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Abstract
The reﬂection symmetric Erdélyi-Kober type fractional integral operators are used to construct fractional quasi-particle generators. The eigenfunctions and eigenvalues of these operators are given analytically. A set
of fractional creation- and annihilation-operators is deﬁned and the properties of the corresponding free Hamiltonian are investigated. Analogously
to the classical approach for interacting multi-particle systems, the results
are interpreted as a fractional quantum model for a description of residual
interactions of pairing type.
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1. Introduction
The physical interpretation of operators used within the framework of
fractional calculus is a vividly discussed area of actual research, see e.g.
[15, 21, 13]. One complication is the fact, that diﬀerent integral and differential operators are equally reasonable and diﬀerent levels of complexity
are involved, like e.g. the Riesz [22, 10] and Erdélyi-Kober [9, 17, 23, 20]
integrals, respectively.
c 2014 Diogenes Co., Soﬁa

pp. 1215–1228 , DOI: 10.2478/s13540-014-0221-1

1216

R. Herrmann

The Riesz integral RZ I α is given as the convolution integral, depending
on a single fractional parameter α:
 ∞
1
α
I
f
(x)
=
dξ d−α f (ξ)
(1)
RZ
2 sin(πα/2)Γ(1−α) −∞
 ∞
1
dξ |x−ξ|−α f (ξ), 0 < α < 1, (2)
=
2 sin(πα/2)Γ(1−α) −∞
with a weakly singular kernel of power-law type, where d = |x − ξ| is a
measure of distance on R1 .
In the following we will discuss a speciﬁc generalization of this integral,
based on a Cassini-type kernel, which is the product of two measures of
distance and is considered as a symmetric extension of the one-dimensional
Erdélyi-Kober type integral. A family of generalized fractional integrals of
this type has been introduced recently, see [13].
In this paper, we will derive the eigenvalues and eigenfunctions of this
operator. We will collect arguments in support of the idea, that there is a
close relationship between the proposed generalized fractional operator and
the concept of quasi-particle operators, widely used in solid states physics,
in the theory of super-conductivity and in nuclear physics respectively to
model pairing eﬀects.
For that purpose, we will ﬁrst introduce the symmetric one-dimensional
Erdélyi-Kober type integral and give an analytic derivation of its main properties. We will present reasonable deﬁnitions of corresponding creationand annihilation-operators and ﬁnally investigate the properties of the free
Hamiltonian based on these generalized fractional operators and interpret
its properties in close analogy to Cooper-pairs in momentum representation.
2. Eigenfunctions and eigenvalues of the reflection symmetric
one-dimensional Erdélyi-Kober type integral
We will investigate a special case of the one-dimensional Erdélyi-Kober
type integral, which contains two foci of the form
 ∞
−α/2 −γ/2
α,γ
I
f
(x)
=
N
dξ d1
d2 f (ξ), 0 < α + γ < 2,
(3)
EK
EK
−∞

where
(4)
di = |xi − ξ|, i = 1, 2,
determines the distance between a focal point xi and a position ξ, | · |
denotes the absolute value and the normalization factor EK N is chosen
such that
1
(5)
EK N =
2 sin(π(α/4 + γ/4))Γ(1 − α/2 − γ/2)
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in the case γ → 0 up to a scaling in α the integral coincides with the Riesz
integral deﬁnition.
Setting γ = α and deﬁning the focal points xi by introducing their
distance p via the reﬂection symmetric relation with respect to x
p
p
(6)
x1 = x − , x2 = x + ,
2
2
we obtain a reﬂection symmetric one-dimensional Erdélyi-Kober type integral operator with Cassini kernel type:
EK I

α,p

1
2 sin(πα/2)Γ(1 − α)
 ∞


p
p
dξ |x − − ξ|−α/2 |x + − ξ|−α/2 f (ξ),
×
2
2
−∞
p ∈ R, 0 < α < 1,

f (x) =

(7)

which in the limit p → 0 reduces to the Riesz fractional integral.
The eigenfunctions of this operator are determined by the integral equation
EK I

