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Abstract:	Drilling wells with gas, or gas-drilling, has recently been adopted to drill
unconventional oil and gas reservoirs including tight sands, gas shale and
oil shale. However, the performance of gas-drilling is very unpredictable
in many areas due to lack of optimization of drilling parameters. Because
gas properties are greatly affected by temperature, a reliable thermal model
is required for gas-drilling optimization. Such a model is not available
and this paper fills the gap. An analytical thermal-model was derived in
this study for predicting bottom hole gas temperature under various flow
conditions. The result given by the analytical model was compared with that
by an existing approximation, showing an accuracy improvement of 14%.
Sensitivity analysis with the new model indicates that formation fluid influx
dominates the temperature profile inside and outside the drill string, while
Joule-Thomson cooling and drill cutting’s intrusion affect temperature only
at bottom hole. Applications of the model are demonstrated in an example.
This paper provides an analytical tool to drilling engineers for optimizing
their gas-drilling operations.
Keywords:	
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1

Introduction

Drilling optimization is a process of using optimal drilling parameters to increase
rate of penetration and enhance drilling performance. Such parameters include
weight on bit, rotary speed and fluid flow rate. Drilling optimization is particularly important in drilling unconventional oil and gas reservoirs including tight
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sands, gas shale and oil shale where the rate of penetration is usually very low. The
process of drilling wells with gas, or gas-drilling, is difficult to optimize because
gas properties are greatly affected by temperature. A reliable thermal model is
required for predicting bottom hole temperature in optimizing weight on bit and
rotary speed. Such a model is not available from literature.
Gas-drilling (drilling with air, nitrogen, etc.) has been traditionally used for
increasing rate of penetration (ROP) in hard rock formations [1]. This technology has recently gained a strong momentum in unconventional oil and gas field
development in North America and other regions. Holt et al. [2] reported that this
technology reduced drilling time by 50% in hard rock drilling in China. George
et al. [3] illustrated significant cost savings achieved through the use of PDC bits
with air/foam drilling. Lays and Grayson [4] documented the performance gains
realized with PDC bits in air/foam drilling in the Appalachian Basin. Wilhide et al.
[5] reported the first rotary steerable system drilling with dry air used to improve
low cost development of an Unconventional gas reservoir. Zreik et al. [6] showed
improved surface hole air-foam drilling performance in the Karstified Limestone
(Papua New Guinea). Pletcher et al. [7] demonstrated that the application of air
drilling improved drilling efficiency in horizontal sandstone wells. The first application of gas-drilling in shale gas field development was reported by Ford et al. [8].
It reduced drilling costs and improved efficiency of developing the Fayetteville
shale gas reserves on the northern Arkansas side of the Arkoma Basin. The advantages of drilling with air as the circulating medium rather than mud were found
significant. Air drilling delivered faster ROP compared and reduced mud costs
and incidence of lost circulation. Utilizing this technology enabled the operator to
drill approximately 58% more footage at high ROP. The increased durability has
reduced the number of bits/trips required to complete the interval. Maranuk et al.
[9] reported a unique system for Underbalanced drilling using air in the Marcellus
shale. They described a drilling system and drilling parameters highlighting the
differences between mud and air drilling. They discussed the modifications to the
bottom hole assembly (BHA) to increase reliability and drilling fluids and their
effects on various pressure regimes. They identified the major disadvantages of
using air for drilling as its limitation to handle fluid influx, the reduction of carrying capacity compared to foam and other normal mud regimes, and the increased
flow velocities required to ensure adequate cuttings removal.
A few researchers have investigated the methods for predicting fluid temperature profiles in drilling circulation systems. Among them are Zhang et al. [10],
Hasan and Kabir [11], Eppelbaum et al. [12], and Kutasov and Eppelbaum [13].
Unfortunately, all these methods were developed for liquid-drilling, not for gasdrilling. The only method for gas-drilling is the numerical simulator developed by
Wang et al. [14] The paper was published in a Chinese journal and the simulator is
not accessible to the authors. Li et al. [15] presented an approximate mathematical
model for predicting bottom hole gas temperature in gas-drilling unconventional
tight reservoirs where the drilling annulus is treated as an insulator.
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A new analytical solution for predicting gas temperature profiles inside drill
string and in the annulus was derived in this study for gas-drilling, considering the
effects of formation fluid influx, Joule-Thomson cooling, and entrained drill cuttings. The bottom hole temperature given by the new analytical solution are found
significantly higher than that given by Li et al.’s [15] model. Results of sensitivity
analyses show that formation fluid influx can significantly increase the temperature profiles in both the drill string and the annulus. The Joule-Thomson cooling
effect lowers the temperature in the annulus only in a short interval near the bottom hole. The drill cuttings entrained at the bottom hole can slightly increase the
temperature profile in the annulus.

