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Abstract: This study presents an application of peridynamic theory for predicting residual strength of impact damaged building
components by considering a reinforced panel subjected to multiple load paths. The validity of the approach is
established first by simulating a controlled experiment resulting in mixed-mode fracture of concrete. The agreement
between the PD prediction and the experimentally observed behavior is remarkable especially considering the
simple material model used for the concrete. Subsequently, the PD simulation concerns damage assessment and
residual strength of a reinforced panel under compression after impact due to a rigid penetrator.
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1.

Introduction

Efficient quantitative assessment of damage to buildings
is an active need that hasn’t been satisfactorily addressed.
From a defense perspective, damages to buildings stem
from two main modes of loading: (1) explosions leading to
airblast loading on a building, and (2) direct strikes causing damage through penetration. In some cases both modes
coexist. Both of these loading modes have the potential to
cause extensive damage on both the external and internal
structure of the building. Detection of damage in buildings may be straight-forward through visual inspection
(cracks, holes, etc.). However, quantification of damage is
a daunting task. In addition to the damage that is visible,
there exists further damage internal to components and at
joints of components. On-site evaluation of damage that is
not visible involves expensive specialized equipment, and
may not be fully satisfactory in visualization of internal
damage. Therefore, damage assessment process stands to

benefit from its augmentation by computational modeling
and analysis.
There are no established methods for prediction of damage levels in buildings subjected to blast loading due to
explosions and penetration events due to direct strikes.
Complex nonlinear material behavior of concrete cannot
be described by simple constitutive models. In addition,
the blast and penetration type loading conditions yield
highly nonlinear deformation responses, both spatially and
temporally, and further complicate the problem. However,
there is no analysis capability that can predict all possible
failure modes concerning concrete because damage initiation and its progressive growth is rather complex, and that
commonly accepted finite element method breaks down.
The effectiveness of computational techniques such as finite
elements in modeling material failure has lagged far behind their capabilities in traditional stress analysis. This
difficulty arises because the mathematical foundation of finite element method (FEM) assumes that the body remains
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continuous as it deforms. Hence, FEM must treat material
failure, especially fracture, as a pathological situation that
requires special techniques.
Existing computational methods for the modeling of fracture
in a continuous body are based on the partial differential
equations (PDEs) of classical continuum mechanics. These
methods suffer from the inherent limitation that the spatial
derivatives required by the PDEs do not, by definition,
exist at crack tips or along crack surfaces. Therefore, the
basic mathematical structure of the formulation breaks
down whenever a crack appears in a body. Various special
techniques have been developed in fracture mechanics
to deal with this limitation. Generally, these techniques
involve redefining a body in such a way as to exclude the
crack, then applying conditions at the crack surfaces as
boundary conditions.
This need to continually redefine a body as a crack grows
is inherent in the finite element analysis codes that model
fracture with traditional elements. In addition to the need
to remesh, existing methods for fracture modeling also suffer from the need to guide the crack with external crack
growth criteria. It tells the code when a crack should
initiate, how fast it should grow and in what direction,
whether it should turn, branch, oscillate, arrest, etc. In
order to avoid remeshing and external crack growth criteria, Cohesive Zone Elements (CZE) and eXtended Finite
Element Method (XFEM) were introduced. Cohesive zone
elements are usually surface elements that are placed
along the element boundaries; hence, crack growth occurs
only between traditional (regular) elements. Hence, material response exhibits characteristics of both regular and
cohesive zone elements; the cohesive elements are only introduced to produce fracture behavior. Number of cohesive
elements increases with decreasing mesh size yet, the size
of continuum region remains the same. Hence, softening
of material properties can be observed with decreasing
mesh size. Furthermore, mesh texture produces anisotropy,
and it leads to mesh dependence. Crack paths are highly
sensitive to mesh texture and alignment [1] and remeshing
is required when crack paths are unknown a priori. The
concept of XFEM was introduced as a technique to model
cracks and crack growth within the realm of finite elements
without remeshing, [2]. It permits the cracks to propagate
on any surface within an element, rather than only along
element boundaries. Thus, it removes the limitation of
CZE on the admissible direction of new fracture surfaces.
According to Zi et al. [3], the elements, adjacent to the
element in which the crack tip is positioned, are partially
enriched and the partition of unity does not hold for them.
Hence, the solution becomes inaccurate in the blending
region. This prevents such methods from being applicable
to problems in which multiple cracks grow and interact in
complex patterns. The XFEM has been successfully em-
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ployed to solve a number of fracture problems; however, it
does require external criteria for injection of such elements
while predicting crack growth paths.
Silling [4, 5] introduced a nonlocal theory that does not
require spatial derivatives – the peridynamic (PD) theory.
This theory provides nonlinear material response based on
the deformed configuration; hence geometrical-nonlinearity
behavior is automatically captured. Furthermore, the material response includes damage in the PD theory. The main
difference between the PD theory and classical continuum
mechanics is that the former is formulated using integral
equations as opposed to derivatives of the displacement
components. This feature allows damage initiation and
propagation at multiple sites, with arbitrary paths inside
the material, without resorting to special crack growth
criteria. In the PD theory, internal forces are expressed
through nonlocal interactions between the material points
within a continuous body, and damage is part of the constitutive model. Interfaces between dissimilar materials have
their own properties and damage can propagate when and
where it is energetically favorable for it to do so (Silling
and Askari [9] and Silling and Bobaru [11]).
From these considerations, a new approach to damage
assessment of buildings is warranted, and the PD theory
appears to be the best candidate to provide this transition.
This study presents an application of the PD theory for
accurate quantification of damage in a building component
as an extension of the study performed by Demmie and
Silling [22]. Feasibility of the approach is demonstrated by
considering two problems: (i) simulation of controlled concrete fracture experiment, and (ii) simulation of a reinforced
panel undergoing munition.