α,p

ψ(x) = Θ(k, p)ψ(x)

(8)

and are both given as trigonometric functions ψ(x) = {cos(kx), sin(kx)}, k ∈
R. The corresponding eigenvalues Θ(k, p) result with the help of (4.3.17,
9.1.20, 9.1.24) from [1] in
√
π Γ(1 − α/2)
× |k/p|(α−1)/2
(9)
Θ(k, p) =
2 sin(πα/2)Γ(1 − α)


× J(1−α)/2 (|kp|/2) − Y(α−1)/2 (|kp|/2) ,
k, p ∈ R, 0 < α < 1,
where Jβ (z) and Yβ (z) denote the corresponding standard Bessel functions.
The following asymptotic cases clarify the functional behavior of the
eigenvalue spectrum Θ(k, p):
• Limit for p → 0:
A series expansion of the eigenvalue spectrum for small p yields:
Θ(k, p) ≈ |k|α−1− |p|1−α
+ o(|p|2−α ),

4α π sin2 (πα/4)
sin(πα)Γ((1 − α)/2)Γ((3 − α)/2)
k, p ∈ R, |p|  1, 0 < α < 1,

(10)

which is well behaved for small p within the range of allowed αvalues and therefore a smooth transition to the eigenvalue spectrum
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of the Riesz integral results for vanishing p:
lim Θ(k, p) = |k|α−1 ,

p→0

k, p ∈ R, 0 < α < 1,

(11)

• Limit for |kp| → ∞:
The asymptotic expansion of the eigenvalue spectrum for |kp|
1,
which includes the cases k
1 and p ﬁxed and p
1 and k ﬁxed,
results according to (9.2.1, 9.2.2) from [1] in
Θ∞ (k, p) ≈

Γ(1 − α/2)
|k|α/2−1 |p|−α/2 cos(kp/2)
sin(πα/4)Γ(1 − α)
+ o(|kp|−1 ) k, p ∈ R, |kp|

1, 0 < α < 1,

(12)

which determines a damped oscillatory behavior for increasing |kp|.
• Special case p = 1/k:
A remarkable property of the eigenvalue spectrum results from the
periodicity of the trigonometric functions. For the special case p =
1/k the eigenvalue spectrum is given by
√

Θ(k, 1/k) =

π Γ(1 − α/2)
× |k|(α−1)
2 sin(πα/2)Γ(1 − α)


× J(1−α)/2 (1/2) − Y(α−1)/2 (1/2)

= c(α)|k|(α−1) ,

k ∈ R, 0 < α < 1,

(13)

(14)

and therefore coincides up to a factor c(α) with the Riesz fractional integral eigenvalue spectrum determined for trigonometric
functions. Consequently the use of diﬀerent kernel functions may
lead to similar spectra.
In Figure 1 we have plotted the eigenvalue spectrum and the corresponding approximations. In the case kp > 1 the asymptotic expansion
(12) is a good approximation to the exact solution, which shows an oscillatory behavior as a function of k and p, respectively.
For a direct explanation, we consider this behavior dominated by the
result of an interference of two contributions, since with


p 
p 
cos k(x − ) + cos k(x + ) = 2 cos(kp/2) cos(kx)
2
2

(15)

REFLECTION SYMMETRIC ERDÉLYI-KOBER TYPE . . . 1219
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p

p

Figure 1. Eigenvalue as a function of the distance p. On
the left for small p, on the right for larger p. Thick line indicates the exact solution (9), pointed line the low-distance
approximation (10) and dashed line the asymptotic expansion (12).

the asymptotic limit (12) may be rewritten as
Θ∞ (k, p) cos(kx)