2

Mathematical Model

Accurate prediction of gas temperature at bottom hole depends on the ability of
calculating the heat transfer during the gas counter-current flow inside and outside the drill string. An analytical model for steady heat transfer is derived in
Appendix A. The model is briefly summarized in this section.
Major assumptions made in the model derivation include:
1. The thermal conductivity of casing is assumed to be infinitive.
2. Heat capacity of fluid is constant.
3. Friction-induced heat is negligible.
The thermal conductivities of steel casing, cement concrete, sandstone rock, and
air at 50 °C are 43 W/m- °C, 1.7 W/m- °C, 3 W/m- °C, and 0.03 W/m- °C, respectively. The high contrast (>50) in the thermal conductivity values makes the casing
a super conductor for the heat conduction in the radial direction. Therefore, the
first assumption is valid.
Heat capacity of gas is a function of temperature and pressure [16]. In the temperature range between 0 °C and 100 °C at atmospheric pressure, the heat capacity
of air varies between 1,005 J/kg-C and 1,009 J/kg-C, or within 0.40%. In gas-
drilling operations the gas pressure in the drill string is in a narrow range between
7 MPa and 10 MPa. The heat capacity of air varies between 1,016.2 J/kg-C and
1,021.6 J/kg-C, or within 0.53%, in this pressure range [17]. Considering the extreme
condition of 0 °C and 10MPa, the heat capacity of air varies between 1,005 J/kg-C
and 1,021.6 J/kg-C, or within 1.65%, which justifies the second assumption.
All gases used in gas-drilling are dilute gases in the above-mentioned ranges of
pressure and temperature. Gas density varies from 1 to 100 kg/m3 and gas v
 iscosity
changes from 13.3 × 10–6 m2/s to 22.1 × 10–6 m2/s [17]. The friction pressure drop
in the whole circulation system is 15 MPa at most, with the friction pressure drop
inside the drill string being less than 5 MPa over a few thousand meters of length.
This low pressure drop is not expected to generate significant amount of heat, and
thus the third assumption is valid.
DOI: 10.7569/JSEE.2016.629516
110  J. Sustainable Energy Eng., Vol. 4, No. 2, December 2016

Boyun Guo et al.: An Analytical Thermal-Model for Optimization of Gas-Drilling

When gas is injected into a drill string, the heat brought to the inside of string is
proportional to the product of fluid heat capacity Cp and mass flow rate ṁp where

 p = r p Qp
m

(1)

where rp and Qp are gas density and volumetric flow rate inside drill string. As the
gas flows down the drill string, the rate of heat transfer through drill string is proportional to the thermal conductivity of string Kp. When the drilling fluid expands
below the bit orifices, its temperature drops due to Joule-Thomson cooling effect.
The downstream temperature can be expressed as [18]:

P
Tdn = Tup  dn
 Pup







k −1
k

(2)

where Tdn and Tup are the absolute temperatures in the downstream and upstream
of bit orifices, respectively, Pdn and Pup are the absolute pressures in the downstream and upstream of bit orifices, respectively, and k is the specific heat ratio of
gas (k = 1.3 for gas). The temperature drop at the bit is expressed as:

∆TJ = Tup - Tdn

(3)

The gas receives heat from the entrained drill cuttings and formation oil influx.
Assuming all formation fluid influx occurs at bottom hole, the fluid temperature
should change at bottom hole in the annulus by

∆Tb = - ∆TJ + ∆Tc + ∆Tf

(4)

where ∆Tc and ∆Tf are temperature changes due to added drill cutting and fluid
influx, respectively. It can be shown that in the practical drilling conditions where
the rate of penetration is less than 50 m/hour, the term ∆Tc is negligible. The annular temperature at the bottom hole Tbh can be expressed as:

Tbh =

 p Tp − ∆TJ + C f m
 f Tmax
Cp m

(

)

(5)

 p + Cf m
f
Cp m

where Tp is the temperature of fluid inside the drill string, Cf is the heat capacity
of the fluid influx, mf is the mass flow rate of fluid influx, and Tmax is the geotemperature at the bottom hole depth. Therefore the temperature change at the
bottom hole can be expressed as:

∆Tb = Tbh − Tp

 p Tp − ∆TJ + C f m
 f Tmax
Cp m

(

)

 p + Cf m
f
Cp m

− Tp

(6)
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The heat transfer in the annulus depends on the product of mixture heat capacity Ca and mixture mass flow rate ṁc where

 a = Cp m
 p + Cs m
 s + Cf m
f
Ca m

(7)

where the product of heat capacity and mass flow rate of solid cuttings Csṁs is
further expressed in two terms:

 s = Ch m
 h + Cr m
r
Cs m

(8)

where Ch and Cr are the heat capacities of hydrocarbon and dry rock in the cuttings, respectively. The mass flow rates of the hydrocarbon and rock in the cuttings
are respectively expressed as:

p 2
Db RPjr h
4

(9)

p 2
Db RP (1 − j ) r r
4

(10)

h =
m
and

r =
m

where Db, RP, j, rh, and rr are drill bit diameter, rate of penetration, rock porosity, density of hydrocarbon, and density of rock, respectively. The Cf in (4) is heat
capacity of formation influx fluid (usually oil) and mass flow rate of formation
fluid influx is expressed as:

 f = r f Qf
m

(11)

where rf and Qf are density of fluid influx and flow rate of fluid influx, respectively.
As the fluid mixture flows up the annulus, the rates of heat transfer through drill
string and cement sheath are proportional to the thermal conductivities of drill
string Kp and cement sheath Kc, respectively (the thermal conductivity of casing is
assumed to be infinity compared to that of cement sheath).
The gas temperatures inside the drill string Tp and in the annulus Ta take the following forms respectively (derivation of solution is given in Appendix):

Tp = C1 Ae r1L + C2 Ae r2 L + GL +

AG + ABTg 0 − G ( B + E )
AB

(12)

and

Ta = C1 ( A + r1 ) e r1L + C2 ( A + r2 ) e r2 L + GL +
DOI: 10.7569/JSEE.2016.629516
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where

C1 =

C2 =

AB ( A∆Tb − G ) −  ABTp 0 − ABTg 0 − AG + G ( B + E )  r2 e r2 Lmax
A 2 B r1e r1Lmaax − r2 e r2 Lmax

(

)

− AB ( A∆Tb − G ) +  ABTp 0 − ABTg 0 − AG + G ( B + E )  r1e r1Lmax
A 2 B r1e r1Lmax − r2 e r2 Lmax

(

r1 =
r2 =

B+E− A+

)

( B + E − A )2 + 4 AB
2

B+E− A−

( B + E − A )2 + 4 AB
2

(14)

(15)

(16)
(17)

where

A=

p dp K p
 p tp
Cp m

(18)

B=

p dc K c
 atc
Ca m

(19)

E=

p dp K p
.
 atp
Ca m

(20)

where all symbols are defined in the Nomenclature section.
Because (12) involves the in-string temperature Tp at bottom depth, it is necessary to solve (12) and (13) simultaneously with a numerical method such as
Newton-Raphson iteration. These equations were solved in a spreadsheet program using the Goal Seek tool in MS Excel.

3

Model Comparison

The newly derived analytical solution was coded in an MS Excel spreadsheet to
compare with other models. A number of numerical models have been presented
for fluid temperature prediction, including Keller et al. [19], Wooley [20], Marshall
and Bentsen [21], Kabir et al. [22] and Hasan and Kabir [11]. Unfortunately all
these models were developed for liquid or multi-phase flow. They are not applicable to gas flow in gas-drilling. The analytical model for gas-drilling presented
by Li et al. [15] was used for comparison. The data used in the models are provided in Table 1.
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J. Sustainable Energy Eng., Vol. 4, No. 2, December 2016

113

Boyun Guo et al.: An Analytical Thermal-Model for Optimization of Gas-Drilling

Table 1 Data used in comparison of analytical solutions.
Factor

Value

Unit

Depth (L)

