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Abstract:

An open ferromagnetic Ashkin-Teller model with spin variables 0, ±1 is studied by standard Monte Carlo
simulations on a square lattice in the presence of competing Glauber and Kawasaki dynamics. The
Kawasaki dynamics simulates spin-exchange processes that continuously flow energy into the system from
an external source. Our calculations reveal the presence, in the model, of tricritical points where first order
and second order transition lines meet. Beyond that, several self-organized phases are detected when
Kawasaki dynamics become dominant. Phase diagrams that comprise phase boundaries and stationary
states have been determined in the model parameters’ space. In the case where spin-phonon interactions are incorporated in the model Hamiltonian, numerical results indicate that the paramagnetic phase is
stabilized and almost all of the self-organized phases are destroyed.
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1.

Introduction

The study of nonequilibrium steady states in spin systems has been a subject of great interest in statistical
mechanics for the last three decades [1–3]. These states
are interesting since they often show a variety of fascinating phase transitions. This behaviour enables one
to check whether they introduce in statistical mechanics
novel concepts in critical phenomena beyond those re∗

ported from equilibrium theories [4, 5]. Competing dynamics often generate self-organization phenomena in such
systems, leading to dissipative structures. Such structures have been observed experimentally in fluids dynamics and also in chemical-physical reactions [1, 6]. Theoretically, several investigations of lattice models have led to
such unexpected self-organized structures. Indeed, a fascinating self-organization phenomenon has been discovered in the three-dimensional ferromagnetic Ising model
by Grandi and Figueiredo [7]. Hontinfinde et al.[8] studied the antiferromagnetic Blume-Capel model in the presence of Kawasaki [9] and Glauber [10] dynamics and got
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self-organized spin clusters that coalesced and percolated through the lattice in the usual paramagnetic region.
Tome and de Oliveira [11] investigated the Ising model in
the presence of the same dynamics by means of the pairapproximation method and also reported the emergence
of the phenomenon. Later, Bekhechi et al.[12] studied by
Monte Carlo simulations the Ashkin Teller (AT)[13] model
with spin variables ±1 using the same dynamics and found
very interesting critical properties of the system.
In the present work, the AT model of reference [12] is considered and extended to include the spin 0. This model is
in fact the superposition of two Ising models with spins σi
and Si placed on each site i of the lattice. As stated above,
the spin variables are 0, ±1. The aim is to investigate the
effect of the additional spin state on phase boundaries and
also on the emergence of self-organization. The Glauber
process occurs with probability p. Under these dynamics, the system experiences single-spin-flip as in previous
works due to its contact with a heat bath at temperature
T . The Kawasaki spin-exchange process is realized with
probability q = 1 − p and conserves the magnetization of
the lattice. Things happen in this case as if the system is
in contact with a heat bath at infinite temperature.
We numerically studied the thermal behaviour of the ferromagnetic order parameters hσ i, hSi and hσ Si and the
associated magnetic susceptibilities. The antiferromagnetic order parameter µ AF and the corresponding fluctuations are also calculated. Phase boundaries are simply
determined by means of peaks in the magnetic susceptibilities either by varying the temperature T at fixed values
of the parameter p or vice-versa. Interesting phase diagrams are obtained as a result. Specifically, one gets
stable ordered ferromagnetic phases at low temperature.
One fundamental aspect of the results is that the critical temperature decreases with increasing input energy,
q, in the system when other parameters are fixed. At very
small values of p (' 10−3 ) or large external flux q, two
new phases are detected. The first one corresponds to
hσ i = hSi = 0, hσ Si = 0 and µ AF 6= 0. The second one is
characterized by hσ i = hSi = 0, hσ Si 6= 0 and µ AF 6= 0.
These two phases are self-organized, unexpected phases
that appear in the usual disordered region. Magnetization
calculations reveal that the previous phases disappear at
p = 0 at any temperature, replaced by a special partially
ordered phase where hσ Si 6= 0 in the system and neither
σ , nor S, nor anything else is ordered. This phase is also
detected in a narrow region of the parameter space, at
relatively large values of the four-spin coupling constant
and very small values of the external flux q. We also considered the situation where the spins are coupled to the
lattice phonons. We show by numerical calculations that
in this case some self-organized phases are destroyed.
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In section II, the model is specified. In section III, the
Monte Carlo algorithm is presented. Section IV and V
are devoted to results and conclusions.