Γ(1 − α/2)
p 
1
|k|α/2−1 |p|−α/2 cos k(x − )
=
2 sin(πα/4)Γ(1 − α)
2

p 
Γ(1 − α/2)
|k|α/2−1 |p|−α/2 cos k(x + )
+
sin(πα/4)Γ(1 − α)
2
+ o(|kp|−1 ),

k, p ∈ R, |kp|

1, 0 < α < 1,

(16)

which may be interpreted as the result of a superposition of two shifted
single focus kernel integrals of Riesz type.
In a close analogy to Debye’s saddle-point approximation for standard
integrals [7], this can be derived in full generality from the symmetric
Erdélyi-Kober kernel via a Taylor series expansion of d1 at x2 and and
of d2 at x1 :


|x2 = |x1 − ξ|−α/2 |x2 ≈ |p|−α/2 − o |p|−2−α/2 (ξ − x2 )
(17)
 −2−α/2

−α/2
−α/2
−α/2
|x1 = |x2 − ξ|
|x1 ≈ |p|
+ o |p|
(ξ − x1 )
(18)
d2
p ∈ R, |p|
1, 0 < α < 1,
−α/2

d1
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and therefore
EK I

α,p



f (x) =

EK N

∞

−α/2

dξ d1

−∞
∞

−α/2

d2

f (ξ)

−α/2

(19)
−α/2

dξ (d1
|p|−α/2 + d2
|p|−α/2 )f (ξ)
(20)
−∞
 ∞
 ∞


−α/2
−α/2
dξ d1
f (ξ) +
dξ d2
f (ξ) (21)
= EK N |p|−α/2
−∞
 −∞
∞
dξ |x − ξ|−α/2 f (ξ + p/2)
= |p|−α/2 EK N
−∞
 ∞
−α/2
dξ |x − ξ|−α/2 f (ξ − p/2),
(22)
+|p|
EK N
≈

EK N

−∞

p ∈ R, |p|

1, 0 < α < 1,

which is up to a factor the sum of two shifted Riesz integrals.
This observation directly leads to a physical interpretation of the symmetric Erdélyi-Kober integral operator in terms of a two-particle operator.
3. Creation- and annihilation-operators of symmetric
Erdélyi-Kober type
Let us deﬁne the non-local pendant C Ô of Caputo type of a local spacedependent operator loc ô based on the symmetric Erdélyi-Kober type integral (3) as
C Ô

=

EK I

α,γ

loc ô,

(23)

and of Riemann type with inverted operator sequence
R Ô

=

loc ô EK I

α,γ

.

(24)

The quantization of a multi-particle system may be realized on a Fockspace introducing creation- (ĉ† ) and annihilation- (ĉ) operators acting on a
vacuum state | 0 >, which is characterized by the condition:
ĉ | 0 > = 0.

(25)

In occupation number representation the Fock-space is constructed by repeated action of the creation-operator on a given state | n >
√
n + 1 | n + 1 >,
(26)
ĉ† | n > =
√
n|n−1>.
(27)
ĉ | n > =
We may therefore introduce the following fractional creation and annihilationoperators:
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According to (23) we deﬁne a set of Caputo type operators in space
representation
C Ĉ

†

C Ĉ

=
=

EK I
EK I

α,γ †
α,γ

ĉ ,

(28)

ĉ,

(29)

and we introduce a set of Riemann type operators in space representation
according to (24)
R Ĉ

†

R Ĉ

= ĉ† EK I α,γ ,
= ĉ EK I

α,γ

.

(30)
(31)

The corresponding non-local vacuum state is determined by the condition:
C Ĉ

| 0 > C = 0,

(32)