2000

M

Bit diameter (Db)

0.201

M

Inner diameter of cement (dc)

0.245

M

Outer diameter of cement (Dc)

0.311

M

Outer diameter of drill string (Dp)

0.114

M

Inner diameter of drill string (dp)

0.098

M

Geothermal temp at surface (Tg0)

20

°C

Geothermal gradient (G)

0.0245

C/m

Thermal conductivity of cement (Kc)

1.7

W/m-°C

Thermal conductivity of annulus (Kp)

0.0271

W/m-°C

Injection rate (Qp)
Temperature of injected fluid (Tp0)

1.08
40

m3/s
°C

Heat capacity of fluid inside pipe (Cp)

1005

J/kg-°C

Heat capacity of rock (Cr)

920

J/kg-°C

Heat capacity of formation fluid (Cf)

1880

J/kg-°C

Porosity (j)

0.3

Rate of penetration (Rp)

0

m/h

Temperature drop at bit (∆Tb)

0

°C

Density of rock (rr)

2650

kg/m3

Density of formation fluid (rf)

1000

kg/m3

Density of injected fluid (rp)

1.127

kg/m3

Formation fluid influx rate (Qf)

0

m3/s

Gas is the major component of air (>78%). Heat capacity of gas is a function of
temperature and pressure [16]. In the temperature range between 0 °C and 100 °C
at atmospheric pressure, the heat capacity of air varies between 1,005 J/kg-C and
1,009 J/kg-C, or within 0.40%. In gas-drilling operations the gas pressure in the
drill string is in a narrow range between 7 MPa and 10 MPa. The heat capacity of
gas varies between 1,016.2 J/kg-C and 1,021.6 J/kg-C, or within 0.53%, in this pressure range [17]. Considering the extreme condition of 0 °C and 10MPa, the heat
capacity of gas varies between 1,005 J/kg-C and 1,021.6 J/kg-C, or within 1.65%.
Therefore, the heat capacity of gas was assumed to be constant in this study.
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Figure 1 A comparison of temperature profiles given by different analytical models.

Figure 1 indicates that the injected gas is cooled down in the upper section of
drill string by the geothermal gradient. Gas is then heated up by the geothermal
gradient in the lower section of drill string. After arrival in the annulus, the gas is
quickly heated up by the geothermal gradient in the lower section of the annulus.
Eventually the gas is cooled down in the upper section of the annulus by the geothermal gradient.
Also presented in Figure 1 is the gas temperature profile inside the drill string
given by Li et al.’s [15] analytical model. It is shown that the bottom hole temperature given by the new analytical model is 7 °C higher than that given by Li et al.’s
[15] model. If the new model is considered to be accurate, Li et al.’s [15] model is
expected to underestimate bottom hole temperature by 14%.

4

Sensitivity Analysis

Previous models do not consider the effects of formation fluid influx, JouleThomson cooling, and entrained drill cuttings at bottom hole on the temperature profiles inside drill string and in the annulus. These effects were analyzed
with the new model in this study. Figure 2 demonstrates the effect of formation
fluid influx on the temperature profiles. It shows that the formation fluid influx
can significantly increase the temperature profiles in both the drill string and the
annulus. Figure 3 illustrates the effect of Joule-Thomson cooling on the temperature profiles. It shows that the Joule-Thomson cooling effect lowers the temperature in the annulus only at the bottom hole. It diminishes quickly in a very short
interval when the drilling fluid moves up the annulus. Figure 4 shows the effect
of entrained drill cuttings on the temperature profiles. It indicates that the drill
DOI: 10.7569/JSEE.2016.629516
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Figure 2 Effect of formation fluid influx on the temperature profiles.
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Figure 3 Effect of Joule-Thomson cooling on the temperature profiles.

cuttings can slightly increase the temperature profile in the annulus even at a very
high rate of penetration of up to 60 m/hour.

