at an angle
θ = 0.4π with respect to the laser propagation direction
ez . In Fig. 2 we represent the double differential cross
section d2 σ /dE2 dΩ2 as a function of final energy in the
interval E2 − E1 ∈ (0, 10h̄ω), for four pulse shapes: Figs.
2 (a) (b) (c) correspond to a rectangular pulse with length
N = 5 cycles, N = 10 cycles and N = 20 cycles respectively; in the case (d) we have chosen a sin2 pulse with
N = 20 cycles. One can see that, even for a very short
rectangular pulse (as in case (a)) the successive peaks in
the spectrum are already visible; when the pulse length
increases the peaks become sharper and better defined;
in the limit N → ∞ they would obviously become a series
of δ functions, as predicted for the monochromatic limit.
However, if the laser pulse is sin2 the peak structure is
absent, and the spectrum consists only in chaotic oscillations. So, our conclusion is that the monochromatic limit
can be reached by increasing the pulse duration, but only
if the shape is rectangular.
Another observation is that the position of the peaks does
not coincide with multiples of the frequency ω; this is because we present the spectrum as a function of the energy
of the asymptotic free particle (see also Eq. (34) and the
discussion there). Unlike in the case when the variables
are the dressed particle energy and direction, when represented in terms of the parameters of the free particle,
the position of the successive peaks depends on the direction and also on the field intensity. For example, in
Fig. 3 we have represented the position of several peaks
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Figure 2.

The double differential cross section d2 σ /dE2 dΩ2 for four
shapes of the laser pulse: (a): rectangular, with N = 5,
(b): rectangular with N = 10, (c): rectangular with N =
20 and (d): sin2 with N = 20; the other parameters are
mentioned in text.

(their order is given in the legend of the figure); the initial
energy and direction are the same as in Fig. 2, also the
laser pulse has the same frequency and polarization. On
the abscissa we represent the energy difference E2 −E1 in
units of h̄ω and on the ordinate, the angle with respect to
the z axis of the scattered particle momentum. In Fig. 3(a)

Figure

3.

The positions of the lines of order N
=
−100, −75, −50, −25, 0, 25, 50, 75, 100 in the plane
E2 , θ2 for the conditions given in text.

we have taken η = 0.1 and in (b) η = 0.4. In the case of
the lower intensity, we can see that the successive peaks
form almost vertical lines, with very little dependence on
θ2 . Also, their position is not too far from Nh̄ω; this is
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because when the intensity is low the effect of “dressing”
the electron is not very strong. At larger intensity this
effect is very strong and the monochromatic picture is not
appropriate from this point of view. For example, as one
can see in Fig. 3 (b) absorption of N = 100 photons
by the dressed particle means in fact a difference of up
to 1500 h̄ω between the energies of the free incident and
scattered particles.
Next we study the effect of changing the intensity of
the laser pulse on the double differential cross section
d2 σ /dE2 dΩ2 . We consider the Lorentz factor of the incident electron γ1 = 1.001 as before, and the pulse shape is
sin2 with N = 25. In Fig. 4 we show the d2 σ /dE2 dΩ2 in
a logarithmic color scale, as a function of E2 and θ2 ; the
variable on the abscissa is ∆γ = γ2 −γ1 , the difference between the initial and final Lorentz factors. Written in terms
of number of photons absorbed a difference ∆γ = 1 means
approximately 3.8 × 105 laser photons. On the graphs we
have represented only the “bright domains” defined before;
we have checked that at the boundaries of these domains
the cross section drops suddenly by at least 10 orders of
magnitude. Also for all the graphs represented we have
checked that the boundaries of the domains (obtained by
direct numerical calculation of the cross section) can be
also obtained again with very good precision by imposing
the conditions discussed in Sect. 2.3.
We have considered four values of the intensity: η = 0.1
(I ≈ 1.6 × 1016 W/cm2 ) in Fig. 4 (a), η = 0.5 in (b), η = 1
in (c) and η = 10 in (d). In all the cases we can see that
values ∆γ < 0 are in the allowed (bright) domain; obviously there is a limit ∆γ = (1 − γ1 ) which corresponds to
the final particle at rest. In the case of the lowest intensity
the angular distribution is symmetric with respect to the
direction of the incident particle θ = π/2, which means
that we are in the validity domain of the non-relativistic
dipole approximation, in which the laser field propagating along the z direction does not influence the symmetry
of the process. The very bright vertical line located at
∆γ = 0 marks the singularity of the differential cross section, appearing at p01 = p02 as discussed in the previous
section. We can see that, while for ∆γ < 0 any scattering
direction is in the allowed domain, for ∆γ > 0 only a set
of intervals are permitted for θ2 , producing a “lobe” and
two “side wings” in the bright domain. This phenomena
was discussed also by Kamiński and Ehlotzty in [13]. We
want to emphasize, however, that in their paper the results are presented in terms of the energy and direction
of the dressed particle q2 , while here the variable are the
parameters of the asymptotic free particle. The rightmost
limits of the allowed domain is around ∆γ ∼ 0.004 which
corresponds to ≈ 1500 photons absorbed. In the next figure, drawn for η = 0.5 we can see that the central lobe