2.

Kinetic equation of the model

The model Hamiltonian is written as [12, 13]:
H = −J

X

(σi σj + Si Sj ) − K

hi,ji

X

Si Sj σi σj

(1)

hi,ji

P
where J and K are the coupling constants. The sum hi,ji
runs over all nearest neighbours (NN) pairs of sites. The
spin variables σi and Si take the values 0, ±1.
Let P(b, t), with b = σ , S be the probability of state b
at time t. The system evolves in time according to the
following master equation:
X
d
P(b, t) =
{P(b0 , t)W (b0 , b) − P(b, t)W (b, b0 )} (2)
dt
0
b

where W (b0 , b) is the transition rate from the state b0 to
the state b. W (b0 , b) can be expressed in terms of the
competing dynamics rates by:
W (b0 , b) = pWG (b0 , b) + (1 − p)WK (b0 , b)

(3)

where WG (b0 , b) is the spin-flip transition rate that
occurs with probability p and WK (b0 , b) is associated to
the Kawasaki process that is realized with probability
q = 1 − p.
Thus:
WG (b0 , b) =

X
i

δb1 b01 , δb2 b02 , ..., δbi b0i , ..., δbN b0N ωi (b)

(4)

where ωi (b) is the probability of flipping the spin at site
i. The contact with the heat bath at temperature T is
simulated by using the Metropolis prescription:
(
ωi (b) =

1 for ∆Ei ≤ 0

e

−∆Ei
kT

for ∆Ei > 0

(5)

where ∆Ei is the system energy change obtained after
flipping spin at site i.
The other competing process is simulated by the Kawasaki
dynamics which describes the spin-exchange between two
neighbouring sites i and j. That is:
WK (σ 0 , σ ) =

X

δb1 b01 , ..., δbi b0j , ..., δbj b0i , ..., δbN b0N ωij (b)

(ij)

(6)
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where ωij (b) is the probability of exchanging the nearest
neighbouring spins at sites i and j. The energy flux into
the system is obtained by the prescription:
(
ωij (σ ) =

1 for ∆Eij > 0
0 for ∆Eij ≤ 0

(7)

where ∆Eij is the system energy change between the
initial and the final configurations. If p = 1, all spins
are subject to the Glauber dynamics. In contrast, when
p = 0, all spins are subject to the Kawasaki dynamics
and the fluctuations become rather strong.

UL = 1 −

(10)

with b = σ , S, σ S ; where i runs over the lattice sites
and c over the V spins configurations generated during
the simulations after thermal equilibration to reach the
steady states.
In order to calculate the antiferromagnetic order parameter, the lattice is divided into two equivalent sublattices A
and B with at their sites, both kinds of spins. This order
parameter is calculated as an average over spins σ and
spins S:
µ AF =

3.

hMb4 i
with b = σ , S, σ S
3hMb2 i2

1 X
|σ , S ∈ A − σ , S ∈ B|.
2N σ ,S

(11)