5

Model Applications

It was planned to increase rate of penetration (ROP) using the low-temperature
effect in the XYZ unconventional tight reservoir. Drilling conditions are similar
to that described in Table 1. Three bit orifices with 0.01 m diameter each were
DOI: 10.7569/JSEE.2016.629516
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Figure 4 Effect of entrained drill cuttings on the temperature profiles.

proposed at well depth 2,000 ft. The pressures in the downstream and upstream
of the bit were predicted by a hydraulics model to be 1.28 MPa and 2.10 MPa,
respectively. The potential of increasing ROP was estimated using the presented
analytical model.
Figure 1 shows that the gas temperature inside the drill string, in the upstream
of the bit orifices, is 49 °C. The gas temperature in the downstream of the bit orifices (bottom hole) is predicted based on Joule-Thomson cooling at bit [18]:

P
Tdn = Tup  dn
 Pup







k −1
k

(21)

where Tdn and Tup are the absolute temperatures in the downstream and upstream
of bit orifices, respectively, pdn and pup are the absolute pressures in the downstream
and upstream of bit orifices, respectively, and k is the specific heat ratio of gas (k =
1.3 for air). Equation (21) gives in this case:

 1.28 
Tdn = ( 49 + 273.15 ) 

 2.10 

1.3 −1
1.3

= 287 °K = 14.2 °C

The fold of increase in weight on bit (WOB) of PDC bit can be estimated based
on a simple relation derived from Glowka and Stone’s [23] thermal model for bit
cutters:

FWOB =

tcr − Tdn ,C
tcr − Tdn , N

(22)
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where
FWOB
tcr
tdn,C
tdn,N

= fold of increase in WOB by Joule-Thomson cooling
= critical temperature of PDC cutter, 350 °C
= gas temperature in the downstream of bit after cooling, °C
= gas temperature in the downstream of bit before cooling, °C

In this case Eq. (22) predicts:

FWOB =

350 − 14.2
= 1.12 or 12% increase.
350 − 49

Since the rate of penetration (ROP) is approximately proportional to the weight
on bit [24], it is expected that the 12% increase in weight on bit should increase
ROP by about 12%.

6

Conclusions

A new closed-form analytical solution for predicting gas temperature profiles
inside drill strings and in the annulus was derived in this study for gas-drilling.
The new solution has advantages over existing solutions in that it can handle formation fluid influx, Joule-Thomson cooling effect, and entrained drill cuttings.
The following conclusions are drawn from this study:
1. An example calculation shows that the injected hot gas is cooled down in
the upper section of drill string by the geothermal gradient. Gas is then
heated up by the geothermal gradient in the lower section of drill string.
After arrival in the annulus, the gas is quickly heated up by the geothermal gradient in the lower section of the annulus. Eventually, the gas
is cooled down in the upper section of the annulus by the geothermal
gradient.
2. The temperature profiles given by the new analytical solution are significantly different from that given by Li et al.’s analytical model. If the new
model is considered to be accurate, Li et al.’s [15] model is expected to
underestimate bottom hole temperature by 14%.
3. Results of sensitivity analyses show that formation fluid influx can
significantly increase the temperature profiles in both the drill string and
the annulus. The Joule-Thomson cooling effect lowers the temperature in
the annulus only at the bottom hole. The drill cuttings entrained at the bottom hole can slightly increase the temperature profile in the annulus.
Direct measurement of temperature profiles are required to further validate the
new analytical solution. Once validated the new solution can replace numerical
simulators that are not readily available to field engineers in general.
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Nomenclature
Aa
Ap
Ca
Cf
Ch
Cp
Cr
Cs
Db
dc
Dc
dp
Dp
G
k
Kc
Kp
L
Lmax
ṁa
ṁf
ṁh
ṁp
ṁs
ṁr
Pdown
Pup
Qf
Qp
RP
tc
tp
Ta
∆Tb
Tdn
Tg
Tg0
Tp
Tp0
Tup