R Ĉ

| 0 > R = 0,

(33)

where | 0 > C and | 0 > R are the vacuum states associated with the
Caputo- and Riemann-type operators, respectively.
It should be noted, that for the Caputo type set of operators (28) the
vacuum state | 0 > C is identical with its local pendant. For the Riemann
type operators, in general the corresponding non-local vacuum state diﬀers
from its local pendant.
4. Quasi-particle interpretation
In the literature, classical applications of fractional calculus have been
widely studied for time-like and space-like variables x, see e.g. [14, 21, 12].
The transition from the classical mechanics to the quantum mechanics
may be interpreted as a transition from independent coordinate space and
momentum space ﬁrst to a Hilbert and then to a Fock space respectively,
where space and momentum operators are treated similarly as a canonical
coordinate set.
Consequently, a postulate of quantum mechanics states, that the results
must be independent of the speciﬁc choice of a representation, e.g. space
or momentum representation. This is the mathematical manifestation of
the wave-particle-duality: The behavior of a given quantum object may
be described completely using e.g. either the position x or wave vector k
operator, respectively.
As a direct consequence, a fractional extension of the standard quantum mechanics has to be formulated on a dual space. A treatment of timeand/or space dependent problems in fractional quantum mechanics using
fractional operators, e.g. Erdélyi-Kober type operators, is therefore based
on the following representation pairs:
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coordinate: time t, conjugate coordinate: energy E:
{t, E} = {t, −i∂t } → EK I α,γ (t){t, −i∂t }.

(34)

For time-like coordinates the focal points x1 ≡ t1 and x2 ≡ t2
determine system properties earlier or later with respect to present
x ≡ t, which touches the question of causal and anti-causal event
sequences. The corresponding non-local phenomena are memoryor hysteresis-eﬀects and are observed e.g. in magnetization curves
of ferro-magnets, [19].
In order to obey the correct sequence of cause and eﬀect the symmetric Erdélyi-Kober type operator may be used to describe particle
– anti-particle pairs, [12].
According to de Broglie, the energy of a quantum object is directly
related to a frequency via
E = ω = hν.

(35)

We may alternatively consider:
coordinate: frequency ν, conjugate coordinate: time t:
{ν, t} = {ν, −ih∂ν } → EK I α,γ (ν){ν, −ih∂ν }.

(36)

In frequency representation, which is the canonically conjugate to
time representation, the points x1 ≡ ν1 and x2 ≡ ν2 mark the
properties of lower or higher frequency with respect to x ≡ ν. Corresponding non-local concepts base on deviations of temporal coherence phenomena, which results in temporal interference or in the
case of light, the deviation from monochromaticity.
A key experiment is the Michelson-Morley-experiment, which failed
to demonstrate the eﬀect on the speed of light relative to the ether,
[18].
coordinate: space x, conjugate coordinate: momentum k:
{x, k} = {x, −i∂x } → EK I α,γ (x){x, −i∂x }.

(37)

For space-like coordinates the points x1 , x2 mark a position left
or right with respect to x. The corresponding phenomena are nonlocal concepts also known historically as action-at-a-distance, which
was suspected for centuries by physicists and seemed obsolete after
Maxwell introduced ﬁelds instead of forces, see also [8].
In quantum mechanics it is known as quantum entanglement and
marks the fact, that quantum numbers of quantum systems are
correlated over large distances.
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A key-experiment on non-locality is e.g. the Aharonov-Bohm-eﬀect
[2]. In [13] we suggested, to use the symmetric Erdélyi-Kober
type operator to describe the behavior of symmetric mesons, like
strangeonium, charmonium and bottomoniom respectively.
An alternative representation is:
coordinate: momentum k, conjugate coordinate: space x:
{k, x} = {k, −i∂k } → EK I α,γ (k){k, −i∂k }.

(38)

