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5 Motion Equations
The manoeuvrability problem has been recognized by the international commu-

nity only in recent years, particularly after the Amoco Cadiz accident in 1978. The ship,
due to a storm, grounded in the English Channel and lost its crude oil cargowith catas-
trophic consequences for the marine environment.

Afterwards, 15 years passed (1993) before the IMO issued minimum standards to
ensure the safety of ships, and after another 10 years (2003), these regulations became
mandatory.

During the preliminary design stage, it is di�cult to evaluate the boatmanoeuvre-
ing characteristics without recourse to the model tests; because of this, the numerical
simulation becomes an indispensable tool.

Usually, the manoeuvrability problem is treated as a plane problem (with 3 de-
grees of freedom: surge, sway, and yaw), but our intention is to develop a model able
to evaluate all six of the ship motions (thus including heave, roll, and pitch).

By using the same model, it is also possible to study unusual propulsion control
system applications such as target tracking, path following, dynamic positioning, and
so on.

To develop a unique model suitable for di�erent ships, all the variables in this
methodology are expressed in non-dimensional form according to Table 5.1. An im-
portant assumption is that all the hydrodynamic coe�cients used in the following
table are frequency independent.

Table 5.1: Scaling factor

VARIABLES UNITS (I.S.) SCALING FACTOR
Linear Position [m] L
Linear velocity [m/s] V
Angular Velocity [rad/s] V

L
Mass [kg] 1

2 ρL
3

Mass moment of inertia [kg m2] 1
2 ρL

5

Force [N] 1
2 ρL

2V2

Moments [Nm] 1
2 ρL

3V2

5.1 Reference Frame

Before introducing the equations of motion, it is necessary to brie�y outline the kine-
matics of the vessel. Di�erent reference frames are used, sowe shall begin our descrip-
tion with the introduction of all frames involved:
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– Earth-�xed frame (n)

The n-frame
(
O, n1, n2, n3

)
is a local geographical frame �xed to the Earth. The posi-

tive unit vector n1 points towards the north, n2 points towards the east, and n3 points
downwards normal to the Earth’s surface the vessel moves on. The origin O is located
on the mean water free-surface at an appropriate location. The n -frame is considered
inertial. This is a reasonable assumption because the velocity of marine vehicles is
small enough for the forces due to the rotation of the Earth to be negligible. The n -
frame is used to de�ne the position of the vessel on the Earth and thewind and current
direction.

Figure 5.1: Earth Fixed Frame

– Ship-�xed frame (b)

The b-frame
(
Ob , b1, b2, b3

)
is �xed to the vessel hull. The positive unit vector b1

points towards the bow, b2 points towards starboard and b3 points downwards. The
centre,Ob, is often located in

( LPP
2 , 0, zWL

)
, where LPP is the length between the ahead

and the astern perpendicular and zWL is the quota of the water line with respect to the
keel line.

The b-basis is used to describe velocities, accelerations, and forces, and it is also
used to formulate the equations of motion.
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Figure 5.2: Ship Fixed Frame

Figure 5.3: Euler Angles

5.2 Kinematics

The position of a vessel is de�ned by the coordinates of the origin of the b-frame rela-
tive to then-frame. The attitude (or orientation) of a vessel is de�nedby the orientation
of the b-framewith respect to then-frame. This is given by three consecutive rotations
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about themain axes that take then-frame into theb-frame. These rotations can be per-
formed in a di�erent order (there are 12 di�erent ways of doing this), and each triplet
of rotated angles is called a set of Euler angles. The most commonly used set of Euler
angles are yaw, pitch, and roll, which corresponds to the rotations performed in the
following order:
1. rotation about the zn axis of angle ψ (yaw angle),
2. rotation about the y′ axis of angle θ (pitch angle),
3. rotation about the x′′ axis of angle ϕ (roll angle).

