
Preface

Why hybrid feedback control?

Classical control theory features powerful tools for analysis of systems and design
of feedback controllers. These tools are applicable in scenarios where systems and
controllers are given in continuous time or in discrete time. Hybrid feedback control
can lead to controllers that surpass the capabilities of controllers designed using
classical control theory due to featuring

• Variables that change continuously – or, equivalently, flow; and

• Variables that are instantaneously updated to new values – or, equivalently,
jump.

In this book, this behavior is referred to as hybrid, and the system generating it is
said to be a hybrid system and to have hybrid dynamics.

Hybrid dynamics confers unique capabilities to hybrid controllers. Hybrid con-
trollers can implement feedback strategies that combine behavior that is typical of
continuous-time controllers and of discrete-time controllers. A hybrid controller can
combine multiple state-feedback laws to solve a complex problem by dividing and
conquering it. It can reset its variables when certain events occur, so as to reconfig-
ure itself or to accommodate sporadic availability of information. Logic variables,
timers, and memory states as part of the state vector of a hybrid controller en-
able such unique features. Very importantly, the evolution of these variables can be
modeled mathematically and systematically designed using tools that resemble the
classical ones.

Relative to classical control theory tools, hybrid control theory notably broad-
ens the class of systems that can be analyzed and designed. The system to be
controlled, which is typically referred to as the plant, can exhibit hybrid dynamics.
Arguably, the combination of continuous and discrete behavior in systems of today
is prevalent. Technology has transformed the classical feedback paradigm involving
two systems – the plant and the controller – into a complex interconnection between
physics, digital devices and computing systems, and interfaces between them. The
digital and computing systems define the “cyber” component of the entire sys-
tem, and are mainly in charge of executing algorithms. The interfaces between the
physical and the cyber provide the means to exchange information between the
continuous-time and the discrete-time processes. With the physics being naturally
described by continuous-time models, and the digital and computing component by
discrete-time models, the resulting system exhibits hybrid dynamics.
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Goal of this book and its structure

The goal of this book is to present a self-contained introduction to hybrid feedback
control and to design tools that make hybrid control a powerful design method.
To accomplish its goal, the book starts with an introduction to hybrid control
systems, in Chapter 1. Several examples featuring plants and algorithms with hybrid
behavior are provided. After formulating the general hybrid control problem, this
introductory chapter illustrates the power of hybrid feedback control, by showing
that it solves problems that continuous-time and discrete-time feedback control
cannot solve. Chapter 2 provides a brief introduction to the modeling framework
used to capture the dynamics of hybrid plants and of hybrid controllers. Models of
hybrid systems in terms of hybrid equations or, more generally, in terms of hybrid
inclusions are introduced and illustrated in numerous examples. The concept of
solution used in this modeling framework is also introduced in this chapter. An
overview to a tool for numerical simulation of hybrid equations is also included.
This tool is used throughout the book for validation of the designs. Chapter 2 also
includes a discussion on when a mathematical model exhibits true hybrid behavior,
in the sense that it has variables that may evolve both continuously and discretely.
Determining if a model is truly hybrid is critical as it defines the toolset for analysis
and design that must be employed – in fact, treating a classical continuous-time
or discrete-time system as a hybrid system would be an overkill. The introductory
portion of the book concludes in Chapter 3 where formal notions and tools used
throughout the book are presented. This chapter is concise, as readers can find
more details and proofs in the 2012 book Hybrid Dynamical Systems: Modeling,
Stability, and Robustness by R. Goebel, R. G. Sanfelice, and A. R. Teel [1].