2.

Peridynamic Theory

The PD theory is concerned with the physics of a material
body at a point that interacts with all points within its
range, as shown in Figure 1. As in the classical (local)
continuum theory, the material points of a body are continuous, as opposed to discrete in the case of molecular
dynamics. However, the main difference between the PDand continuum-based methods is that the former is formulated using integral equations, as opposed to partial
differential equations that include spatial derivatives of the
displacement components. These displacement derivatives
do not appear in PD equations, which allow the PD formulation to hold everywhere whether or not displacement
discontinuities are present.
According to the PD theory, the motion of the body is
analyzed by considering the interaction of a PD material
point, x, with the other material points in the body. The
influence of the material points interacting with x is as-
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Figure 1.

Kinematic description of a pair of PD material points.

sumed to vanish beyond a local region (horizon), denoted
by H shown in Figure 1. The PD equation of motion at a
reference configuration of x and time t is given as

ρ

∂2 u
=
∂t 2

Z
{T (x, t; x − x 0 ) − T 0 (x 0 t; x 0 − x)} dH
H

(1)

+ b(x, t)
where ρ is the mass density, b(x, t) is the prescribed body
force vector, and u represents the displacement vector field
at a material point whose position is defined by a vector, x.
The volume integral represents the internal forces arising
from the interactions between the PD material points x
and x 0 , enclosed by the local region H, around the material
point x. The integral equations represent a distinct mathematical system that is not derivable from the classical
partial differential equations (PDEs). As shown in Figure 1,
the distance from x to x 0 is represented by the relative
position vector ξ in the undeformed configuration. As the
body deforms from its initial to the current configuration
t
V , the material points x and x 0 move to new positions by
the displacement vectors u and u0 , respectively. Also, the
horizon around material point x moves to a new position,
denoted by t H. In the deformed configuration, the new
relative position vector between material points x and x 0 is
specified by the deformation state vector, Y . The governing equations of PD theory are nonlinear with respect to
displacements, thus it is not limited to small deformations.
The interaction between material points x and x 0 is represented by pairwise force state vectors, T (xt; ξ) and
T 0 (xt; −ξ), whose properties and relations to tensors are
explained by Silling et al. [5]. A force state vector T (xt; ξ)
is not only defined at a specific material point, x at time t,

but also is a function of the relative position vector ξ. The
kinematic states (i.e., u, u0 , T , and T 0 ) are associated with
the configuration at time t, however, they are expressed
in terms of the initial configuration of the material points.
Thus, the Lagrangian description is utilized for the motion
of PD material points. The PD formulation based on the
principle of virtual displacements proves that the force
vector state is valid for any material model of classical
continuum mechanics provided that the Piola-Kirchhoff
stress can be obtained directly or by using incremental
procedures. Therefore, any material behavior from classical theory can be implemented in the PD theory. The
PD equation of motion given by Equation (1) is valid
for both linear and nonlinear analyses. In this study, a
special case of PD formulation is considered, i.e. Bondbased PD theory. It assumes that all PD interactions
are independent from each other, and PD forces between
two material points acting on each other are equal and
opposite along the interaction direction. Although this assumption simplifies the formulation considerably, it brings
some constraints on material parameters as discussed by
Silling [4].
During the solution process, the displacement of each
material point, as well as the stretches between pairs of
material points, are computed and monitored. When the
stretch between two material points exceeds the critical
stretch, s0 , failure occurs, and these two points cease to
interact with each other. The critical stretch value, s0 ,
can be related to the energy release rate quantity in the
classical theory as derived by Silling and Askari [9]:
r
s0 =