In momentum representation, which is the canonically conjugate to
coordinate representation, the points x1 ≡ k1 and x2 ≡ k2 mark
properties of slower or faster with respect to actual momentum
x ≡ k. Corresponding non-local concepts base on deviations of
spatial coherence phenomena, which result in spatial interference.
A key experiment is Young’s interference/double slit experiment
[24].
In case of angular momentum space, which may be considered the
canonically conjugate to spherical coordinate space e.g. in two dimensions the points x1 ≡ m1 and x2 ≡ m2 mark properties of
slower or faster rotation with respect to actual angular momentum
x ≡ m.
In this section, we will give an example of a reasonable application of the
above introduced Erdélyi-Kober type derivatives in terms of a momentum
representation characterized by quantum numbers k, p.
We will use the derived operators for a description of quantum multiparticle systems and apply the concept of second quantization to model
eﬀects, which are observed e.g. in laser physics as laser-electron interaction
(excitons) [16], in low temperature physics as superconductivity (Cooperpairs) [6, 3] and in nuclear physics as the pairing gap, which is observed as
an odd-even eﬀect in the binding energies of nucleons (pairing) [4] or the
back-bending eﬀects for high-spin states in nuclei respectively [11], only to
name a few.
We will collect arguments which support the approach, that the properties of the hitherto presented complex fractional operators may be directly
understood within the framework of such models.
We will investigate the properties of the diagonal Hamiltonian H

Ek,p Ĉp† (k) Ĉp (k),
(39)
H=
k,p>0

where the non-local creation- and annihilation-operators of symmetric ErdélyiKober type are explicitly given e.g. for Caputo type operators
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1
2 sin(πα/2)Γ(1 − α)
 ∞


p
p
×
dκ |k − − κ|−α/2 |k + − κ|−α/2 ĉ†κ ,
2
2
−∞
1
Ĉp (k) =
2 sin(πα/2)Γ(1 − α)
 ∞


p
p
dκ |k − − κ|−α/2 |k + − κ|−α/2 ĉκ ,
×
2
2
−∞
p ∈ R, 0 < α < 1,

Ĉp† (k) =

(40)

(41)

which we will use in the following derivation. Since the procedure for the
Riemann-type operators according (30) leads to similar results, it will be
omitted here.
For p

1 we may replace the integral according to (19) by

1
×
2 sin(πα/2)Γ(1 − α)
 ∞


p
p
dκ |k − − κ|−α/2 + |k + − κ|−α/2 ĉ†κ
p−α/2
2
2
−∞
1
×
=
2 sin(πα/2)Γ(1 − α)
 ∞


dκ |k − κ|−α/2 ĉ†κ− p + |k − κ|−α/2 ĉ†κ+ p
p−α/2

Ĉp† (k) ≈

=

−∞
p−α/2



2 sin(πα/2)Γ(1 − α)

2

2

(42)

(43)

∞



dκ |k − κ|−α/2 ĉ†κ− p + ĉ†κ+ p , (44)

−∞

2

2

and similarly,

Ĉp (k) ≈

p−α/2
2 sin(πα/2)Γ(1 − α)





dκ |k − κ|−α/2 ĉκ− p + ĉκ+ p . (45)

∞

−∞

2

2
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We now introduce four operators of shifted Riesz-Caputo-type in momentum space as follows:
 ∞
1
†
dκ |k − κ|−α/2 ĉ†κ+ p ,
(46)
Âp (k) =
2
2 sin(πα/4)Γ(1 − α/2) −∞
 ∞
1
dκ |k − κ|−α/2 ĉκ+ p ,
(47)
Âp (k) =
2
2 sin(πα/4)Γ(1 − α/2) −∞
 ∞
1
†
dκ |k − κ|−α/2 ĉ†κ− p ,
(48)
B̂p (k) =
2
2 sin(πα/4)Γ(1 − α/2) −∞
 ∞
1
dκ |k − κ|−α/2 ĉκ− p ,
(49)
B̂p (k) =
2
2 sin(πα/4)Γ(1 − α/2) −∞
p ∈ R, 0 < α < 2,
where
B̂p† (k) = Â†−p (k),

(50)

B̂p (k) = Â−p (k),

(51)
p ∈ R, 0 < α < 2,

which deﬁnes a new class of shifted single particle operators and is a subject
of interest for future research by its own.
As a consequence, we obtain the relation
Ĉp† (k) =

p−α/2 sin(πα/4)Γ(1−α/2) †
(Âp (k) + B̂p† (k) + R(k, p)), (52)
sin(πα/2)Γ(1−α)