Thus, the position andorientation of a vessel is de�nedby the coordinates of the origin
Ob, relative to the n-frame, and by the Euler angles. The generalized position vector
(position and orientation) of the vessel in n-frame is de�ned as follows:

η =



x (t)
y (t)
z (t)
ϕ (t)
θ (t)
ψ (t)


The generalized velocity vector is the time derivative of the position vector:

η̇ =



ẋ(t)
ẏ(t)
ż(t)
ϕ̇(t)
θ̇(t)
ψ̇(t)


It is convenient to represent the velocities in the b-basis.

The usual notation is:

v



u(t)
v(t)
w(t)
p(t)
q(t)
r(t)


Where:

v can be expressed as v = [vbb/n ωbb/n]
vbb/n =

[
u, v, w

]
is the linear velocity of the point Ob with respect to the

n-frame, expressed in the b-frame
ωbb/n =

[
p, q, r

]
is the angular velocity of the b-frame with respect to the

n-frame, expressed in the b-basis [41].
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Table 5.2: Kinematic Variables

VARIABLE DESCRIPTION FRAME/BASIS
x North position n− frame
y East position n− frame
z Down position n− frame
ϕ Roll angle Euler angle n → b
θ Pitch angle Euler angle n → b
ψ Heading or Yaw angle Euler angle n → b
u Ob surge velocity b− basis
v Ob sway velocity b− basis
w Ob heave velocity b− basis
p Roll rate b− basis
q Pitch rate b− basis
r Yaw rate b− basis

The transportation between the components of the linear velocity, expressed in
the n -basis and b -basis, respectively, is given by the relation:

νnb/n = Rnbνbb/n
Where, according to Fig. 5.3, Rnb is the following matrix [24]:

Rnb=

 cos(ψ)cos(θ) − sin (ψ) cos (ϕ) + cos (ψ) sin (θ) sin (ϕ) sin (ψ) sin (ϕ) + cos (ψ) cos (ϕ) sin (θ)
− sin (ψ) cos (θ) cos (ψ) cos (ϕ) + sin (ϕ) sin (θ) sin (ψ) − cos (ψ) sin (ϕ) + sin (θ) sin (ψ) cos (ϕ)

− sin (θ) cos (θ) sin (ϕ) cos (θ) cos (ϕ)


The followingnotation is used to transforma generic vector fromonebasis to another:

vto = Rtofrom vfrom

The previous equation means that, to obtain the components vto, it is necessary to
apply the matrix Rtofrom on the components vfrom.

We can evaluate the relationship between the ship angular velocity and its com-
ponents and the time derivative of the Euler angles through thematrix transportation:

ωnb/n = Tnbωbb/n

Where Tnb is given by:

Tnb =


1 sin (ϕ) tan(θ) cos (ϕ) tan (θ)
0 cos (ϕ) − sin (ϕ)
0 sin (ϕ)

cos(θ)
cos (ϕ)
cos(θ)


It is important to note that the matrix has a singularity when the pitch angle θ = ± π2 ;
however, for our aim, this does not create any problems because the ship will be never
operate in this condition.
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In summary, we can write the six degrees of freedom kinematic equations in a
compact way as [25]:

η̇ =
[

Rnb 03x3
03x3 Tnb

]
v

5.3 6 D.O.F. Motion Equation

The horizontal motion includes only 3 signi�cant degrees of freedom: x (surge), y
(sway), z (yaw).

Figure 5.4: Angle Notation

In accordance with Fig. 5.4, some de�nitions are given:
– Heading angle ψ de�nes the direction of the vessel bow; it is positive by the right

hand screw convention.
– Course angle χ de�nes thedirectionof the velocity vector of the vessel; it is positive

by the right hand screw convention.
– Drift angle β de�nes the direction of the velocity vector of the vessel with respect

to the bow; it is positive by the right hand screw convention.

The relationship between the three previous angles is given by:

χ = ψ + β
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It is also possible to evaluate the drift angle as a function of the velocity vector com-
ponents:

β = atan
( v
u

)
A generic rigid body motion requires 6 generalized coordinates (3 displacements and
3 rotations) to be identi�ed. When all six coupled motions (surge, sway, heave, roll,
pitch, and yaw) are concerned, a vessel can be considered as a six degrees-of-freedom
(d.o.f.) rigid-body as represented in Fig. 5.5.