5G0
9κδ

(2)

where G0 and κ represent the critical energy release rate
and bulk modulus of the material, respectively, and δ is
the radius of the horizon.
Local damage at a point is the ratio of the number of
eliminated interactions to the total (initial) number of interactions. Thus, fracture occurs naturally in a PD body
as a consequence of the equation of motion and the constitutive model. Fractures initiate, grow, turn, branch, and
arrest without the need for any supplemental relations
to control these processes, as is required in traditional
models for fracture mechanics. Freedom from the need to
track and guide each fracture individually allows the PD
approach to model complex patterns of mutually interacting
cracks within a body.
The numerical procedure involves discretization of the domain of interest into subdomains. The domain can be discretized into subdomains by employing line subdomains for
one-dimensional geometries; triangular and quadrilateral
subdomains for two-dimensional regions; and hexahedron,
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Figure 2.

Geometry of the concrete beam with a notch tested by
Galvez et al. [19].

Figure 3.

Brittle material model used in PD simulations.

tetrahedron, and wedge subdomains for three-dimensional
regions. Subsequently, collocation (integration) points are
placed into subdomains in order to convert the integral
form of the PD equation of motion into a finite sum as

ρ = b(xi , t) +

Ne
N X
X

wk {T (xi , t; xi − xk0 )

e=1 k=1

(3)

With the PD theory, damage in the material is simulated
in a much more realistic manner compared to the classical
continuum-based methods. The broken interactions may
align themselves along surfaces that form cracks. The PD
theory has been utilized successfully for damage prediction
in many problems. Silling [7] considered a Kalthoff-Winkler
experiment in which a plate having two parallel notches
was hit by an impactor, and PD simulations successfully
captured the angle of crack growth that was observed in
the experiments. Later, impact damage was predicted by
Silling and Askari [8, 9] using the PD theory. Silling and
Askari [9] also considered a plate with a center crack to
show convergence of their numerical method. PD theory
was applied to damage analysis of plain and reinforced
concrete structures by Gerstle et al. [10]. Furthermore,
a new constitutive model was introduced for tearing and
stretching of rubbery materials by Silling and Bobaru [11].
Using this model, Silling and Bobaru predicted an oscillatory crack path when a blunt tool was forced through
a membrane. The PD theory was also applied successfully by Askari et al. [12] and Colavito et al. [13] to
predict damage in laminated composites subjected to lowvelocity impact and damage in woven composites subjected
to static indentation. Furthermore, Xu et al. [14] considered notched laminated composites under biaxial loads.
Warren et al. [15] demonstrated the capability of the PD
theory to capture the fracture behavior of a notched and
unnotched isotropic bar under quasi- static loading, as
well as other loading conditions while employing material
models from the classical continuum mechanics. Foster
et al. [16] considered the elastic viscoplastic behavior of
a bar under tension. The classical constitutive model was
fit to high-strain rate stress-strain data taken from Kolsky
bar experiments on 6061-T6 aluminum. They were able
to reproduce experimental results from Taylor impact tests
on aluminum. Kilic et al. [17] and Kilic and Madenci [18]
also considered the elastic response of other problems
and compared PD predictions to experiments and other
numerical/analytical solutions available in the literature.

−T 0 (xk0 , t; xk0 − xi )}

3.
where xi is the position vector located at the ith collocation point, N is the number of subdomains, and Ne is the
number of collocation points in the eth subdomain. The
position vector x 0 represents the kth integration point of
the eth subdomain. The parameter wk is the integration
weight associated with point xk0 .The placement of integration points and their weights are described by Kilic [6].
After reducing the PD equation to its discrete form, the
solution is obtained by either explicit time integration
for dynamic problems or the adaptive dynamic relaxation
(ADR) method for quasi-static problems (Kilic [6]).
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Validation

The current approach is validated against a controlled
experiment resulting in mixed-mode fracture of concrete.
Galvez et al. [19] performed several experiments in an
effort to develop a testing procedure for mixed mode crack
propagation in concrete under non-proportional loading.
They tested several specimens with different geometries,
under different boundary and loading conditions, one of
which is selected for PD simulation in this section. In all
cases, they used a saw to create a notch in the specimen
as preexisting crack tip. As a result of the applied load,
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Figure 4.