Monte Carlo simulations

A square lattice with L × L = N lattice sites is considered with periodic boundary conditions. We have taken
random spin configurations as initial configurations in the
simulations to check whether the steady states obtained
are the right ones. The simulations are propagated as
follows. For a given temperature T , values of p and K are
selected; then one chooses randomly a site i containing
the two spins σi and Si . A second random number r is
generated to select one of the two dynamics. If p ≥ r, we
attempt the Glauber move. In this case we again generate
another random number r0 to choose on which type of spin
among σ and S the evolution should occur. If r0 ≤ 0.5 the
system evolves with the spin σi ; if not spin Si will be promoted for evolution. We choose another random number
r1 (compared to 0.5) to decide which state the spin will
take among the two others. Then we calculate the energy
change and consequently the value of ωi (b). Finally a
random number r2 is chosen. If r2 < ωi (b), we flip the
spin, otherwise we do nothing.
If p < r, spin-exchange of site i is attempted with a randomly selected neighbouring site j of i. Another random
number r0 is selected such that if r0 ≤ 0.5, then the system evolves on the sublattice of spins σ ; if not spins S
of the two neighbouring sites will be considered and one
calculates the energy change ∆E. If ∆E ≤ 0, we do nothing. Otherwise, we perform the move. After a suitable
number of Monte Carlo steps, physical quantities of use
such as magnetizations, susceptibilities and fourth-order
cumulants are calculated. Expressions of these quantities
are given by the following formulae:
1 XX
bi (c) with b = σ , S, σ S
NV c i

(8)

N
(hMb2 i − hMb i2 ) with b = σ , S, σ S
kb T

(9)

Mb =

χb =

4.

Results and discussions

Due to fluctuations introduced by the Kawasaki dynamics
which flows energy into the system and the multiplicity
of the spin variables, we use relatively small system sizes
(L ≤ 48) in the different calculations. Results are averaged over several runs depending on the frequency of
Kawasaki events. The number of independent runs exceeds 5 and each run consists of 4.106 Monte Carlo steps
per site (MCSS). This number typically becomes about
18.106 in the range of very small values of p. Finitesize effects may exist in the calculations. We check that
they do have very minor effects on the different conclusions achieved in this work. Indeed, some calculations
made on the fourth-order cumulant for several system sizes
(L = 16, 24, 32, 48), led to transition temperatures that either coincide or fall very close to those derived from magnetic susceptibilities calculation (see below). In order to
get the phase diagrams of the system, we essentially rely
on the order parameters hSi, hσ i, hσ Si and µ AF . We check
that the behaviour of hσ 2 i, hS 2 i, .etc, does not introduce
any fundamental changes to the results reported in the
following.
In the study of the model, two main regimes may be distinguished. The first one is the linear regime of the irreversible process. It corresponds to a regime where the
intensity of the external energy source is small. There,
the system displays stationary states similar to those obtained at equilibrium: ordered phases at low temperature
and disordered phase at high temperature. The second