Figure 5.5: Six degrees of freedom

The corresponding equations of motion can be deduced by the forces and mo-
ments equations using the second Newton’s law:

m · v̇G = τ

Where:
v̇G is the ship gravity centre acceleration with respect to the inertial frame n
Due to the rotation of the b-frame with respect to n-frame, is it necessary to in-

troduce further terms that identify the Coriolis and centripetal forces and moments.
Then, to develop the motion equations for an arbitrary origin (di�erent from the grav-
ity centre) the following equation [25] has been used:

τ = MRB ν̇ + CRB(ν)ν

Where:
MRB is the inertia matrix
CRB is the inertia Coriolis-centripetal matrix
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τ are the total forces and total moments acting on the vessel

MRB =



m 0 0 0 mzG −myG
0 m 0 −mzG 0 mxG
0 0 m myG −mxG 0
0 −mzG myG Ixx Ixy Ixz
mzG 0 −mxG Iyx Iyy Iyz
−myzG mxG 0 Izx Izy Izz


Due to the ship symmetry: Ixy = Iyx = Iyz = Izy = 0 and yG = 0 .

The Coriolis-centripetal matrix can be represented in di�erent ways, but for our
aim we choose the parameterization [39] as a function of the inertia matrix:

CRB (υ) =

 03x3 −S
(
M11vbb/n +M12ωbb/n

)
−S
(
M11vbb/n +M12ωbb/n

)
−S
(
M21vbb/n +M22ωbb/n

) 
Where:

S denotes the cross-product operator:

a ∧ b = S (a) b =

 0 −a3 a1
a3 0 −a2
−a1 a2 0


 b1
b2
b3


Mij is the 3×3 sub-block of the matrix MRB

Coupling the kinematic equation and Newton’s law, we obtain a system of twelve
�rst order di�erential equations whose solutions provide the instantaneous position
of the gravity centre (ship trajectory) and the velocity vector.

The main di�culties for solving the di�erential equation system are the correct
evaluations of the forces acting on the ship.

5.4 Proposed Forces Evaluation

It has been hypothesized that the forces and the moments acting on the vessel are the
following:
– Hull forces and moments τH
– Propeller forces and moments τP
– Rudder forces and moments τR
– Environmental forces and moments τW
– Restoring Forces and moments τG

So the total external forces acting on a ship can be represented by the sum:

τ = τH + τP + τR + τW + τG
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5.4.1 Hull Forces

The hull force contribution can be decomposed into three main components: added
mass e�ect τA, linear τLD, and non-linear damping e�ects τNLD:

τH = τA + τL + τNL

The added mass forces are the hydrodynamic forces when a body is forced to acceler-
ate, but these terms are not to be considered like a mass increase of the vessel.

Regarding the addedmass forces, it is possible again to decompose them into two
components:

τA = MA ν̇ + CA(ν)ν

Where:
MA is the added mass matrix
CA is the hydrodynamic Coriolis-centripetal matrix
The coe�cients of the matrix MA can be derived in di�erent ways, such as statis-

tical data available in literature, strip theory, potential theory, CFD techniques, and
experimental trial.

The proposed added mass matrix is obtained starting from statistical data, and it
is a particular case of the problem. Not all the components are expressed due to the
fact that some data were not available:

MA =



Xu̇ 0 0 0 0 0
0 Yv̇ 0 Yṗ 0 0
0 0 Zẇ 0 0 0
0 Kv̇ 0 Kṗ 0 K ṙ
0 0 0 0 Mq̇ 0
0 0 0 Nṗ 0 N ṙ


The notation [41] is also used to de�ne added mass matrix and damping matrix com-
ponents.

I.e. Xu̇ denotes the coe�cient of the added mass force along the b1 direction due
to an acceleration u̇ along the b1 direction.

The CA can be easily calculated in the sameway of thematrix CRB, but in our case,
we did not consider this term because it is included in the damping coe�cient matrix
due to the fact that the usual way to obtain hydrodynamic coe�cients by means of
model tests (or regression formulas derived by them) implicitly includes their e�ects.