Figure 5.

Damage predicted by PD simulations.

Comparison of PD simulated crack path to experiments.

a crack started propagating from the notch towards the
top surface at an angle (clearly indicating the mixed mode
fracture). For each case, they developed an experimental
envelope for crack path.
The research code EMU, developed at the Sandia National
Laboratories under the direction of Silling [20], is utilized
in PD simulations after implementing a 2-Dimensional
isotropic material model and adaptive dynamic relaxation
procedure. The case selected for the PD simulations involves a concrete beam under four-point bending conditions.
The geometric configuration of the experiment is given in
Figure 2. The PD simulations are performed by using
180 000 collocation points with a spacing of ∆x = 750 µm.
The horizon size is specified as δ = 3.015∆x. The load P
is applied as a linearly increasing displacement loading
in 0.1 µm increments until it reaches a total displacement
of 0.4 mm. A material behavior model that is consistent
with concrete is not currently implemented in the PD formulation. Therefore, in the simulations, a brittle material

Figure 6.

Description of the panel geometry.

model is used for the concrete (see Figure 3) with elastic
modulus of E = 38 GPa, Poisson’s ratio of ν = 0.33 and
critical stretch of s0 = 0.0006. Note that the specified
Poisson’s ratio value is due to the constraint on material
constants in bond-based PD theory (Silling and Bobaru
[11]). The critical stretch value is obtained based on a 2Dimensional form of the critical p
stretch vs. critical energy
release rate relationship, s0 = (4G0 )/(9Eδ) and using
the material data in Galvez et al. [19]. Since adaptive
dynamic relaxation is used for this quasi-static analysis,
the recommended time step size 1 is specified. Based on
the selected displacement increment, a total of 4 000 time
steps are performed. The peridynamic theory predicted the
crack propagation behavior as shown in Figure 4. Crack
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Figure 7.

Schematic description of residual strength evaluation approach.

path obtained using the PD theory overlaid to the average
of the experimental envelope developed by Galvez et al.
[20] is shown in Figure 5. The agreement between the
PD prediction and the experimentally observed behavior
is remarkable especially considering the simple material
model used for the concrete.

4.

Demonstration

In order to demonstrate the applicability of the use of
peridynamic theory for quantification of residual strength
of structures, a concrete panel with steel reinforcements is
considered as shown in Figure 6. For the PD simulation,
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90250 collocation points are used including both the concrete and steel parts of the model. Two distinct problems
are solved:
1. The panel is subjected to compressive load along
the top and bottom surfaces while the left and right
boundaries are allowed to displace freely (see Figure 7). Resulting load-displacement response represents the response of the pristine panel (“full”
strength).
2. The panel is first impacted by an ogive shaped rigid
penetrator with an initial velocity of 100 m/s while
constrained along the top, bottom, left and right surfaces, leading to considerable damage (see Figure 7).
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Figure 8.

Damage contours (a) in front view, and (b) in oblique view.

Figure 9.

Deformation and extent of damage in steel bars under compressive loading after penetration.

After the transient effects are dampened out by zeroing all displacements and velocities in the system at
the end of impact loading, solution with the loading
of the problem 1 is obtained (compression through
top and bottom surfaces with traction-free left and
right surfaces). This case represents the response
of the damaged panel with some residual strength.
In both problems, the compressive loading is applied by
means of fixing the bottom surface and applying non-zero
displacement boundary conditions in the vertical direction
in 0.03 mm increments. The concrete is assumed to have
elastic modulus of 65 GPa, mass density of 2000 kg/m3
and critical stretch value of 0.008. Elastic modulus for

the steel reinforcement bars is 210 GPa and mass density
is 7800 kg/m3 . Both materials have a Poisson’s ratio
value of ¼ due to the constraint on material properties
associated with the Bond-based PD theory. Although
the critical stretch value for the steel bars is specified
as a very high value, for the PD interactions between
concrete and steel materials, the critical stretch value of
the concrete is used. Figure 8 shows the damage contours
of the panel due to the penetrator. In Figure 8a, the hole
generated by the penetrator (removed from view) along
with the damage contours are shown in front view. In
Figure 8b, damage contours in half of the panel with
penetrator in view is shown in oblique view. The extent
of damage in the steel bars in Figure 9 is due to the
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crete behavior, therefore, this example should be treated
as the conceptual demonstration in assessing damage and
residual strength.
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Figure 10.
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