one is the nonlinear regime where the energy flux into
the system is sufficiently large. There, new stationary
states emerge. We first investigate the influence of the
reduced temperature T /J, the reduced four-spin coupling
constant K /J and the parameter p on the magnetic properties of the system described by Hamiltonian (1). In Fig. 1,
377
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the magnetizations are shown as functions of T /J and p.
Fig. 1a reveals several features of the model. For pi0.05,
ferromagnetic order prevails in the system and one gets:
hσ i = hSi 6= 0, hσ Si 6= 0 and µ AF = 0 (Phase F1 ). The
behaviour of µ AF is monitored by open squares and that
of hσ Si by plus signs. From p = 0.025 to p = 0.05 one
gets hσ i = hSi = 0, hσ Si = 0 and µ AF =
6 0 (Phase AF1 ).
This is a self-organized antiferromagnetic phase that appears in the system. The model is then suitable for the
investigation of self-organization phenomena. This event
becomes more pronounced at lower values of p as it can
be observed in the panel. There, one gets the partial ordered phase hσ i = hSi = 0, hσ Si 6= 0 and µ AF 6= 0
(Phase AF F ) which is a hybrid phase, ferro in a sense
and antiferro in the other. The antiferro order parameter
µ AF reaches a very high saturated value that is about 0.5.
Now, when one reaches p = 0, only the Kawasaki dynamics prevails and magnetizations hσ i and hSi obtained
after thermal equilibration are conserved during the simulations. The system runs into a special ferro phase where
hσ i = hSi = 0, hσ Si 6= 0 and µ AF = 0 (Phase F3 ). This
phase however could only be obtained if magnetizations
calculation starts from disordered configurations. At very
small values of p of the order 10−5 , low-temperature stationary states should be of the F1 kind. On the other hand,
the value taken by hσ Si increases sharply and reaches a
value which is about 0.82 indicated by a horizontal arrow in the panel. The antiferromagnetic order parameter
decreases to 0. It is straightforward to notice that the
domain of the disordered paramagnetic phase is very narrow, limited to the neighbourhood of p = 0.05. Let us
now remark that a sharp jump arises in the ferromagnetic
order parameters at about p = 0.051 when going from the
ferromagnetic pure phase F1 to the paramagnetic phase
when p decreases. This feature clearly indicates that first
order transitions occur in the model. Let us analyze what
happens when the temperature is raised at constant value
of the coupling parameter K /J (panels b and c). One sees
that the main change in the results concerns the domain
of the paramagnetic phase that extends to higher values
of p reducing the domain of the pure ferro phase F1 . In
other words, the paramagnetic phase is stabilized. Less
pronounced effects are noticed on the domains of phases
AF1 , AF F and F3 . The domains of AF1 and AF F extend
somewhat to higher values of p. The different modifications reported from Fig.1b become more pronounced in
Fig. 1c where the domain of the paramagnetic phase becomes very large. There, it emerges that at large values
of p, hσ i = hSi 6= hσ Si. This situation is different from
the one observed in the two previous panels. Such difference may lead to a new pure ferro phase that we do not
otherwise consider in the results. Let us point out that in
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Figure 1.