Ĉp (k) =

p−α/2 sin(πα/4)Γ(1−α/2)
(Âp (k) + B̂p (k) + R(k, p)), (53)
sin(πα/2)Γ(1−α)
p ∈ R, 0 < α < 1,

with a residual interaction term R(k, p), which vanishes for p → ∞.
With these deﬁnitions, we obtain for the Hamiltonian (39) :
H ≈
×

sin2 (πα/4)Γ2 (1 − α/2)
sin2 (πα/2)Γ2 (1 − α)

Ek,p p−α (Â†p Âp + B̂p† B̂p + Gk,p (Â†p B̂p + B̂p† Âp )), (54)
k,p>0

where the constant factor Gk,p = 1 emulates the inﬂuence of the residual
interaction R(k, p).
This is a special case of the general pairing Hamiltonian [3],[4],[16]

Ek â†k âk + ωk b̂†k b̂k + gk (â†k b̂k + b̂†k âk ),
(55)
H pair =
k
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which by performing a Bogoliubov transformation [5] may be exactly diagonalized into [11]


†
Ωk (β̂k† β̂k + β̂−k
(56)
β̂−k ),
Hpair =
k>0

where the annihilation-operators β̂k are given as
β̂k = uk âk + vk b̂†k ,

β̂−k = uk b̂k + vk â†k ,

(57)
(58)

and the corresponding creation operators β̂k† :
β̂k† = uk â†k − vk b̂k ,

†
= uk b̂†k + vk âk ,
β̂−k

(59)
(60)

where vk2 , u2k with u2 +v 2 = 1 are the occupation probabilities for a particle–
hole state and Ωk is the quasi-particle energy of a particle–hole state.
We may therefore interpret objects, which are generated using symmetric Erdélyi-Kober type creation and annihilation-operators as compounds of
Riesz type objects, which we call quasi-particles in analogy to the classical
case of a pairing Hamiltonian.
A fractional Cooper-pair of this type may then be characterized by a
coherent momentum vector k, where its two components of Riesz type are
determined by the two momenta k ± p/2 coupled to k.
In the nuclear physics the diﬀerence in binding energies for even and
odd nuclei is explained due to a residual interaction of pairing type for
protons and neutrons, respectively, see [4]. In this case it is tempting to
associate k with the Fermi-level kF , where p determines the momentum of
a given particle-hole pair.
Using symmetric Erdélyi-Kober type integrals, a fundamental new aspect in treating pairing eﬀects emerges within the concept of fractional
calculus. The pairing eﬀects are modeled via a Cassini- type kernel function, which allows a new analytical approach.
5. Conclusion
We have derived the eigenfunctions and eigenvalues of a reﬂection symmetric Erdélyi-Kober type integral. In terms of a non-local quasi-particle
Hamiltonian we have investigated the properties of this operator and found
strong analogies to the quasi-particle concept used to describe pairing effects in e.g. solid states and nuclear physics.
The symmetric Erdélyi-Kober type integrals allow a direct physical interpretation in terms of a quasi-particle operators, where two momenta are
coupled to p = 0.
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Even more important, within the framework of fractional calculus, these
operators allow a new approach for an alternative treatment of multiparticle quantum systems, where general pairing eﬀects are modeled analytically using a Cassini-type kernel function.
This opens a new promising area of future research within the framework of generalized fractional calculus.
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[7] P. Debye, Näherungsformeln für die Zylinderfunktionen für große Werte
des Arguments und unbeschränkt veränderliche Werte des Index. Mathematische Annalen 67 (1909), 535–558; doi:10.1007/BF01450097; English transl. in P. J. W. Debye, The collected papers of Peter J. W. Debye,
Interscience Publishers, Inc., New York (1954).
[8] A. Einstein, B. Podolsky and N. Rosen, Can quantum-mechanical description of physical reality be considered complete? Phys. Rev. 47
(1935), 777–780; doi:10.1103/PhysRev.47.777.
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