=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=

cross-sectional area of annulus (m2)
cross-sectional area of drill pipe (m2)
heat capacity of fluid in the annulus (J/kg-°C)
heat capacity of formation fluid influx (J/kg-°C)
heat capacity of hydrocarbons in cuttings (J/kg-°C)
heat capacity of fluid inside drill pipe (J/kg-°C)
heat capacity of rock (J/kg-°C)
heat capacity of solid in the annulus (J/kg-°C)
bit-diameter (m)
inner-diameter of cement sheath (m)
outer-diameter of cement sheath (m)
inner-diameter of drill pipe (m)
outer-diameter of drill pipe (m)
geothermal gradient (°C/m)
specific heat ratio of gas (dimensionless)
thermal conductivity of cement (W/m- °C)
thermal conductivity of drill pipe (W/m- °C)
wellbore depth along the drill string (m)
the maximum hole depth (m)
mass flow rate in the annulus (kg/s)
mass flow rate of formation fluid influx (kg/s)
mass flow rate of hydrocarbons in cuttings (kg/s)
mass flow rate inside the drill pipe (kg/s)
mass flow rate of solid cuttings in the annulus (kg/s)
mass flow rate of rock (kg/s)
absolute pressure in the downstream (psi)
absolute pressure in the upstream (psi)
formation fluid influx rate (m3/s)
fluid injection flow rate (m3/s)
rate of penetration (m/s)
thickness of cement sheath (m)
wall thickness of drill pipe (m)
temperature of annular fluid (°C)
temperature change at drill bit (°C)
absolute temperature in the downstream (°C)
geothermal temperature at depth (°C)
geothermal temperature at surface (°C)
temperature of fluid inside drill pipe at depth (°C)
temperature of fluid inside drill pipe at surface (°C)
absolute temperature in the upstream (°C)
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Greeks
j = porosity of rock (dimensionless)
ra = fluid mixture density in the annulus (kg/m3)
rf = density of formation fluid (kg/m3)
rh = density of hydrocarbons in cuttings (kg/m3)
rp = fluid density inside drill pipe (kg/m3)
rr = density of dry rock (kg/m3)
rs = solid density in the annulus (kg/m3)
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Appendix A: Steady Heat Transfer Solution for
Fluid Temperature in Counter-Current Flow
Assumptions
The following assumptions are made in model formulation:
a. The thermal conductivities of casing are assumed to be infinitive.
b. The geothermal gradient behind the annulus is not affected by borehole
fluid.
c. Heat capacity of fluid is constant.
d. Friction-induced heat is negligible.

Governing Equation
Figure 5 depicts a small element of a borehole section with a drill string at center.
Consider the heat flow inside the drill pipe during a time period of ∆t. Heat
balance is given by

Qp,in - Qp,out - qp = Qp,chng

(A.1)

where
Qp,in = heat energy brought into the drill pipe element by fluid due to convection, J
Qp,out = heat energy carried away the drill pipe element by fluid due to convection, J
Drill pipe

Annulus

Qp, in

Drill pipe

Inside
drill pipe

DL

Qa, out

Annulus

qp

Qp, out

qa

Qa, in

Figure 5 Sketch illustrating heat transfer in a borehole section.
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qp = heat transfer through the drill pipe due to conduction, J
Qp,chng = change of heat energy in the fluid, J.
These terms can be further formulated as

 p Tp , L ∆t
Qp ,in = Cp m

(A.2)

 p Tp , L +∆L ∆t
Qp , out = Cp m

(A.3)

 ∂Tp
qp = π dp K p ∆L  −
 ∂r


 ∆t


(A.4)

Qp ,chng = Cp ρ p Ap ∆L∆Tp

(A.5)

Substituting (A.2) through (A.5) into (A.1) gives

 ∂T
 p ∆t Tp , L − Tp , L +∆L + π dp K p ∆L  p
Cp m
 ∂r

(

)


 ∆t = ρ p Cp Ap ∆L∆Tp (A.6)


Dividing all the terms of this equation by ∆L∆t yields

p
Cp m

(T

p ,L

− Tp , L +∆L

) +πd K
p

∆L

p

∂Tp
∂r

= ρ p Cp Ap

∆Tp
∆t

(A.7)

For infinitesimal of ∆L and ∆t, this equation becomes

∂Tp
∂L

+

ρ p Ap ∂Tp π dp K p ∂Tp
=
 p ∂t
 p ∂r
m
Cp m

(A.8)

The radial-temperature gradient in the insulation layer can be formulated as

∂Tp
∂r

=

Ta − Tp

(A.9)

tp

Substituting Eq. (A.9) into Eq. (A.8) yields

∂Tp
∂L

+ λp

∂Tp
∂t

+ α p Tp − Ta = 0

(

where

(A.10)

ρ p Ap
p
m

(A.11)

π dp K p
.
 p tp
Cp m

(A.12)