Behaviour of the magnetic order parameters for a system
of size L = 48 as functions of the competing parameter
p at fixed reduced four-coupling constant K /J = 0.5 and
selected values of the temperature. Open squares are related to the antiferromagnetic order parameter; plus (+)
signs are associated with hσ Si; triangles and open circles
correspond to hσ i and hSi respectively. Notice that values
of the latter two order parameters coincide throughout the
simulations. The domain of the paramagnetic phase extends from panel (a) to panel (c).

this panel, a change in the nature of the ferro-para transition occurs. There is no jump in the ferromagnetic order
parameters at the transitions. Continuous transitions of
second order are then observed (see below). From Fig.1a
to Fig. 1c, the temperature is raised and an enhancement
of the self-organization phenomenon is observed.
The influence of the reduced four-coupling parameter on
µ AF is explored in the nonlinear regime for p = 0.01
(Fig. 2). In fact, a variation of the value of K /J affects
quantitatively the self-organization. The latter is more
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Figure 2.

Thermal behaviour of the antiferromagnetic order parameter µ AF (see text) for a system of size L = 48 at some selected values of K /J . The self-organization phenomenon
is absent at large values of the four-coupling constant K /J
in the temperature range considered.

pronounced for small values of K /J. Moreover, thermal
fluctuations enhance the magnitude of the phenomenon.
At large values of K /J, the self-organized features disappeared (see e.g, curve corresponding to K /J = 1.0). An
analysis of the different curves suggests that at fixed temperatures, a first order transition may occur in the range
K /J = 0.8 − 1.0 since a jump is suspected in this region
for the antiferromagnetic order parameter.
In Fig. 3a, we show the thermal behaviour of fluctuations in the magnetic order parameters (susceptibilities)
at p = 1 and K /J = 0.5. Temperatures associated with
the peaks are considered as transition temperatures. For
both hσ i (full circles) and hσ Si (open squares) the critical extracted temperatures; T1 /J = 2.18 ± 0.005 and
T2 /J = 2.17 ± 0.005, have almost the same value. The
reliability of such numerical results is somewhat demonstrated in Figs. 3b,c. In fact, by means of fourth-order cumulant calculations using system sizes L = 16, 24, 32, 48,
the Binder crossing point is obtained at the same temperature T3 /J = T4 /J = 2.165 ± 0.005 for both hσ i and
hσ Si for p = 1. These results are very close to those
calculated using maxima of susceptibilities in Fig. 3a. On
the other hand, for p = 0.7 where Kawasaki events exist, maxima in susceptibilities occur at the same temperature for both order parameters as indicated in Fig. 3d
(T5 /J = 1.97 ± 0.005). Fourth-order cumulant calculations in Figs. 3e,f yield T6 /J = T7 /J = 1.96 ± 0.005 for
both hσ i and hSi. These findings are again very close to
the previous results obtained by means of peaks in magnetic susceptibilities and strenghten the statement that
finite-size effects on the results could be considered as
weak. We check that all transitions observed in different panels of Fig. 3 are of second order. In Fig. 4a, we

Figure 3.

Magnetic susceptibilities for the magnetic order parameters hσ i = hSi and hσ Si for a system of size L = 48
(panels a and d) and fourth-order Binder cumulant curves
(Figs. 3b,c,e,f) calculated using four system sizes (L =
16, 24, 32, 48) for p = 1 and p = 0.7 at K /J = 0.5. The
behaviour of different curves indicates the occurence of
second order transitions. The peaks in the magnetic susceptibilities are obtained at almost the same temperatures
for both order parameters when the same model parameters are considered. Cumulant calculations yield results
that are close to, or coincide with the previous ones (see
text).

displayed the order parameters hσ i and hσ Si as functions of temperature for p = 0.5 and K /J = 0.5. It is
straightforward to remark that jumps occur in the order
parameters for a very small increase of the temperature
and very sharp peaks are observed in the susceptibilities
in Fig. 4b. These are usual features of first order transitions. Therefore, analyzing Figs. 3, 4, one may notice
that for K /J = 0.5, going from p = 0.5 to p = 0.7, a tricritical point may be encountered. It has effectively been
detected, not very far from p = 0.5, by means of thermal
hysteresis loop calculations along the phase boundaries
(see Fig. 5d). Other useful features of the model could be
easily obtained from the Binder crossing points of Fig. 3.
Indeed, from finite size scaling theory (see [12] and references therein), in the neighbourhood of the critical temperature Tc , using the scaling variable x = tL1/ν with
t = |1 − T /Tc |, the first derivative of the Binder cumu379
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0

0

lant (UL (T ) = U0 (x)) scales as UL (T ) = L1/ν U0 (x). Using
panels (b,c,e,f) of Fig. 3, one can give some idea of the
value of the exponent ν for p = 1 and p = 0.7 for both
order parameters at K /J = 0.5. We get for p = 1 and for
hσ i, 1/ν = 1.36 ± 0.05 and for hσ Si, 1/ν = 1.20 ± 0.2.
Now, at p = 0.7 and for hσ i, 1/ν = 2.20 ± 0.07 and
for hσ Si, 1/ν = 2.10 ± 0.09. These results indicate that
the extracted values of ν may be approximately the same
for both order parameters. Within statistical errors, the
same conclusion emerged from Ref. [12]. More accurate
calculations are needed to generate more reliable values
of the exponent in order to make comparision with values
calculated for the two-state AT model [12].