The next eight chapters present hybrid feedback control strategies. For easy
readability, the presentation in some of the chapters is for continuous-time plants,
but insight on how the strategies can be extended to the hybrid case are provided.
Chapter 4 presents a hybrid control strategy that uses two feedback control strate-
gies and a logic-based algorithm to select the feedback law that should be applied.
This strategy unites two feedback controllers, where one of the strategies is con-
sidered to work well locally and the other one globally. It carries the name uniting
control. Chapter 5 introduces a general hybrid control strategy for event-triggered
control. The strategy allows for different types of events, such as those triggered by
the state of the plant, the state of the controller, time, inputs, outputs, or external
signals. Chapter 6 presents a hybrid control strategy that extends the one in Chap-
ter 4 by allowing for the use of more than two controllers, some of which might be
of feedback or of open loop type. This strategy is particularly suitable for settings
where it is possible to design state-feedback control laws that locally asymptotically
stabilize isolated points in the state space and open-loop control laws capable of
steering the solutions to the plant between those points, following an order that
steers the solutions to the desired equilibrium point or set. This strategy is referred
to as throw-catch control. The hybrid control strategy in Chapter 7 employs the
Lyapunov function associated to each controller available in a family of feedback
controllers, and appropriately selects the feedback law that should be applied to the
plant to assure asymptotic stabilization. The basic idea stems from problems where
several gradient-like feedback laws are available and are such that at least one of
them can drive the state away from points where others may get stuck, namely,
points at which the gradient vanishes, and towards a desired set-point. Such fea-
ture leads to the term synergistic feedback. Chapter 8 presents a general supervisory
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algorithm that coordinates a family of general hybrid controllers. This is the most
general logic-based strategy in this book. It subsumes the hybrid control strategies
in Chapter 4, Chapter 6, and Chapter 7. Due to such generality, it is the most
powerful one, though somewhat abstract.

The next three chapters of this book strive for generality and present feedback
control strategies for general hybrid plants. Chapter 9 introduces passivity notions
for hybrid systems useful for the design of asymptotically stabilizing static state-
feedback and output-feedback controllers. Passivity notions that are tailored to
hybrid plants are presented. Passivity-based control is quite powerful as it leads
to a very elegant feedback control strategy. In Chapter 10 the concept of control
Lyapunov function for hybrid plants is introduced. Control Lyapunov functions have
the nice feature that, under appropriate assumptions, they lead to a constructive
feedback design method. This chapter presents different methods to systematically
design an asymptotically stabilizing feedback control law. In Chapter 11 tools to
certify forward invariance of a set using barrier functions and to design feedback
controllers inducing forward invariance are presented. Forward invariance is a key
property that has to be satisfied when safety is desired. In the final chapter of this
book, Chapter 12, operators and semantics to formulate as well as tools to certify
linear temporal logic specifications are introduced. Temporal logic is an expressive
language that permits the mathematical formulation of high-level specifications,
such as “eventually reach a target and always avoid an obstacle.” Guaranteeing
that such specifications are satisfied by solutions to hybrid systems is critical in
many applications.

Teaching and learning plan

This book was written for graduate level education, primarily for courses in M.S.
and Ph.D. programs. Background in real analysis, classical and modern control the-
ory, as well as nonlinear differential equations/nonlinear systems is recommended.
The intention is to influence researchers interested in topics related to hybrid sys-
tems, cyber-physical systems, control, and automation. To reach out to different
levels of expertise, each chapter starts with a detailed overview of the material to
be delivered. Each such overview section is written in a high-level, not (overly)
technical manner, so that readers without a strong background on control theory
can understand. A short “primer” on modeling and mathematics summarizing basic
background is in Appendix A. As the reader gets deeper into each chapter, the use
of mathematics increases. Each chapter includes exercises that give the reader an
opportunity to put test the acquired knowledge in concrete problems.

The following teaching plans are proposed to teach from this book:

1. For a short ≈20-hours-long course for beginners, one could cover Chapters 1-5
and Chapters 9-12, except the design sections. The design sections, along with
the overview sections of Chapters 6-8, can be assigned as suggested reading.

2. For a 10-week long course – which is a typical quarter-long course with ≈3
hours of instruction per week – for beginners, covering the entirety of Chap-
ters 1-5 and Chapters 9-12 should be possible. Chapters 6-8 can be assigned
as suggested reading in advanced courses.

3. For a 15-week long course, which is a typical semester-long course with ≈3
hours of instruction per week, one should be able to cover all chapters. The
structure and content of each chapter were designed to be able at cover one
chapter per week, roughly.
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In addition to the material in this book, the readers are provided with the
following resources to supplement their learning experience:

• Book website located at

https://hybrid.soe.ucsc.edu/HybridControlBook

The label @BookSite is used throughout the book in place of the url above.

• The 2012 Princeton University Press book Hybrid Dynamical Systems: Mod-
eling, Stability, and Robustness [1].

• The Coursera MOOC Cyber-Physical Systems: Modeling and Simulation.

• The YouTube Channel for the Hybrid Systems Laboratory at the University
of California, Santa Cruz.

• The webinar and MATLAB/Simulink simulation tool HyEQ: A Toolbox for
Simulation of Hybrid Dynamical Systems.1
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