λp =
αp =

)
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Consider the heat flow in the annulus during a time period of ∆t. Heat balance
is given by

Qa ,in − Qa , out + qp − qa = Qa ,chng

(A.13)

where
Qa,in =	heat energy brought into the drill pipe element by fluid due to convection, J
Qa,out =	heat energy carried away the drill pipe element by fluid due to convection, J
qa
= heat transfer through casing and cement due to conduction, J
Qa,chng = change of heat energy in the fluid, J.
These terms can be further formulated as

 aTa , L +∆L ∆t
Qa ,in = Ca m

(A.14)

 aTa , L ∆t
Qa , out = Ca m

(A.15)

 ∂T 
qa = π dc K c ∆L  − a  ∆t
 ∂r 
Qa ,chng = Ca ρ a Aa ∆L∆Ta

(A.16)
(A.17)

Substituting (A.14) through (A.17) into (A.13) gives

 ∂T 
 a ∆t ( Ta , L+∆L − Ta , L ) + π dp K p ∆L  p  ∆t
Ca m
 ∂r 
(A.18)
∂
T


+ π da K a ∆L  a  ∆t = ρ aCa Aa ∆L∆Ta
∂
r


Dividing all the terms of this equation by ∆L∆t yields

a
  Ca m

( Ta,L+∆L − Ta,L ) + π d K
∆L

p

p

 ∂Tp 
∆Ta
 ∂Ta 
(A.19)

 + π dc K c 
 = ρ aCa Aa
∆t
 ∂r 
 ∂r 

For infinitesimal of ∆L and ∆t, this equation becomes

a
Ca m

 ∂Tp
∂Ta
∂T
− ρ aCa Aa a − π dp K p 
∂t
∂t
 ∂r


 ∂Ta 
 + π dc K c 
 = 0 (A.20)
 ∂r 


The radial-temperature gradient in the insulation layer can be formulated as

∂Tp
∂r
and

=

Ta − Tp
tp

∂Ta Tg − Ta
=
tc
∂r
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Substituting (A.21) and (A.22) into (A.20) yields

∂Ta
∂T
− λa a + β a Tp − Ta − α a Ta − Tg = 0
∂L
∂t

(

where

)

(

)

(A.23)

ρ a Aa
a
m

(A.24)

βa =

π dp K p
 atp
Ca m

(A.25)

αa =

π dc K c
 atc
Ca m

(A.26)

λa =

The temperatures Tp and Ta at any given depth can be solved numerically from
(A.10) and (A.23).
For steady heat flow, (A.10) and (A.23) can be written as:

∂Tp
∂L

+ α p Tp − Ta = 0

(

(A.27)

)

∂Ta
+ β a Tp − Ta − α a Ta − Tg = 0
∂L

(

)

(

)

(A.28)

where the geo-temperature can be expressed as:

Tg = Tg0 + GL.

(A.29)

Boundary Conditions
The boundary conditions for solving (A.27) and (A.28) are expressed as

Tp = Tp0

at L = 0

Ta = Tp + ∆Tb

(A.30)

at L = Lmax.

(A.31)

Solution
The governing (A.27) and (A.28) subjected to the boundary conditions (A.30) and
(A.31) were solved with the method of characteristics. The solutions take the following form:

Tp = C1 Ae r1L + C2 A er2 L + aL +

Aa + ABb − a(B + E)
AB

Ta = C1 ( A + r1 ) e r1L + C2 ( A + r2 ) e r2 L + aL +

Aa + ABb − aE
AB

(A.32)
(A.33)
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where

C1 =

AB( AD − a) − [ ABC − ABb − Aa + a(B + E)]r2 e r2 Lmax
A 2 B(r1e r1Lmax − r2 e r2 Lmax )

C2 =

− AB( AD − a) + [ ABC − ABb − Aa + a(B + E)]r1e r1Lmax
(A.35)
A 2 B(r1e r1Lmax − r2 e r2 Lmax )

(A.34)

r1 =

B + E − A + (B + E − A)2 + 4 AB
2

(A.36)

r2 =

B + E − A − (B + E − A)2 + 4 AB
2

(A.37)

where A = ap, B = aa, C = Tp0, D = ∆Tb, E = ba, a = G, and b = Tg0.
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