The phase boundaries displayed in Fig. 5 are, as stated
above, determined using peaks in magnetic susceptibilities. At large values of p (p → 1) and small values of K /J, phase transitions are found to always be of
second order nature at low temperature, while for small
values of p, they become first order. In the low fourcoupling strength regime a new ferromagnetic phase exists: hσ i = hSi 6= 0, hσ Si = 0 and µ AF = 0 (Phase F2 ).
The domain of this phase shrinks and quickly disappears
with increasing values of K /J or q = 1 − p. As an example, it becomes absent at K /J = 0.5 as can be seen
from Figs. 3a,b,c. The transition temperature increases
with increasing values of p when other parameters are
fixed as it emerges from curves of susceptibilities and cumulants in Fig. 3. There, one can see that susceptibilities for hσ i and hσ Si show peaks at almost the same
temperature. Hence, no phase F2 exists at K /J = 0.5
at any value of p. The correct localization of tricritical
points in the non linear regime has been a formidable
task due to fluctuations introduced by the Kawasaki dynamics. Our calculations give: for K /J = 0.1 (panel a),
p∗c = 0.26 ± 0.01 and Tc∗ /J = 1.38 ± 0.01; for K /J = 0.3
(panel b), p∗c = 0.34 ± 0.01 and Tc∗ /J = 1.63 ± 0.01;
and for K /J = 0.5 (panel d), p∗c = 0.54 ± 0.01 and
Tc∗ /J = 1.85 ± 0.01. For q = 0, one sees that the critical temperature is an increasing function of the reduced
coupling parameter K /J. Phase F3 is also observed in a
very narrow region of the phase diagram at high values
of K /J and very small values of q. We checked on the
system of size L = 16 by means of Kinetic Monte Carlo
simulations with the Bortz, Kalos and Lebowitz (BKL) algorithm [14] that the domain of F3 is somewhat larger than
the one detected in the present simulations. Moreover,
a Baxter phase where hσ i and hSi order independently
with hσ Si 6= 0 has been found in very narrow temperature
ranges in the model. However, computations on larger
system sizes by this algorithm have been found to be very
time consuming.
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Figure 4.

Thermal behaviour of the order parameters hσ i (circles)
and hσ Si (plus signs) for p = 0.5 and K /J = 0.5 (a). These
order parameters show a very fast decrease in a very
narrow temperature range. In panel (b), corresponding
magnetic susceptibilities are plotted showing very sharp
peaks. This means that first order transitions occur. We
remark that, as in Fig. 3, the temperatures associated with
the peaks are the same. In panel (c), the finite-size depen0
dence of log-log plots of UL (Tc ) vs L at the critical points
obtained by cumulant calculations in Fig. 3 is displayed.
Numerical errors on results are of the order of the size
of symbols. The straight lines are the best fit to the data
points. From the slopes of these lines (whose values are
given in the panel) the exponents ν are calculated. For
p = 1, ν = 0.73±0.05 for hσ i and ν = 0.83±0.20 for hσ Si;
for p = 0.7, ν = 0.45 ± 0.07 for hσ i and ν = 0.47 ± 0.09
for hσ Si. Smaller values of the exponents ν are obtained
in the presence of Kawasaki dynamics.
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Figure 6.

Figure 5.

Temperature phase diagrams in the (T /J, q = 1 − p) plane
for some selected values of the coupling constant K /J written in different panels. Panel (d) summarizes some results
related to Fig. 1. Figs. 1a,b have shown that the ferropara transitions obtained are of first-order nature while in
Fig. 1c, it is of second order. These observations are consistent with the phase diagram of this panel. Full triangles
indicate tricritical points (TCP). Their coordinates are given
in the text. At the right-hand side of the TCP, the transition
is of first order nature. On the other side, it is perfectly
continuous. Numerical errors are of the order of the size
of symbols.

Very recently, the Blume-Emery-Griffiths (BEG)
model[15] with spin-phonon interaction has been introduced by Oke et al.[16] in order to describe spin-crossover
materials. In that model, the quadrupolar interaction is
assumed to depend on the temperature according to the
form: K = αkB T , where α is a tunable parameter that
may be related to lattice elastic constants. Here we
would like to know the influence of such interaction on