CA = 06x6

Damping forces are given as a function of the velocity vector, so the contribution of
damping e�ects can be calculated through the following formula:

τD = DLν + DNL(ν)ν
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Where:
DL is the linear damping matrix
DNL is the non-linear damping matrix

DL =



Xu 0 0 0 0 0
0 Yv 0 Yp 0 Yr
0 0 Zw 0 0 0
0 Kv 0 Kp 0 Kr
0 0 0 0 Mq 0
0 Nv 0 Np 0 Nr


I.e. Yv denotes the coe�cient of the linear damping force along b2 direction due to a
velocity ν along the b2 direction.
DNL =

0 Xvv v + Xvr r 0 0 0 Xrr r
0 Yv|φ| |φ| + Yvrr r2 + Yv|v| |v| + Yv|v||ϕ| |v| |φ| 0 Yp|p| |p| 0 Yr|φ| |φ| + Yr|r| |r| + Yr|v| |v| + Yr|r||ϕ| |r| |φ|
0 0 Zw|w| |w| 0 0 0
0 Kv|φ| |φ| + Kv|v| |v| + Kvrr r2 + Kv|v||φ| |v| |φ| 0 Kp|p| |p| 0 Kr|φ| |φ| + Kr|r| |r| + Kr|v| |v| + Kr|r||φ| |r| |φ|
0 0 0 0 Mq|q| |q| 0
0 Nv|φ| |φ| + Nv|v| |v| + Nvrr r2 + Nv|v||ϕ| |v| |φ| 0 Np|p| |p| 0 Nr|φ| |φ| + Nr|r| |r| + Nr|v| |v| +N r|r||φ| |r| |φ|



The elements of DL and DNL matrix are evaluated using regression [30, 43] corrected
�rst to take into account appendage and then corrected through a model scale exper-
imental campaign.

5.4.2 Propulsion Forces

The propulsion forces and moments τP belong to this force class. In this case, the
propulsion forces and moments are generated by two controllable pitch propellers.
They include: longitudinal force (thrust) in�uenced by asymmetrical functioning dur-
ing manoeuvres (via asymmetrical propulsive coe�cients); the lateral and vertical
forces due to theobliquepropeller �ow. Theprocedure to evaluate these kinds of forces
are explained in Paragraph 6.4.2.

5.4.3 Rudder Forces

They are the forces and the moments developed by the rudder τR. In this case, the
steering forces andmoments are generated by two spade rudders, which can also have
a rudder roll functioning (roll stabilization in adverse environment). The procedure to
evaluate these kinds of forces is explained in 7.3.
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5.4.4 Environmental Forces

There are three types of environmental disturbances acting on the ship:wind, current,
and wave. In this analysis, however, none of these e�ects was taken into account.

5.4.5 Restoring Forces

The restoring forces and moments τG are due to buoyancy Bs = ρg∇ and weight force
Ws = mg, where m is the mass of the vessel, g is the gravity acceleration, ρ is the sea
water mass density, and∇ is the �uid displaced volume.

The analytical expression of τG is derived on the basis of geometrical and iner-
tial properties of the vessel. This kind of force is position-dependent and is strongly
in�uenced by ship load condition.

The restoring forces can be written in a compact vectorial form:

τG = Gη

Where the G matrix is shown below; its components are calculated according to [34]:

G =



0 0 0 0 0 0
0 0 0 0 0 0
0 0 ρgAw 0 −ρgAwxf 0
0 0 0 gmGMT 0 0
0 0 −ρgAwxf 0 gmGML 0
0 0 0 0 0 0


Where:

Aw is the water plane area
xf is the longitudinal coordinate of the �oatation centre
GMT is the transversal metacentric height
GML is the longitudinal metacentric height
The restoring matrix evaluated with the previous formulation is linear, and for a

more precise formulation it would be necessary to use the righting arm GZ instead of
GMT. Nevertheless, the small angles usually involved in themanoeuvrability problem
allow for this simpli�cation.

Summarizing the results, the motion equations can be written in the following
compact form:

(MRB +MA) ν̇ = CRB(ν)ν + DLν + DNL(ν)ν + G(η)η + τP + τR