becomes wider, while the side wings diminishes. Also, the
onset of the asymmetry with respect to the x direction (i.e.
with respect to θ2 = π/2) appears, as a consequence of the
field intensity being larger. At η = 1 the side wings practically disappear, and the asymmetry of the central lobe
increases; we can see the onset of a tail up to ∆γ = 1
at θ2 ≈ 0.2π. When the field intensity increases further
to η = 10 [case (d)] the tail of the distribution becomes
very long (it reaches values beyond ∆γ = 100) and it
moves toward lower values of θ, i.e. the distribution tends
to be oriented along the laser propagation direction. We
have checked that for the case of a monochromatic laser
field the behavior of the distribution is very similar. In
conclusion, by varying the field intensity, we have shown
the change between two regimes: at low field intensity
the preferential direction is the direction of initial particle momentum, while for very high intensity the laser
propagation direction gives the symmetry of the distribution.
Our next goal is to check the influence of the laser pulse
shape on the differential cross section; the results are
presented in Fig. 5. We consider the same scattering geometry as before, and the same parameters as in Fig. 4
(a): γ1 = 1.001 and η = 0.1; for the laser pulse shape
we consider the cases: sin2 with N = 1 in (a), sin2 with
N = 2 in (b), sin2 with N = 20 in (c) and rectangular
pulse with N = 20 in (d). In the case (a), of the shortest pulse, we can see that the distribution is similar to
that in Fig 4, except for the central lobe, which is missing.
However, in Fig. 5 (b), at N = 2 the central lobe is already present, although it extends only up to ∆γ = 0.002
(by comparison, in Fig. 4 (a), which corresponds to the
same conditions, but for N = 25 the central lobe reaches
∆γ = 0.004). If N = 20 [in Fig. 5 (c)] the distribution
is already identical with that for N = 25 (represented in
Fig. 4 (a)). We have checked that further increase of the
pulse length N does not change the shape of the bright
domain any further. Finally, in the case of a rectangular
pulse with N = 20 (Fig. 5 (d)) we can see that the bright
domain is the the same as in (c), so in this case the shape
of the pulse does not influence the shape of the allowed
domain. However, we emphasize here that in the cases
(c) and (d) only the general shape of the bright region
is the same. When looked at in detail, as in Fig 2, the
same characteristics of the differential cross section are
present: in the case of a rectangular pulse it consists in a
series of well defined sharp maxima, while for a sin2 pulse
we see only a chaotic oscillation. We also notice that in
the case of very short laser pulses [(a) and (b)] in the differential cross section one can see a structure consisting
in alternative concentric circles. This structure is due to
the interference between the contributions of different ze1131
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Figure 4.

The double differential cross section d2 σ /dE2 dΩ2 represented in logarithmic color scale for four values of the laser intensity: η = 0.1
(a), η = 0.5 (b), η = 1 (c) and η = 10 (d). The other conditions are given in text.

Figure 5.

The double differential cross section d2 σ /dE2 dΩ2 represented in logarithmic color scale for different shapes of the laser pulse: sin2 with
N = 1 (a), sin2 with N = 2 (b), sin2 N = 20 in (c) and rectangular with N = 20 (d). The other conditions are given in text.

ros of the derivative of the phase G(φ) to the transition
amplitude [see Eq. (26) and the discussion there)], which
leads to oscillations of the cross section. For long pulses
(cases (c) and (d)) the number of zeroes contributing to the
cross section in each point is very large, and the structure
caused by the interference smears out into an almost flat
region.
In the end we will investigate the case when both the
initial energy and the laser intensity are large. In Fig. 6
is represented the differential cross section for two values
1132

of γ1 : 10 in (a) and (b) and 20 in (c) and (d); in the case
(a) and (c) we used a rectangular pulse with N = 20 and
in the cases (b) and (d) a sin2 pulse of the same length.
The intensity parameter is η = 10 (I ≈ 1.6 × 1020 W/cm2 ).
When comparing the cases (a) with (b) and (c) with (d),
respectively, one sees that the differences due to the pulse
shape appear only in low θ and negative ∆γ regions,
which is allowed (i.e. bright) if the pulse is sin2 and “dark”
is the pulse is quasimonochromatic. As in the case of Fig.
4 (d), in all cases we see the very long tail of the distri-
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Figure 6.

The double differential cross section d2 σ /dE2 dΩ2 represented in logarithmic color scale for: γ = 10 and rectangular pulse (a), γ = 10,
and sin2 pulse (b), γ = 20 and rectangular pulse (c), γ = 20, and sin2 pulse (d). The other conditions are given in text.

bution at low θ; our calculation shows that it extends up
to ∆γ ≈ 200 in both cases, but in order to show in more
detail the interval of relatively small ∆γ we restricted the
range of the figures to ∆γ ≤ 40. The overall tendency
of the distribution is to become symmetric with respect
to ∆γ = 0 for θ2 > π/2. The “natural” limit of negative
energy difference is ∆γ = −9 for γ1 = 10 and ∆γ = −19
for γ1 = 20 and it is reached only for particular angles,
unlike the previous cases. Another difference with respect
to the case of low initial energy is that now we do not
have a “band” as in Fig 4 (d), but instead the energyangular distribution depends strongly on θ2 , being very
narrow at θ2 ≈ θ1 = π/2 and broader for θ2 ≈ 0 or π.
The final comment that we make here is that, from the numerical results presented, it follows that the maximum ∆γ
reached depends mainly on the laser intensity, and less
on the initial energy of the particle.

5.

Conclusions

In conclusion, we have introduced the formalism for describing the laser-assisted Mott scattering of a KleinGordon particle in the case of a plane-wave laser pulse
and we have discussed the relation with the monochromatic case. We have presented the “bright” and “dark”
domains in the energy-angular distribution of the scattered particle, and we have illustrated by numerical examples. We have discussed the influence of the pulse
shape and duration on the shape of the bright domains
and we have shown that also the detailed structure of

the energy-angular distribution depends strongly on these
parameters.
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