Magnetic order parameters for a system of size L = 48 at
constant temperature T /J = 1 as functions of p for the original model (panel a) and the model with spin-phonon interaction (panel b). The interaction of the spins with the lattice phonons reduces the self-organization phenomenon.
Symbols have the same meanings as in Fig. 1: open
squares are related to the antiferromagnetic order parameter; plus (+) signs are associated with hσ Si; triangles
and open circles correspond to hσ i and hSi. The first order transition temperature observed in panel (a) at about
p = 0.12 or q = 0.88 for T /J = 1 is perfectly consistent
with results displayed in Figs. 5b,c.

the phase diagrams, in particular on the self-organization
phenomenon. We then assume that the four-spin coupling
constant K in Hamiltonian (1) depends on temperature
in the same form as above. Calculations led to results
displayed in Fig. 6. The disordered paramagnetic phase
is stabilized. Moreover, the self-organization is destroyed
and becomes almost absent, but F3 survives.

5.

Conclusion

In this work, the three-state ferromagnetic AT model is investigated with numerical simulations in the presence of
competing dynamics. The thermal behaviour of the model
order parameters is calculated as functions of the reduced
coupling constant K /J and the flux q of external energy
into the system. When this flux becomes important, unex381
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pected self-organized phases are obtained. Beyond that,
phase boundaries are characterized for relatively small
values of K /J. They show tricritical points where first and
second order transition lines meet. They have been determined by searching for hysteresis loops when heating the
system from the stable ferromagnetic phase and cooling
it down from the paramagnetic phase at selected values
of the reduced parameter K /J. The results indicated that
phase boundaries should essentially become of first order
when K /J becomes very large. A partial ordered phase
exists in the model in a very narrow region of the parameter space, especially at large values of K /J, say K /J = 3.
This phase disappears with increasing values of q, even
at very small values. Extensive study of the model in the
presence of spin-phonon interactions is under way. Such
interactions are relevant for the study of spin-crossover
materials. Some preliminary results have been presented
and revealed that the self-organization phenomenon disappears with the inclusion of spin interactions with lattice
phonons. Since the self-organization phenomenon is observed in reality, a more elaborate model of spin-phonon
interaction is certainly needed.

References
[1] G. Nicolis, I. Prigogine, Self-oganization in NonEquilibrium Systems (Wiley, New York, 1977)

382

[2] A. I. López-Lacomba, J. Marro, Phys. Rev. B 46, 8244
(1992)
[3] Liu JiWen, M.A. YuQuiang, Commun. Theor. Phys.
(Beijing, China) 32, 305 (1999)
[4] P. L. Garrido, J. Marro, Europhys. Lett. 15, 375 (1991)
[5] P. L. Garrido, J. Marro, J. Phys. A 25, 1453 (1992)
[6] H. Haken, Synergetics, 3rd ed. (Springer-Verlag,
Berlin, 1983)
[7] B. C. S. Grandi, W. Figueiredo, Phys. Rev. E 56, 5240
(1997)
[8] F. Hontinfinde, S. Bekhechi, R. Ferrando, Eur. Phys.
J. B 16, 681 (2000).
[9] K. Kawasaki, In Phase Transition and Critical Phenomena, edited by C. Domb, M. S. Green (Academic
Press, London 1972), vol. 2.
[10] R. J. Glauber, J. Phys. 4, 294 (1963)
[11] T. Tomé, M. J. de Oliveira, Phys. Rev. A 40, 6643
(1989)
[12] S. Bekhechi, A. Benyoussef, B. Ettaki, M. Loulidi, A.
El Kenz, F. Hontinfinde, Phys. Rev. E 64, 016134
(2001)
[13] J. Ashkin, E. Teller, Phys. Rev. 64, 178 (1943)
[14] A. B. Bortz, M. H. Kalos, J. L. Lebowitz, J. Comput.
Phys. 17, 10 (1975)
[15] M. Blume, V. J. Emery, R. B. Griffiths, Phys. Rev. A 4,
1071 (1971)
[16] T. D. Oke, F. Hontinfinde, K. Boukheddaden, Eur.
Phys. J. B 86, 271 (2013)

